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6 PLANE TRIGONOMETRY. 

the series will converge, in which case a greater number of 
t^rms must be taken, to bring out the conclusion to the same 
degree of exactness. 

Or, having found the sine, the cosine will be found from 
it, by the prop erty of the right-angled triangle cbf, viz, the 

cosine CF = V cb*- bf*, or r=^ 1 — j*. 

There are also other methods of constructing the canon 
of sines and cosines, which, for brevity's sake, are here 
omitted. 

p R o B L £ M II. 

5^7 compute the Taftgents and Secants. 

The sines and cosines being known, or found by the 
foregoing problem ; the tangents and secants will be easily 
found, from the p^-inciple of similja- triangles, in the fol- 
lowing manner : 

In the first figure, where, of the arq ab, bf is the^ sine, 
CF or BK the cosine, ah the tangent, ch the secant| dl 
the cotangent, and CL the cosecant, the radius being CA or 
CB or CD; the three similar triangles cfb, cah, cdl, give the 
following proportions: 

Isty CF : fb : : CA : AH ; whence the tangent is knowp, 
Veing a fourth proportional to the cosine, sine, and radius. 

2rf, CF : CB : : CA : CH ; whencp the secant is known, 
b^ing a third proportjona} to the cosine ^nd radius. 

3df, »F : FC : : CD : DL5 whence the cotangent is known, 
being a fourth proportional to thp sine, cosine, and radius. 

4/A, BF : 9C : : CD : CL; whence the cosecant is known, 
being a third proportional to the sine aha radius. 

As for the log. sines, tangents, and secants, in the tables, 
thijy arp pnly the logarithms of the natural sines, tangents, 
and secants, calculated as above, 

HAVING given an idea of the calculation and use of sines, 
Jangents, and secants, we may now proceed to resolve the 
several case^ of Trigonometry ; previous to which, however, 
it may bf proper to add a few preparatory notes aii^d qbser- 
vations, as below. 

Note 1. There are usually three methods of resolving tri- 
;ingles, or the cases of trigonometry ; namely. Geometrical 
Construction* Arithmetical Computation, and Instrumental 
Ppfration. 

Ifi the first Method^ The triangle is constructed, by making 
the parts of the given magnitudes, namely, the sides from a 
^^a|e of equal parts, and the angles from a sc^le of chords, 
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or by some other instrument. Hien measuring the un- 
known parts by the same scales or instruments, the solution 
will be obtained near the truth. 

In the Second Method^ Having stated the terms of the pro* 
portion according to the proper rule or theorem, resolve it 
like any other proportion, in which a fourth term is to be 
found from three given terms, by multiplying the second 
and third together, and dividing the product by the first, in 
working with the natural numbers ; or, in working with the 
logarithms, add the logs, of the second and third terms to- 
gether, and from the sum take the log. of the first term v 
then the natural number answering to the remainder is the 
fourth term souc^ht. 

In the Third Method, Or Instrumentallyj as suppose by the 
log. lines on one side of the common two-foot scales; Ex- 
tend the Compasses from the first term, to the second or 
third, which happens to be of the same kind with it ; then 
that extent will reacb from the other term to the fourth 
term, as required, taking both extents towards the same end 
of the scale. 

Note 2. Every triangle has six parts, viz. three sides and 
three angles. And in every triangle, or case in trigonometry, 
there must be given three of these parts, to find the other 
three, Alsoj of the three parts that are given, one of them' 
at least must be a side ; because, with the same angles, th6 
sides may be greater or less in any proportion. 

Note 8. All the cases in trigonometry, nvay be comprised 
vn three varieties only ; viz. 

Istf When a side and its opposite angle are ^en. 

2rf, . When two sides and the contained angle are given* 

Srf, When the three sides are given. 

For there cannot possibly b|e more than these three varieties 
of cases J for each of which it will^therefore be proper to 
give a separate theorem, as follows : 
« 

THEOREM I* 

When a Side and its Opposite Jngle are two of the Given Pkrts. 

Then the unknown parts will be found by this theorem ; 
viz. The sides of the triangle have the same proportion to 
^ch other^ as the sines of their opposite angles hive*, ^ 
That is. As any one side, ^ •- 

Is to tie sine of its opposite angle ; 
So is any othdr side, , ■^ .v , 

To th« sine of its opposite' an^. z .»q 

Demonstt 
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S PLANE TRIGONOMETRY. 

* Dempfistr. For, let ABcbethe|>ro- 
pe»3ed triangle, having ab the greatest 
side, and bc the least. Take AD =t 
BC, considering it as a radius ; and let 
fell the perpendiculars de, cp, which 
vrill evidently be the sines of the an- 
gles A and B, to the radius ad or Bc. 

Now the triangles ade, acf, are equiangular ; they thcrefiwrt 
have their like sides proportional, nattiely, ac : cf : : ad 
or BC : de; that is, the side Ac is to the sine of its opposite 
single B, as the side bc is to the sine of its opposite angle a. 

Note 1. In practice, to find an angle, begin the proportion 
with a side opposite to a given angle. And to find a side, 
begin with an angle opposite to a given side. 

Note 2. An angle found by this rule is ambiguous, or un- 
certain whether it be acute or obtuse, unless it be a right 
Angle, or unless its magnitude be such as to prevent the 
Ambiguity ; because the sine answers to two angles, which 
are supplements to each other ; and accordingly the gedme- 
jtrical construction forms two triangles with the same parts 
that are given, as in the example below ; and when there is 
no restriction or limitation included in the question, either of 
them may be taken. The number of degrees in the table, 
answering to the sine, is the acute angle ; but if the angle be 

. obtuse, subtract those degrees from 1 80", and the remainder 
will be the obtuse angle. When a given angle is obtuse, or 

^ a right one, there can be no ambiguity ; for then neither of 
the other aijgles can be obtuse, and the geometrical construe^ 
tion will form only one triangle. 



EXAMPLE I. 




In the plane triangle abc. 

Cab 345 yards 
Given < bc 232 yards 

il A 37° 20' 
Required the other parts. 

* ^^ 

1. Geometrifoily. 

Dran^*^ uk indefinite line ; on which set off ab = 345, 
from some convenient scale of equal parts.— ^Make the angle 
A = 37®4.— rWith a radius of ^32, taken from the same 
scale of equal parts, and centre :b,< cross Ac in the two^ 
points c, c. — ^Igstlj) join W> ftc, iwd "the figure is con^ 
• - - Jtnxct^d, 
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structed^ which gives two triangles^ and showing th^t the 
case is ambiguous. 

Thenj the sides AC measured by the scale of equal parts^ 
and the angles b 9nd c measured hj^ the line of chords, or 
other instrument! will be found to I^ nearly as below ; viz, 

AC174 / B27* Z c ll5''i. 

or 37H or 78^ or 64 ^^ 

2. Arithmetically. 

First, to find the angles at C. 

As side bc 232 - - log. 2*365488 

To sin. op. Z A 37" 20' - - 9-782796 

So side AB 345 - • 2*537819 

So sin. op. Z c 115° 36' or 64* 24' 9*955127 

add ZA 87 20 37 20 

the sum 152 56 or 101 44 

taken from 180 00 180 00 

leaves Zb 27 04 or 78 16 

Then, to find the side ac. 

As sine ZA 37** 20' - - log. 9*782796 
To op. side bc 232 «- - . 2*365488 

<;^ c;« y » ^27° 04' - - 9-658037 

«) sm. z B ^^g jg . . 9-990829 

To op. side ac 174*07 - - 2*240729 

or a74*56 ■' • 3-5735ai 

3. Instrumentally, 

In the first proportion. — ^Extend the compasses firom 232 
to 345 on the line of numbers; then that extent will 
reachi on the sines, from 37°-J- to 64*'4> the angle c. 

In the second proportion. — ^Extend the compasses from 
yf\ to 27° or 78°:J^, on the sines ; then that extent will 
reach, on the line of numbers, from 2S2 to 174 or 3744, 
the two values of the side ac. 



EXAMPLE II. 

In the plane triangle ABC, 

f AB 365^ poles ^Zc 98** 3' 



Given ^ Za 57° 12' Ans. ^ ac 164*33 

£ Z B 24 45 (^ BC 309*86 

iU^uii^ the <^tlbber (>arts, 
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SXAMPtE III* 

In the plane triangle abc^ 



j^n 64fi 55' 



C AC ]20feet I or 115 25 

Given ^ bc 112 feet Ans.) Zc 57 57 . 

^ Z A 57* 28' ") or 7 7 

. / AB 112*6 feet 
Required the other partf* ^or 16*47 feet. 

THEOREM II. 

ff%fn two Sides and their Contained jfngle are given* 

First add the two given sides together, to get their sum,, 
tod subtract them, to get their dinerence. Next subtract 
the given angle from 1 80% or two right angles, and the re- 
mainder will ^ the sum of the two other angles ; then divide 
that by 2, which will give the half sum of the said unknown 
angles. Then say. 

As the sum of th^ two given sides. 

Is to the difference of the same sides ; 

So is the tang, of half the sum of their op. angles, 

To the tang, of half the diffl of the same angles. 
Then add the half difference of the angles, so found, to. 
their half sum, and it will give the greater angle, and sub- 
tracting the same will leave the less angle : because the half 
sum of any two quantities, increased by their half diffierence, 
^ves the greater, and diminished by it gives the les^. 

Then all the angles being now known, the unknown side 
will be found by the former theorem. 

Note, Instead of the tangent of the half sum of the un- 
known angles, in the third term of the proportion, may he 
used the cotangent of half the given angle,, which is the 
same thing. 

Demonst, Let abc be the proposed 
triangle, having the two given sides 

AC, BC, including the given angle c. 
With the centre c, and radius ca, 
the less of these two sides, describe 
a semicircle, meeting the other side 
BC produced in d, e, and the un- 
known side AB in A, g. Join ae, 

AD, CG, and draw D? parallel to ae. 

Then be is the suip of the two given sides ic, cb, or of 
EC, CB 'i and bd is the diiffisrence of the sametwo grven sides 

' * AC, 
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AC, BC, or of CD, CB. AIso^ the extamal angle acb, is equal 
to the given sum of the two internal angles cab, cba ; but 
the an^ ade, at the circumference, is equal to half the 
angle ac£ at the centre ; therefore the same angle ade is 
equal to half the given sum of the angles cab, cba. Also, 
the external angle agc, of the triangle bcg, is equal to the 
sum of the two internal angles gcb, gbc, or the angle gcb 
is equal to the difference of the two angles agc, gbc ; but 
the angle cab is equal to the said angle agc, these being op* 
posite to the equal sides AC, CG ; and the angle dab, at the 
circumference, is equal to half the angle dcg at the centre ; 
therefore the angle dab is equal to half the difference of the 
two angles cab, cba ^ of which it; has been shown that ade 
or CDA is the half sum. 

Now the angle dae, in a semicircle, is a right angle, or a£ 
is perpendicular to ad ; and df, parallel to ab, is also per- 

gendicular to ad : consequently ae is the tangent of cda the 
alf $um, and df the tangent of dab the half difierence of 
the angles, to the same radius ad, by the definition of a tan- 
gent. But the tangents ae, df, being parallel, it will be as 
BE : bd : : AE : df; that is, as the sum of the sides is to 
the difference of the sides, so is the tangent of half the 
sum of the opposite angles, to the tangent of half their 
difference. 

EXAMPLE I. 

In the plane triangle abc, 
C AB 345 yards 
Given < ac 174?'07 yards 

Required the other parts. 

1. Geometrically. 

Draw AB = 345 from a scale of equal parts. Make the 
angle a = 37*" 20'. Set off ac = 174 by the scale of equal 
parts* Join BC, and it is done. 

Then the other parts being measured, they are found to 
be nearly as follow; viz. the side bc 232 yards, the angle 
^ 27% and the angle ell 5*^. 

2* Arithmetically^, 

The side AB 345 From 180** ©O' 

the side AC 174-07 take ^ a 37 20 

their sum 5 1 9*07 sum of c and b 1 42 40 

tUeir differ. 170-93 half sum of do. 7 J 20 

As 
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As sum Af sides AB, AC,- - - 519*07 log, 2-7 15228 
To diff. of sides ab, ac, - - 170-9S - 2-23281 a 
So tang, half sum Zrs c and b YT 20' - 10-471298 
Totang.halfdiff. Zs c and B 44 16 - 9*988890 

these added give Zc 115 36 

andsubtr. give Zb 27 4? 

Then, by the former theorem. 

As sin. Zc 115° 36' or 64' 24' - log. 9*955126 

To its op. side ab 345 - - - 2*537819 

So sin. of Z a 37° 20' - . ., 9-782796 

To its op. side bc 232 - - - 2*365489 

3. Instrumentally. 

In the first proportion* — Extend the compasses from 51 9 
to 171, on the line of numbers; then that extent will reach, 
on the tangents, from 7l°y (the contrary way, because the 
tangents are setback again from 45°) a little beyond 45, 
which being set so far back from 45, falls upon 44*:|-, the 
fourth term. 

In the second proportion. — Extend from 64°^ to 37*4-* on 
the sines ; then that extent will reach, on the numbers, froii> 
345 to 232, the fourth term sought. 

EXAMPLE II. 

In the plane triangle abc, 

AB 365 poles f BC 309 S6 




Given -{ AC 154-33 Ans. -J Z b 24° 45' 

A 57° 12' / Z c 98 % 

Required the other parts. 

EXAMPLE HI. 

' In the plane triangle abc, 

f AC 120 yards 
Given < bc 112 yards Ans 

i^c sr 57' 
Required the other parts. 

4 

I 

THEOREM III. 

When the Three Sides of a Triangle are given* 

First, let fall a perpendicular from the greatest angle oi^ 
the opposite sine, or base, dividing it into two segments, and 
the whole triangle into two right-angled triangles ; then the 
proportion will be, 

As 
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As tlie l)ase) or toms of the seg^entSf 
Is to the sum of the other two sides ; 
So is the difference of those sides, 
To the diff*. of the segments of the base. 

Then take half this difference of the segmentSf "Md add it 
to the half sum, or the half base, for the greater segment ; 
and subtract the same for the less segment. 

Hence, in each of the two right-angled triangles, there 
will be known two sides, and the right angle of^posite to one 
of them ^ conseque\itly the other angles will be found by the 
first theorem. 

Demonstr. By theor. S5, Geom. the rectangle of the 
-fi^m and difference of the two sides, is equal to the rec<« 
tan^e of the sum and difference of the two segments. 
Therefore, by forming the sides of these rectangles into m 
proportion by theor. 76, Geometry, it will appear that the 
sums and differences are proportional as in this theorem. 

EXAMPLE !• 

In the plane triangle abc, 
r>. Cab 345 yards 

.,, •? ) AC 232 
the sides ^^^ J 7^.07 

To find the angles. 

1. Geometrically. 

Draw the base ab = 345 by a scale of equal parts. 
With radius 232, and centre A, describe an arc; and with 
tadius 1*74, and centre B, describe another arc, cutting the 
former in c. Join AC, bc, and it is done. 

Then, by measuring the angles, they will be foimd to be 
nearly as follows, viz. 

i:A27°, ZB 37^1, and zc 115^4. 

2. Arithmetically. 

Having let fall the perpendicular cp, it will be. 
As the base ab : ac + bc : : AC — Bc : ap — Bl*, 
thatis,as-345: 406-07 : : 57*93 : 68*18 = ap - BP, 
its half is . 34 09 

the half base is 172-50 

the sum of these is 206*59 = ap 
^pd their diff*. is 138*41 ^ bp 

Then, 
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I 

Then, m the triangle apc, right-angled at t. 

As the side Ac «• - 232 - log. 2*3654tJ$ 

To sin. op. /p - - 90® - - lO-OOOOOO 

So is the side AP - - 206*59 - • 2*315109 

To sin. op. Z Acp - - 62*^56' - - 9-949621 
Which taken from - 90 00 
leaves the / A 27 04 

Again, m the triangle bpc, right-angled at p. 

As the side bc - - 174*07 - log. 2*240724 

To sin. op. / p - - 90** - - 10000000 

So is side BP - * 138*41 - - 2*141168 

Tosin.op. Zbcp - - 52^ 40' - - 9*900444 

which taken from - 90 00 

leaves the / B 37 20 

AlBO,the /ACP 62? 56' 

added to / bcp 52 40 

gives the whole Zacb 115 36 

So that all the three angles are ^s follow, viz. 
the Z A 27** 4'; the ^ b 37^ 20'; the / c 1 15® 36'. 

S. Ifistrutnentally* 

In the first proportion. — ^Extend the compasses from S45 
to 406, on the line of numbers ; then that extent will reach» 
on the same line, from 58 to 68*2 nearly, which is the dif- 
ference of the segments of the base. 

In the second proportion. — Extend from 232 to 206-^ on 
the line of numbers; then that extent will reach, on the 
sines, from 90° to 63\ 

In the third proportion. — Extend from 174 to 138^; th«l 
that extent will reach from 90° to 52°-| on the sines. 



EXAMPLE II. 

In the plane triangle abc, 

^. Cab 365 poles 
^'7f")AC 154-33 



the sides 

To find the angles. 



A 57° 12' 

Ans. -{ 1^ b 24 45 

t^Bc 309-86 / ^ C 93 3 
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£XAM?LB nn* 

In the plane triangle ABCy 

p. Tab 120 (^a5V2S: 

v,iven 1 ^ jjg.g ^A Z b57 57 

tlie Sides ^^^ 112 ( Z c 64 Si 

To find the angles. 



The three foregoing theorems include all the cases of 
plane triangleS) both right-angled and oblique. But there 
are odier theorems suited to some particular forms of trian- 
gles, which are sometimes more expeditious in their use 
than the general ones ; one of which, as the case for which 
it serves so frequently occurs, may be here taken, as fol- 
lows : 

[ THEOREM IV. 

fi^hen a Triangle is Right-angled: any of the unknown parU ntof 
he found by the following friportions : viz. 

As radius 

Is to either leg of the triangle; 

So is tang., of its adjacent angle. 

To its opposite leg ; 

And so is secant of the same angle, . 

To thehypothenuse. 

Demonstr, ab being the given leg, in the 
right-angled triangle abc; with the centre 
A, and any assumed radius ad, describe an 
arc D£, and draw df perpendicular to ab, 
or parallel to bc. Then it is evident, from _ 

the definitions, that df is the tangent, and ^ TTn 
AF the secant of the arc de, or of the 
«ngle A which is measured by that arc, to the radius AD» 
Then, because of the parallels BC, df, it will be, * - - • 
as AD : AB : : DF : Bc and : : af : AC, which is the saime 
fis the theorem is in Words. 

Note. The radius is equal, either to the sine of 90**, or the 
tangent of 45*; and is expressed by I, in a table of natural 
sines^ or by. 10 in the log. sines. 

EXAMPtE I. 

In the right-angled (riangle abc. 

Given \ > . cf« n' Ag" [ To find ac and bc. 

1. Geometrically. 
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1. Qe^iuiricaliif. 

Make AB ^ 162 gqualp^^ aud t)i? angle a =: 53* ?' iS'^; 
then raise the perpendicular Be> meeting Ac in c^ So shall 
AC measure 270, and Bp 216^ 



As radius 
To leg* AB 
Sp tanjj;. n^ a - 
To leg. BC 
So secant ^ A - 
To hyp. AC - 



2. Arithmetically^ 

162 

5*3* 7' 48" 
216 . - 

53« r 48" 
270 



log. 10*000000 
2-209515 

10-124937 
2-334452 

10-221848 
2-431363 



3^ Imtrumettially* 

Extend the tompasses from 45* to 53*4* on the tangents. 
Then that extent will reach from 162 to 2i 6 on the line of 
lumbers. 

(XAMPLP II. 



^. (the lee AB 180 
^^^^^{thezl62^40^ 



In the right-angled triangle ABc, ' 

^ (ac 392-0146 
^^' \ BC 348-2464 
To find the other two sides. 

Note. There is sometimes given another method for right- 
angled triangles, which is this : 

ABC being such a triangle, make one 
i«g AB radius ; that is, with centre A, 
and distance ab, describe an arc bf. 
Then it is evident that the other leg bc 
represents the tangent, and the hypo- 
thenuse AC the secant, of the arc bf, or 
»f the angle a. 

Jn like manner, if the leg BC be made 
radius; then the other leg ab will re- 
present the tangent, and the hypothenuse AC.jthe seeantj of 
ihearc BGoranglec. 

But if .the hypothenuse be made radius; ..then each leg 
will represent the sine of its opposite angle; namely, the leg 
AB the sine of the arc ae or angle c, and the leg BC the sine 
of the arc CD or angle a. 

Then the general rule for all these cases is this, namely^ 
tliat the sides of the triangle bear to each other the same pro- 
portion as the parts which they represent. 

And this is called. Making ev^ry «ide radius* 

me 
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Note 2. "When there are given two sides of a right-ni^led 
triangle, to find the third side ; this is to be found by the 
property of the squares of the sides, in theorem 34-, Geom. 
vi?. that the square of the hypothenuse, or longest side, i.*: 
eq'ial t6 both the squares of the tv/o other sides together. 
I'herefore, to find the longest j-ide, add the squares of the 
two shorter sides together, and extract the square rgot of 
that sum; but to find one of the shorter sides, subtract the 
one square from the othar, end extract the root of the re* 
mainder. 



Of heights and DISTANCES, &c. 

BY the mensuration and protraction of lines and angles, 
arc determined the lengths, heights, depths, and distances of 
bodies or objects. 

Accessible lines are measured by applying to them some 
certaifi measure a number of times, as an incH, or foot, or 
yard. ' But inaccessible lines must oe measured by taking 
angles, or by such-like method, drawn from the principles 
of geometry. 

When instruments are jused for taking the magnitude of 
the angles in degrees, the lines are then calculated by tr go- 
nometry: in the other methods, the lines are calculated from 
the principle ef similar triangles, or some other geonietrical 
property, without regard to the measure of the angles. 

Angles of elevation, or of depression, are usually taken 
either with a theodolite, or with a quadrant, divided into 
degrees and minutes, and furnished with a plummet suspend- 
ed fi-om the centre, and two open sights fixed on one of the 
radii, or else with telescopic sights. 

> 
To take an Ahgleof Altitude and Depressiofi with the Quadrant. 

Let A be any object, as the sun, 
moon,^ or a star, or the top of a 
tower, or hill, or other eminence : 
and let it be required to ,find the 
measure of the angle abc, which a 
line drawn from the object makes 
above the horizontal line bc. 

Place the centre of the quadrant 
in the angular point, and move it 

Vol- XL C TOMwi. 
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r,ound there as a centre, till with one eye at d, the other 
bein^ shut, you perceive the object a through the sights •, 
then will the arc gh of the quadrant, cut off by the plumb- 
line BH, be the measure of the angle abc as required. 

The angle abc of depression of 
any object a, below the horizcMital 
line Be, is taken in the same man- 
ner ; except that here the eye is ap- 
plied to the centre, and the measure 

of the angle is the arc gh, on the ''--A 

other side of the plumb-line. 

The following examples are to be constructed and calcu- 
lated by the foregoing methods, treated of in Trigonometry. 

EXAMPLE I. 

Having measured a distance of 200 feet, in a direct ho- 
rizontal line, from the bottom of a steeple, the angle of 
ekvation of its top, taken at that distance, was found to be 
47° 30'; from hence it is required to find the height of tKe 
steeple. 

Construction, 

Draw an indefinite line ; on which set off AC = 200 equal 
parts, for the measured distance. Erect the indefinite per- 
pendicular AB ; and draw CB so as to make the angle p — 
47^ 30',' the angle of elevation; and it is done. Then ab, 
measured on the scale of equal parts, is nearly 2 18^^. 

Calculation. 



As radius - - lO'OOOOOO / 

To AC 200 - - 2-301030 

So tang. Z c 47° 50' 10*037948 / 

To AB 218-26 required 2-338978 / 




EXAMPLE II. . 



What was the perpendicular height of a cloud, or of a 
balloon, when its angles of elevation were S5° and 64% as 
taken by two observers, at the same time, both on the same 
side of it, and in the same vertical plane ; the distance be- 
tween them being half a mile or 880 yards. And what was 

its djstance from the said two observers T 

Construction, 



AND CISTAKCE^. 
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ConstrHCtion. 

Dr^w an indefinite ground line, on which set 6ff the 
;given distance AB = 880; then a and b are the places of 
the observers. Make the angle a = 35*^, and the an^e 
B = 64*; then the intersection of the lines at c will be me 
pjace of the balloon : wh^ce the perpendicular cd, being let ' 
iaiily will be its perpendicular height. Then by measure- 
ment are found the distances and height nearly as follow. 
Viz. AC 1631, BC 1041^ DC 936. 



Calculation^ 

First, from Z. li 64* 

take z. a ' 35 

leaves z. acb 29 



^ 







x-' 



' % 



Then in the triangle abc, 

As sin. /. ACB 29° ■+ 

To op. side ab 880 

So sin. Z A 35* 

To op. side bc 1041-125 - 

As sin. Z acb 29° 

To op. side ab 880 
4Sosin. Z Bll6*or 64° 
To op. side AC 1631-44^ 



And in the triangle bcd, 

As sin. Z D 90° 

.To op.' side BC 1041'125 - 

So sin. Z B 64° 

To op. side cd 935-757 ^ 



2-944483 
9-758591 
3-017503 

9-685571 
2-9444}$3 
9-953660 
3*212572 



10-000000 
3-01 7503 
9-953660 
'2-971163 



EXAMPLE HI. 



ilaving to 'find the- height of an obelisk standing on the 
top of a declivity, I first measured from its bottom a distance 
of 40^ feet, and there-found the apgle, formed by the dblique 
jplane and a Une imagined to go to the top .of the obelisk, 
41*5 but after measuring on in the same direction 60 feet 
. farther, the Hke angle was bnly ^3** 45', What then .was 
the height of the obelisk ? ' ' 

" •' G 2 Construciioti* 
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Construction^ 

Draw an indefinite line for the sloping plane or declivity, 
in which assume any point a for the bottom of the obelisk, 
from which set off" the distance ac = 40, and again 
CD = 60 equal parts. Then make the angle c = 41°, and 
the angle D = 23° 45'; and. the point B where the two lines 
meet will be the top of the obelisk. Therefore ab, joined, 
will be its height. 







Calculation. 


From the 


Z.C 


41° 


00' 


take the 


Z. D 


23 


45 


leaves the 


Z. DBC 


17 


15 




Then in the triangle dbg, 

As sin. JL DBC IT 15' ' - 
To op. side dc 60 - 
So sin. Z. D 23 45 
To op. sideCB 81*488 



And in the triangle abc, 

AssuijiofsidescB, ca 121*488 
Todiff. of sides CB, ca 41488 
So tang, half sum Z. s a, b 69° 30' 
Totang.halfdiff. ZLsa, B 42 24^- 



the diff* of these is Z. cba 27 5i 



Lastly, as sin Z. cba 27° 5% 
To op. side CA 40 

So sin. Z. c - 41° 0' 
To op. side AB 57*623 



9-472086 
1-778151 
9-605032 
1-911097 



2-0S4533 

1-617928 

10-427262 

9-960652 



9-658284 
1-602060 
9-816943 
1-760719 



EXAMPLE IV. 

Wanting to know the distance between two inaccessible 
trees, or other objects, from the top of a tower 120 feet 
high, which lay in the same right line-with the two objects, 
1 took the angles formed by the perpendicular wall and lines 
conceived to be drawn from the top of the tower to the 
bottom of each tree, and found them to be 33° and 64%. 
What then may be the distance between the two objects ? ; 

• Construction. 



AND DISTANCES. 
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ConstructiofL 

Draw the indefinite ground line 
ED, and perpendicular to it ba = 
120 equal parts. Then draw the 
two lines ac, ad, making the two 
angles sac, bad, equal to the 
given angles SS** and 64°4. So 
shall c and d be the places of the 
two objects. 



Calculation. 

_ « 

First, in the right-angled triangle abc, 

As radius ----- 10*000000 

To ab - 120 - - a 2-079181 

Sotang. Z.BAC 33** - *. . 9-812517 

Tobc - 77-929 - - - 1-891698 

Then in the right-angled triangle abd. 



As radius - - - - - 


10-000000 


To ab - - ; 120 


2-079181 


So tang, ^bad - 64*4- - . ^- 


10-32 150i 


Tobd , - -251-585 


2-400685 


Fromwhichtake Be 77"929 




leaves the dist. cd 173*656 as required. 





EXAMPLE V. 

Being on the side of a river, and wanting to know tht 
distance to a house which was seen on the other side, I mea- 
sured 200 yards in a straight line by the side of the river ; 
and then, at each end of this line of distance, took the hori- 
zontal angle formed between the house and the other end of 
the lin^ ; which angles were, the one of them 68° 2', and 
the other 73** 1 5\ What then were the distances from each 
end to the house ? 

Construction. 

Draw Jthe line ab = 200 equal parts. Then draw AC so 

as to make the angle a = 6§** 2', and bc to make the angle 

B = 73® 15'- So shall the poin^c be the place of the house 

roquir^. 

Calculation. 




i-=r 
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Cakulafiofh 

To the given ^ a 68' 2' 
add the given jLb 73 15 
then their sum 141 1 7 

being taken from 180 
leaves the third ^ c 88 49 

Hence, As sin. Z. c 38** 43' r 9-796206 

To op. side ab 200 - 2-301030 

So sin. /.A 68'' 2' - 9-96726a 

To op. side Bc 296*54 r 2'472092 

And, As sin. Z. c SS"" 43' - 9*796206 

To op. side ab 200 - 2-301030 

So sin. Z. B 73** 15' r 9-981 171 

To op. side AC 506*1 9 r 2*485995 

Exam. vi. From the edge of a ditch, of 36 feet wide, 
surrounding a fort, having taken the angle of elevation of 
the top of the wall, it was found to be 62 40' : required the 
height of the wiall, and the length of a ladder to reach from 
my station to the top of it ? . C height of wall 69*64, 

* gladder, 78*4 feet. 

Exam. vn. Required the length of a shoar, which being 
to strut 1 1 feet from the upright of a builcUng, will support a 
jamb 23 feet 10 inches from th© ground ? 

Ans. 26 feet 9 inches. 

Exam. viii. A ladder, 40 feet long, can be so planted, 
that it shall reach a window 33 feet from the ground, on one 
side of the street ; and by turning it over, without moving 
the foot out of its place, it will do the same by a window 
2 1 feet high, on the other side : required the breadth of the » 
street? Ans. 56*649 feet. 

Exam. ix. A maypole, whose top was broken off by a 
blast of wind, struck the ground at 15 feet distance from the 
fo6t of the pole: what was the height of the whole maypole, 
supposing the brokeil piece to measure 39 feet in length? 

Ans. 75 feet. 

Exam. x. At 170 feet distance from the bottom of a 
tower, the angle of its elevation was found to be 52** 30' : * 
required the altitude of the tower ? Ans. 221*55 feet. 

Exam. xi. From the top of a tower, by the sea-side, of 
143 feet high, it was observed that the angle of depression 
of a ship's bottom, then at anchor, measured 35*; what then 
^as the ship's distance from the bottom of the wall ? 

5 Ans. 204-22 feet. 

Exam. 
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Exam. xii. What is the perpendicular height of a hill ; 
its angle of elevation, taken at the bottom of it> being 46°, 
and 200 yards farther off, on a level with the bottom, the 
angle was 3 1° ? Ans. 286-28 yards. 

Exam. xiii. Wanting tp know the height of an inacces* 
siWe tower; at the least distance from it, on the same hori- 
zontal plane, I took its angle of elevation equal to 58"^ -^ 
then going 300 feet directly from it, found the angle there 
to be only 32°: required its height, and my distance from it 
at the first sution? . (height 307-53 

^"^' ( distance 192-15 

Exam. xiv. Being on a horizontal plane, and wanting to 
know the height of a tower placed on the top of an inac- 
cessible hill 5 I took the angle of elevation of the top of the 
Iiill4j0°, and of the top of the tower 51°; then measuring 
in a line directly from it to the distance of 200 feet farther, 
I found the angle to the top of the tower to be 33** 45'. 
What then is die height of the tower? 

Ans. 93-33148 feet. 

Exam. xv. From a window near the bottom of a house> 
which seemed to be on a level with the bottom of a steeple* 
I took the angle of elevation of the top of the steeple equal 
40°; then from another window, 18 feet directly above the 
former, the like angle was 37° 30' : what then is the height 
and distance of the steeple ? a S ^^^S^^ 210*44 

^"^- ^distance 250-79 

Exam. xvi. Wanting to know the height of, and my 

distance from, an object on the o^er side of a river, which 

seemed to be on a level with the place where I stood, close 

by the side of the river; and not having room to measure 

backward, on the same plane, because of the immediate rise 

of the bank, I placed a mark where I stood, and measured 

in a direction from the object, up the a!scending ground to 

the distance of 264 feet, where it was evident that I was 

above the level of the top of the object; there the angles 

of depression were found to be, viz. of the mark left at the 

river's side 42°, of the bottom of the object 27% and of its 

top 19**. Required then the height of the object, and the 

distance of the mark from its bottom ? 



. Cheight 5'7-26 
^°^- i distance 150-50 



Exam* xvii. If the height of the mountain called the 
Pe^k of Teneriffebe 2^ miles, as it is nearly, and the angle 

taken 
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taken at the top of it, as formed between a plumWine and a 
line conceived to touch the earth in the horizon, or farthest 
visible point, be 87** 58'; it is required from these to de-» 
termine the ijiagnitude of the whole earth, and the utmost 
distance that can be seen on its surface from the top of the 
mountain, supposing the form of the earth to be perfectly 
round? 



. fdist. 140-876) ., 
^"^•{diam. 7936}^^^^^- 



Exam, xviii. Two ships of war, intending to cannonade 
a fort, are, by the shallowness of the water, kept so far 
from it, that they suspec^ their guns cannot reach it with 
effect. In order therefore to measure the distance, they se- 
parate from each other a quarter of a mile, or 440 yards ; 
then each ship observes and measures the angle which the 
other ship and the fort subtends, which angles are 83° 45'. 
and 85^ 15'. What then is the distance between each ship 
and the fort? - . . C 2292*26 yards.- 

^^^' ^2298-05 

Exam. xix. Being on the side of a river, and wanting to 
kno^ the distance to a house which was seen at a distance on 
the other side ; I measured out for a base 400 yards in a 
right line by the side of the river, and found that the two 
angles, one at each end of this line, subtended by the other* 
end and the house, were es"" 2' and 73° 15'. What then 
>vas the distance bptween each station and the house ? 

. ( 593-08 yards. 
^^^' 1 612-38 

Exam. XX. Wanting to know the breadth of a river, I 
measured a base of 500 yards in a straight line close by one 
side of it; and at each end of this line I found the angles 
subtended by the other end and a tree, close to the bank on 
the other side of the river, to be 53° and 79° 12'. What 
then was the perpendicular breadth of the river f 

Ans. 529-48 yards. 

Exam. xxi. Wanting to know the extent of a piece of 
water, or distance between two headlands ; I measured from 
each of them to a certain point inland, and found the two 
distances to be 735 yards and 840 yards; also the horizon- 
tal angle subtended between these -two lines was SS'* 40 . 
What then was the distance required? Ans7 741*2 yards. 

Exam. xxii. A point of land was observed, by a ship at 
sea, to bear east-by-south; and after sailing north-east 1? 
niiles, it was found to bear south-east-by-east. It is required 

to 
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to determine the place of that headland^ and the ship's di» 
stance from it at the last observation? Ans. 26*0728 miles* 

Exam, xxiii. Wanting to know the distance between m 
house and a mill, which were seen at a distance on the other 
side of a river, I measured a base lin^ along the side where 
I was, of 600 yards, and at each end of it took the angles 
subtended by the ' other end and the house and mill, which 
were as follow, viz. at one end the angles were 5d!* 20' and 
95** 20', and at the other end the like angles were 53* 30' and 
98** 45'. What then was the distance between the house and 
mill ? Ans- 959*5866 yards. 

Exam. xxiv. Wanting to know my distance from an in- 
accessible object 0, on the other side of a river ; and having 
no instrument for taking angles, but only a chain or cord 
for measuring distances^ from each of two stations, a and B, 
which were taken at 500 yards asunder, I measured in a di- 
rect line from the object 100 yards, viz. ac and bd each 
equal to 100 yards ^ also the diagonal ad measured 550 yards^ 
and the diagonal bc 560. What then was tlie distance of 
the object from each station a and b ? 

.^ (ao 536-25 
^'^^' \ BO 500-^9 

Exam. xxv. In a garrison besieged are three remarkable 
objects, a, b,. c, the distances of which from each other are 
discovered by means of a map of the place, and are as fol- 
low, viz. AB 266^y AC 530, BC 3274 yards. Now, having to 
erect a battery agairist it, at a certain spot without the place, 
and being desirous to know whether my distances from the 
three objects be sqch, as that they may from thence be bat» 
tered with effect, I took, with an instrument, the horizontal 
angles subtended by these objects from my station s, and 
found them to be as follow, viz. the angle asb 13^ 30', and 
the angle Bsc 29° 50'; required the three distances, sa, sb, scj 
the object b being situated nearest to me, and between the 
two others A and c? Csa 757*14 

Ans. ^SB 537*10 
l^sc 655*30 

Exam, xxvi. Required the same as In the last example, 
when the object b is the farthest from my station, but still 
seen between the two others as to angular position, and those 
angles being thus, the angle asb 33 45', and bsc 22'' 30', 
l&lso the three distances, ab 600, ac 800, bc 400 yards ? 

fsA 709^ 
Ans. \ SB 1042 j. 
/ sc 934 
MENSURATION 
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MENSURATION OF PLANES, 



THE Area of any plane figure, is the measure of tlie 
space contained within its extremes or bounds j without any 
regard to thickness. 

This area, or the content of the plane figure, is estimated 
by the number of little squares that may be contained in it ; 
the side of those little measuring squares being an inch, a 
foot, a yard, or any other fixed quantity. And hence the 
zpeTL or content is said to be so many square inches, or square 
feet, or square yards, &c. 

Thus, if the figure to be measured be 
the rectangle abcd, and the little square • 
E, whose side is one inch, be the mea- 
suring unit proposed : then as often as 
the said Uttle square is contained in the 
rectangle, so many square in^ches the 
rectangle is said to contaiuj which in 
the present case is 12. 
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PROBLEM !• 

To find the Area of any Parallehgram ; whether it he a Square^ a 
Rectangle y a Rhombus^ or a Rhomboid* 

Multiply the length by the perpendicular breadth, or 
height, and the product will be the area*. 

EXAMPLES, 



* The truth of this rule is proved in the Geom. theor. 81> 
cor. 2. 

The same is otherwise proved thus : Let the foregoing rect- 
angle be the figure proposed ; and let the length and breadth be 
divided into several parts^ each equal to the linear measuring 
unit^ being here 4 for the lengthy and 3 for the breadth | and let 
the opposite points of division be connected by right lines.-^ 
Then it is evident that these lines divide the rectangle into 
a number of little squares, each equal to the square measuring 
unit E ', and further^ that the number of these little squares,, or 
the area of the figure, is equal to the number of linear mea- 
suring units in the length;^ re|}cated as often as there are linear 

measuring 
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EXAMPLES, 



Ex. 1. To find the area of a paraUelogpanii the length 
t>emg 12*25, an4 height 8*5. 

12*25 length 
8*5 breadth 



6125 
9800 

■ . ■ I . 



104-125 area 



. Ex, 2. To find the area of a square, whose side is 35*25 
chains. Ans. 124 acres, 1 rood, 1 perch* 

Ex. 3« To find the area of a rectangular board, whose 
length is 124^ feet, and breadth 9 inches. Ans. 94 feet.. 

Ex. 4. To find the content of a piece of land, in form of 
a rhombus, its length being 6*20 chains, and perpendicular 
height 5^45. Ans. 3 acres, 1 rood, 20 perches* 

Ex. 5. To find the munber bf square yards of painting in 
a rhomboid, whose length is 37 feet, anid breadth 5 feet 3 
Riches. ' Ans. 2 1-i^^ square yards* 



PROBLEM II. 

To find the Area of a Triangle, 

Rule 1. Multiply the base by the perpendicular height, 
and take h:^ the product for the area*. Or, multiply the 
one of these dimensions by half the other. 

measuring units in the breadth, or height ; that is^ equal to the 
length drawn into the height 5 which here is 4 X 3 or 12. 

And it is proved (Greom. tbeor. 25^ cor. 2)^ that any oblique 
paraltdogram is equal to a rectangle, of equal length and per- 
pendlcuTac breadth. Therefore the rule is general for all paral- 
lelogrtms v^tever. 

* Thb truth of thb rale is evident^ becanse any triangle is 
the half of a parallelo|pam of equal base and altitude, by Geom. 
fbcor. 26. 

leXAMPLFS. 



2S MENSURATION 



EXAMPLES* 

'£x. 1. To find the area of a triangle^ whose base is 62Sf 
and perpendicular height 520 links? 

Here 625 x 260 = 162500 square links, 

or equal 1 acre, 2 roods, 20 perches, the answer. 

Ex. 2. How many square yards contains the triangle^ 
whose base is 40, and perpendicular 30 feet i 

Ans. 66^ square yards. 

Ex. 3. To find the number of square yards in a triangle, 
whose base is 49 feet, and height 25^ feet? 

Ans. 68f|-, or 68*7361. 

Ex. 4* To find the area of a triangle, whose base is 1 8 feet . 
4 inches, and height 11 feet 10 inches ? 

Ans. 108 feet, 5|. inches. 

.. 
Rule II. When two sides and their contained angle are 
given: Multiply the two given sides together, and take half 
their product : Then say, as radius is t(y the sine of the given 
angle, so is that half product, to the ar^a of the triangle. 

Or, multiply that half product by the natural sine of the 
^aid angle, for the area*. 

Ex. 1 . What is the area of a triangle, whose two sides are 
SO and 40, and their contained angle 28^ 57'? 

By Natural Numbers, By Logarithms. 
First, 4 X 40 X 30 =± 600, 

then, 1 : 600 : : '484046 sin. 28*" 57' log. 9-684887 

600 2-778151 



Answer 290*4276 the area answering 2*463038 



■* I II HI 



* For, let AB, AC, be the two given sides, 
including the given angle a. Now ^ ab X 
cp is the area, by the ^xii rule, cp being 
the perpendicular. But, by trigonometry, 
as sin. Z p, or radius : ac : : sin. Z. A : cp, 
which is therefore = a c X sin. Z a, taking 
radius = 1. Therefore the area ^AB X cp 
is = -^ar ^ AC, X sin. Z a, to radius 1; 
or^ as radios : sin. 4a:: ^ab X ac : the area. 




Ex. a* 
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Ex. 2, How many square yards contains the triangle, of 
which one angle is 45% and its containing sides 25 and 2\^ 
feet ? Ans. 20-86947. 

Rule. III. When the three sides are given: Add all the 
three sides together, and take half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. Then multiply the said half sum and those 
three remainders all together, and extract the square root of 
the last product, fqr the area of the triangle*. 



* For, let ABC be the given 

triangje. Draw the parallels ..•• -j^ 

AE,BD, meeting the two sides • /' / ' 

AC, CB, produced, iii d and e, B/.... ... 

and making cd =: cb, and * K/--'''\^ 

CB = CA. Also draw cfg bi- \ .^"'^Z^-"""'^^ 

secting db and ae perpendicu- 1\**' .A . (x " t 

larly in f and g ; and fhi pa- :x* 

rallel to the side ab, meeting '"" — ' 

AC in H, and ae produced in i. 

Lasdy, with centre h, and radius hf, describe a circle meet- 
ing AC produced in k; which will pass through g, because o is 
a right angle, and through i, be,cause, by means of the parallels, 
Ai = FB =: DF, therefore hd = ha, and hf = nr = -Jab. 

Hence ha or hd is half the difference of the sides ac, en, and 
HC r= half their sum or =: ^.ac -f |cb ; also »k = hi =: ^if 
or |ab; conseq. ck. = ^ac -f 4cb -f f ab half the sum of all 
die three sides of the. triangle ^Bc, or ck = ^s, calling s the sum 
of those three sides. Again hk = nrzz ^fr == ^ab, orKL.^s ab; 
theref. cl = ck — kl = is — ab, and ak =z ck — ca zz Js — 
AC, and al := DK r= Ck — cd cz^s -t- cb. 

Now, by the first rule, ag . cg =: tbjp A ape, and ao . fG'=: 
the A ABE, theref. ag . cf =: A acb. Also by the parallels, 
AG : CO : : DP or ia : cV, theref ag . cf = (A\cb =) co . i a = 
CO . DF, conseq. ag . cf . cg . df n A*acb. 

ButOG . C F r: cK . cl z= -J* • 4* — ab, and ao . df =i ak . al 
. =: Js — AC.^f — Bcj theref. ao . cf . cg . df tz. A* acb =z 

'\t, \% — AB. 48 — AC 4s — BG is the square of the area of the 
trianglieABC. a. e* n. 

'Otherwise, 

Because the rectangle ag . cf = the A abc, and since 
CG : AG : : cp :'df, drawing the first and second terms into cf, 
and. the third and fourth into ag, the proper, becomes 
CG . CF^: AG. CF :: ag.cf : aG . dv, orco .cf : A abc :: A abc : 
EG . DFjf that is, the A abc Is a mean proportional between cg . cf 

and AG . DF, or between Js. ^t — ab and ts — ac . is — bc, 

a. B. D. 
Ex. L 
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Ex* 1. To find the area of the triangle whose three sides 
are20» 80, 40. 

20 45 45 45 

30 20 30 40 

40 — — — 

*— — 25 1st rem. 15 2d rem. 5 3d rem. 

2)90 _ _ _ 

45 half sum 

Then 45 X 25 x 15 x 5 = 84375, 
The root of which is 290'4737, the area. 

Ex. 2. How many square yards of plastering are in a 
triangle, whose sides are 30, 40, 50 feet? Ans. 66f. 

Ex. 3. How many acres, &c. contains thC/triangle, whose 
sides are 2569, 4900, 5025 links? 

Ans. 61 acres, 1 rood, 39 perches. 



PROBLEM III. 

To find the Area of a Trapezoid. 

Add together the two parallel sides ; then multiply their 
sum by the perpendicular breadth, or the distance between 
them; and take half the product for the area. By Geom. 
theor. 29. 

Ex. I. In a trapezoid, the parallel sides are 750 and 1225, 
atid the perpendicular distance between them 1540 links; to 
find the area. 
1225 
750 



1975 X 770 = 152075 square links = 15 acr. 33 pert- 

Ex. 2. How many square feet are contained in the plank, 
whose length is 12 leet 6 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches ? 

. Ans. 13ijfeet. 

Ex. 3. In measuring along one side ab of a quadrangular 
field, that side, and the two perpendiculars let fall on it from 
the two opposite corners, measured as below: required the 
content. 
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AP = 110 links I) 

A(^= 745 r ^^^-^^^ 

AB = 1110 V 

cp = 352 /: 

DC^= 595 ' /J 

Ans. 4 acres, 1 rood, 5*792 perches. AT IE £ 

PROBLEM IV. 

To find, the Area of any Trapezium, 

Divide the trapezium into two triangles by a diagonal j 
then find the areas of these triangles, and add them to- 
gether. 

Or thus, let fall two perpendiculars on the diagonal from 
the other two opposite angles ; then add these two perpen- 
diculars together, and multiply that sum by the diagonal, 
taking half the product for the area of the trapezium. 

Ex. L To find the area of th^ trapezium, whose diagonal 
is 42, and the two perpendiculars on it 16 and IS. 

Here 16 + 18 = 34, its half is 17. 
Then 42 x 17 = 714 the area. 

Ex. 2. How many square yards of paving are in the tra- 
pezium, whose diagonal is ^S feet, and the two perpendicu-- 
lars let fall on it 28 and SSJ- feet ? Ans. 222,^ yards. 

Ex.3. In the quadrangular field A BCD, on account of ob- 
structions there could only be taken the following measures, 
viz. the two sides BC 265 and ad 220 yards, the diagonal 
AC 378, and the two distances of the perpendiculars from the 
ends of the diagonal, namely, ae 100, and cf 70 yards. 
Required the construction of the figure, and the area in acres, 
when 4840 sqware yards make an acre ? 

Ans. 17 acres, 2 roods, "2\ perches. 



PROBLEM V. 

To find the Area of an Irregular Polygon, 

Draw diagonals dividing the proposed polygon into tra- 
ifeziimis and triangles. Then find the areas of all these 
separately, and «dd them together for the content of the 
whole polygon. 

Example. 
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Example. To find the content of the irregular figure 
ABCDBFCA, in which are given the following diagonals and 
perpendiculars: namely. 



AC 


55 


. FD 


52 


GC 


44f 


' Gm 


IS 


£n 


18 


GO 


12 


Bp 


8 


pq 


25 


Ans. 1878 J. 




PROBLEM VI, 

Tojind the Area of a Regular Polygon. 

Rule I. Multiply the perimeter of the polygon, or sum 
of its sides> by the perpendicular drawn from its centre on 
one of its sides, and take half the product for the area^. * 

Ex. I. To find the area of the regular pentagon, each side 
being 25 feet, and the perpendicular fi-om the centre on each 
side is 17-2047737. 

Here 25 x 5 =: 125js the perimeter. 
And 17-2047737 X 125 = 2150*5967125. 
Its half 1075-298356 is the area sought. 

Rule II. Square the side of the polygon; then multiply 
that square by the tabular area, or multiplier set against its 
name in the following table, and the product wiU be the 

areaf- 

No. 



* This is only in effect resolving the polygon into as many equal 
triangles as it has sides, by drawing lines from the centre to all tlie 
angles) then finding their areas^ and adding them all together. 

t This rule is founded on the property, that like polygons, being 
similar figures, are to one another as the squares of their like sides ; 
';Which is proved in the Geom. thcor. 69. Now, the multipliers to 
the table y. are the areas of the respective polygons to the side 1 • 
Whence the rule is manifest. 

Jfote, 
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No. of 

Sides. 


Names. 

1 


Areas, ^or 
Multipliers. 


3 


Trigon or triangle 


0-4330127 


4 


Tetragon or square 


1-0000000 


5 


Pentagon 


17204774 


6 


Hexagon 


25980762 


7 


Heptagon 


3-6339124 


8 


Octagon 


4-8284271 


9 


Nonagon 


6-1818242 


10 


Decagon 


7-6942O88 


n 


Undecagon 


9-3656399 


12 


Dodecagon 


11-1961524 



Exam. Taking here the same example as before, manjAj^ 
apentagon, whose side is 25 feet. 

Then 25* being = 625, 

And the tabular area 1 '7204774 ; 

TTieref. 1'7204.774 x 625 = 1075'298375, as before. 

Ex. 2. To find the area of the trigon, or eqmlateral tri« 
angle, whose side is 20* Axis. 173-20^08. 

Ex. 3. To find the area of the hexagon whose side is ^. 

Ans. 1039-25048. 

Ex. 4. To find the area of an octagon whose, side is 20. 

Ans. 1931*37084. 

Ex. 5. To find the area of a decagon whose side b 20. 

Atis. 8077-68352. 




Note. The are^s in the table, to each side 1, 
may be computed in the following manner : 
From the centre c of the polygon draw lines 
to every angle, dividing the whole figure, into 
as many equal triangles as the polygqn has 
fides ; and let abc be one of thcwe triaogles, 
the perpendicular of whidi is en. IHride 
360 degrees by the number 6f sides in the po- 
lygoQy the quotient gives the aozle at the centre ACB^ The half 
of this gives the angle acd^ and this taken froai*gO'^, ledve$ the 
angle CAD. Then it will be^as radius is to ad, so Is tai^. angle 
CAD, to the perpendicular CD. This perpendicular, multiplied by 
^ half base ad, gives the area of the triangle abc; which being 
multiplied by the number of the triangles, or of the sides of the 
polygon, gives its whole area» as in me table, for every one of 
the figures. 

Vol. II, p 
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J^ROBLEM VII. 

Thjind the hiameta^ and Circumference of am/ Circle^ the 

(niefrom the other. 

This may be done nearly by either of the two following 
proportions^ 

viz. As 7 is to 22, «o is the diameter to the circumference. 
Ot^ As 1 is to 3*i416> so is the diameter to the circum* 
ference *. 

Ex. l.-To find the circumference of the circle whose dia- 
meter is 20. 

By fhe first rule, as 7 : 22 : : 20 : 62^, the answer. 

Ex. 2. 




* Toti let ABcn be any circle, whose eentre . 

is E, and let ab, bc be any two equal arcs. 

• Draw the several chdrds as in the figure, and 

join BE \ also draw the diameter da> which 

produce to f, till bf be equal to die chord bd. 

Then the two isosceles triangles deb, dbf, 

' j!re iefquiangular, because they have the angle at 

B common ; coniseqdei^lly^DB : db :: db : DF. 

But the two triangles afb, dcb are identical* 

or equal in all respects, because they have the 

angle f == the axujle npc, being each equal to 

thean^e abb, mese' being subtended by the 

equal arc s ab , bc ; also the exterior angle fab of the quadrangle 

~ABCD,'ls'eqii^{o~the opposite Interior ai^leatc; and the two 

triangles have also the side bf = the said bd ; therefore the side 

AF i^ also equal to the side BC. 'Hence the proportion above, v^z. 

l^E : iSb :: BB : BP= BA + AF, becomes BE : BB::BB : 2DE + BO. 

Then, by taking the rectang:les of the extremes and me^ns, it .is 

t)B* r: 2DE* 4- DB . BC. 

' Now, tf the radtUs.BtbeHaken =: 1, this expressicm becomes 

BlS^j5:*2 -k- Bc^ and hence the root bb =: V2 + bc. That 

is. If the measure of die supfdeioental chord of any arc be in- 
creaaetd byuthe numbeir 2, 4he square root of the smn will be Uie 
sum^cxpentflil chcord df kdf tha^ arc. 

l^^Qw, to apply t'his to the calculataon of the circumference of 
the drde, let the arc ac be taken equal to -^ of the circum- 
ference^.and be suocessiyely bisected by ^the above theorem : thus, 
the chord ac of :^ of the circumfeiencei^ is the side of the in- 
sciil>ed rpgubr fiex^n, (and is the^^ radios A£ 

or I : hence, in the right-angled trian^ A€B, it w ittbe bc iz 

VjAB* -- AC* 



M' 



Ex. S. If the drcumference of the earth be 25000 miles, 
what is its diameter i 



By th<.^;PWle, .m,3'14I6 : 
the diameter. 



1 :: 25000: 1951^ nearly 



1732050B076, the supple- 





r Ai 












Z 


i». 


«a 


iVi 


^ 




UiViJ 



a/AD* — AO' = v'2' - 1* = v'3 = 

mmtal chord of i of the periphery. 

Then, by the foregoing iheorem, by always bisecting the arcs, 
and adding 2 to [he last square root, there will be found tbo 
lupplemeotal chords of the i2th, the 34 th, the4tith,tbe9Stb, Sec. 

pvti of the periphery ; ■ thus, 

v'3732030P07e ^ l;951S5l65W 
y'3-93185l6S25 = 1 -93 jssg/'jz; 
1/39338897227 S I-<;9571?84()5 
V«-*»7l?8465 = i:993(>281743 
•3-99^9291743 =: l-9yS7322/S7 
'^3-9997322757 =. 1-9999330678 
v/3-999933oe78 : 

Sincetheait is found that 3-999983266911 the square of the 
aupplemetital chord of the I536tli part of the periphery, let this 
mimber be taken from 4, which is the square of the diameter, and 
iheiemaiqder a0000l6733l will be the square of the chord of 
At said 1536th part gf the periphery, and consequently the root 
V'0-0QOOi6733l=:o-0OJO.jOtiil2 is the length of that chord; 
Hiis tnmiber then being multiplied by 1536, gives 6-2S3I78B for 
tbepefiriieterof a regular polygon of 1536 sides inscribed in the 
cittle ; which, as the sides of the polygon nearly coincide with 
the circnmlTrence of the circle, roost also express the length of 
the circumference itself, very nearly. 

Ilat,qow, loahowhowjiearthls de^euiuii^tliHi 

is to the truth, let Agi'^Op'MOadSlli rcf^sent 
one side of sucti a regular poIygi;n of 1536 sides, 
.and skt a side of another wmilar pc^ygon de- 
.Kriijed about llie circle; and from the' celilre ,E 
_let the perpendicular Eor. be drawn, bisecting AP 
^and sT in g and n.. Then since aq is =:-Jap — 
0-002mSJ05d, and ea := I, ilierefore EQ* = 5a' 
— Ag' — "999iJ9jSl67, and conaequtntly its. root 
. girct bq'= '9999979084; then because of the 
^^raOda ap, 8T, it is Eg : EB:-. Ap : ST :: as the whole inscribed 
ftena»eter:lotbecirainkcribeiftKie, that is, as ■«(§999790l?*: 1 r; 
0.283 r7,8S rflMS tp20 (be perimeter of the circomscrifced poly- 
' gfo.- ■■' m>w, the'cimiinfcTfeiiceof tlte ciTcteb^feggreMet than 
^ D 2 \\v» 
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PROBLEM VIII. 

To find the Length of any Arc of a Circle. 

Multiply the decimal 'OlT^S by the degrees in the given 
arc, and that product by the radius of the circle^ for the 
length of the arc*. 

Ex. 1. To find the length of an arc of 30 de^ees, the 
radius being 9 feet. Ans74"71 15. 

Ex. 2. To find the length of an arc of 12' 10', or 12''|, 
the radiHs being 10 feet/ Ans. 2*1231. 

PROBLEM zx. 

To find the Area of a Circle f. 

Rule 1. Multiply half the circun^ference by half the 
diameter. Or multiply the whole ctrcumfer^ice by the 
whole diameter, and take i of the products 

Rule 



the perimeter of the inner polygon, bnt less than that of the 
outer, it must consequently be greater than 6*2831788, 

but less than 6'2831920, 
and must therefore be nearly equal ^ their sum, or 6*2831854, 
iK:hich in fact is true to the last figure, which should be a 3 in- 
stead of the 4. 

Hence, the circumference being 6*2631854 when thfe diameter 
is 2f it will be the half of tha^, or 3*1415927, when the diameter 
is 1 , to which the ratio in the rule, viz. 1 to 3' 141 6 is very near. 
Also the other ratio in the rule, 7 to 22 or 1 to 3 f =: 3;1428 &c. 
is another near appro liimation. 

* It having been found, in the demonstration of the foregcn^g 
problem, that when' the radius of a circle is 'l, the length of the 
whple citcumfbrehce is 6*2^3 1854, whtcfatx>n$istsof3'lOdegreef ; 
therefore as 36(fi : 6*2831854 :: 1* : '01/45 A:c. the length of 
the arc of 1 degree. Hence the decimal or745 multiplied by 
any number of degrees, will give the length of the arc of those 
d^rees. And because the circumferences and arcs are in prppor* 
tion as the diameters, or as the radii of the circles, therdfbre is 
the radius 1 is to any other radius r, so is the lei^^ of th^rve 
above mentioned, to'0i745 x degrees in the arc xV, which is 
the length of diat arc, as in the rule. 

f The first rule is proved in the tieom. theor. 94. . j 

And the 2d and 3d rules are deduced from the first ,1»le, ik 
this manner.— By that rule^ dc *7" 4 is the area, when #' dencM^' 
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f 

ILulbII. Square the diameter^ and xntdtiply that tqdare ' 
by the decimal '7854, for the area. 

Rule IIL Square the circumference, and multiply that 
square by the decimal *07958. 

Ex., 1. To find the area of a circle whose diameter is I0» 
and its circumference 31*416. 

By Rule 1, By Rule 2. By Rule &. 

31-416 *7854 31*416 

10 10*= 100 31-416 



4)314-16 ly^.-. 986*965 

78-54 '^^* •0795a 



r^ ■ .. H 



78*54 



Sc that the area is 78*54 by all the three rules. 

Ex. 2. To find the area of a circle, whose diameter is 7» 
and circumference 22. Ans. 38^. 

Ex. 3. How many sqiiare yards are ip a circle whose dia- 
meter is 34 feet ? Ans. 1 -069. 

Ex. 4. To fy^ the area of a circle whose circumference is 
12 feet. 4ns. 11*4595 

ft 

PEOBLEli X. 

ToAn4 the Area of a Circular Bing, or of the. Space incluM 
Sefween the Circurnferences of two Circles i the one i^ing 
contained within the othfr. 

Take the difference between the areas of the twp circles, 
as fgond by the last problem, for the area of the ring. — Or^ 



the diameter, and c the circomfer^^ce. Bi)t, by prob. 7, c is = 
Z'l4l6d; therefore the said area dc'7'4, becomes d x 3'\ n6d 
•$• 4 =: •7S54d^, whidi gives tbe 2d nde. — Also^ by the same 
prob. 7> ^ is 3= c rr* 3* 1416 j therefore again the same first area 
</c-f-4, becomes c -w- 3'1410 x c -^ 4 r= c^ r^ 12'5664, which is 
s: c^ X '07958, by tskinf t^e reciprocaJl of 12*5664, or changing 
that divisor into the muItijAier -07958 ; which gives the 3d rule. 
CoroL Hence, ^e areas of different circles are in proportion 
to one another, as the square of their diameters, or as the square 
of their circumferences i as before proved in the Geom. tbeor. 93. 

which 
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which, 19 thesani^'thi]]^, subtract die >9qtfire of the^'Ieft'diiBi- 
meter from the square of the greater^ and imihiply tbeic<[tf-^ 
'fejjence by •7854.— Or lastly, multiply the. sum of th^ dyh 
meters 1>y the difference of the same^ and that product by 
•7854 ; which is still the same thing, because the product dt 
th^miti and difference of any two quantities, is eqiial to'th^ 
difference of their squares. ' ' 

' Ex. 1. lire disfmeters of two Cohcfentric circles bdn]g 10 
and 6, re^dired the area of the ring contained b^weerif their 
circumferences. 

Her^ 10 + 6 = 16 the sum, and 10 - 6 =x 4 the diff. 
Therefore •7854 x 16 x 4=i:*-7854 x 64, = 50-2656, 
the arqa. . . _ - 

Ex. 2. What is the area of the ring, the diameters of 
whose bounding- circles are 10 and 20 ? Ans. 235"$2. 



PROBLEM XI. 



<i » 



I 



To find (he Area of the Sect&r of a Cin^et 

'J^uj-il. IMtJjlTi'F^LV the radius, of half tfie diamefc|^, 
half the" arc d^ the sector, for the area. Or, multiply the 
whole diameter by the whole arc of the sector, and take -J. 
of the product. The reason of wbick is the same as for the 
first" rule to problem 9, for the whole circle. 

RtTLE II. CJoinpi^te' tjie; ar^ ot^6 wh6l^ circle : thien'say, 
as S60 is to th^ OTgi-^eS iri th^ arc of the sector, so' is die 
area of the whole circle, to the arei of tlie sector. 

This is evid^ent^ bec^jase the^^^ctpr^is proport^nal to. tkt^ 
length of the ^pj, , of to the degrees' cQutalued in. it. 

Ex. 1; To find thg area of a circular sector, whose arc 
contains iff degrees j the diameter Being 3 feet ? 



• ' l.Bytheist 

]^irst| 3^ 14 1^ : X .3 . 51? 9-434$i tt^ circumference. 
AndS6Q : is.:: 9-^2^ : •47l243f the length of the arc» 
Tlich -47124 X S -r 4 *= 1-41372 4- 4 =^ -35846, thearea^ 

2; By the 2d Ride. 

¥irst, •7854 >? 3» = 7-06Wi the area" of the whole circte. 
Thferi, as 360 .• i*;: 7-0686 : -353% the area of tE^ 
sector. . ' • 

Ex.2. 
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Eit* 3». To find dierarea of a sector, whoM radios is 10, 
and arc 20. •« Ans. IQpb 

£z.-S. Requiredthe area of a sector, wKose radius is 25^^ 
and its arc containing U7^ 29'. Ans. 804*398(7/ 



PROBLEM XII, 



To find the "Area of a, SlegtneiU of a Circle. 

RyLS.Cr £i;ND th^area of the sector baling thejsame a^c 
withftKe segment, by the last problem. * 

Find also the area of the triangle, formed by the cEdfiof 
the segment and the two radii oTthe sector. 

T$en add these two tOfi:ether for tlie answer, when the 
segn^ U greater than a semicircjie: or subtract ihem 
wheii it is less than a semicircle.'— As is evident by:m- 
spectioii.- ■.'■" 

£i^. 1. To find the area of the segment a(^Bi>a, its d^bl'd 
AB being 12, and the radius ae or cb 10. 

First, As Ai^: sin. /.D 90** : : AD : six^. C^ 

36'' 52'| = 36-87 degrees, the degrees in the >V <n^' ?> 

/.AEc or arc ac. Their double, 73'74, I v- 

are the degrees in the whole arc acb. : " V 

Now '7854? X 400 = 3i4-16,.the area of t 

the whofe circle. 
Therefore 360'' : 73-74 :: 314*16 : 64-3504, area of the. 

sector ACBE. 

Agsan, V AJE*-AD^ =3= x/'wO - 36 = v^ 64 =: 8 = iMt. 
Theref. ad x de = 6 .x 8 =p 48, the- area of the trian* 

gle ABB, 
Hence sectpr'ACBE — triangle aeb ^ 16-3504, area of 

Seg. ACBDA. 

Rule II. Divide the height of the se^ent by the diameter, 
and find the quotient in the column of heights in the follow- 
ing tablet : Take out the corresponding area in the next 
column on the right hand ; and multiply it by the square of 
the circle's diameter, for the area of the segment*. 

Kate. 



* The truth of this rule depends en the principt'e of similar 

plane figures, which are to one another as the square of their 

Jike linear dimensions. The segments in the table are those of a 

circle 
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Kete. When the quotient is not found ezaietly in the table, 
proportion may be nude between the next less and greater 
area) in die same manner as is done for logarithms^ or any 
other table* 



TMe qfthc Areas of Circular Segments. 



I 
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01 *00133 
•Oa 00375' 
•Oi OOCSjr 

•04 01054 
-0^ '01468 

06 01924 
•07 0^17 
-08 02944 

09*03502 
;10|04088 




m% 



11 

12 

13 

14 

15 

16 

•17 

•18 

•19 
|*20 



•04701 
.05839 

06000 
•06683 
^387 

08111 
1*08853 

•09613 

•1Q39CH 

•111621 



21 

•22 

23 
24 
•^5 
26 
•27 
•28 
•29 
•30 



•11990 
12811 

13646 
•14494 
'S5954 

16226 

•17109 

18002 

•I8905 

•I98I7 





'30319 

31304 

•39293 

33284t 

•34278 

•35274 

36272 

•37270 

38270 

'501-39270 



Ex. 2* Taking Ithe same example as before^ in which are 
given the chord ab 12, and the radius 10^ or diameter 20* 

And having found, as above, de = 8 ; then ce — de 
= CD = 10 — 8 = 2. Hence, by the rule, cd -r cf = 2 
-7- 20 3= *1 the tabular height. Tbis being found in the 
first column of the table, tne corresponding tabular area is 
•04088. Then -04088 x 20* = -04088 x 400 = 16-352, 
the area, nearly the same as before. 

Ex. S. What is the area of the segment, whose height is 
18, and diameter of the circle 50 ? Ans. 6S6-375. 

l^x. 4. Required the area of the segment whose chord' is 
16^ the diameter being 20 i Ans* 44*728. 



circle whose diameter is 1 5 and the first column contains the 
corresponding heights or versed sines divided by the diameter. 
Thus then, the area of the similar segment^ taken from the table, 
and multiplied by the square of the diameter^ gives the area of 
the sf^ginept tp this diameter. 
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l^ltOBLBlC XIII. 

* 

To measure long Irregular Figures. 

Take or measure the breadth at both ends, and at se* 
veral places, at equal distances. Then add together all these 
intermediate breadths and half t]^«two enrenies, which 
sum multiply by the length, and divide by the nun^ier of 
parts for the areaf. 

Note. If the perpendiculars or hread^ be not at e^qval' 
distances, compute all the parts separal;ely, asso n^u^trape* 
zoids, and add them all together for the whole area.. . .'..). 

Or else, add all the perpendicular breadths together^ and 
divide their sum by the numberof them for the meanbreodth^ 
to multiply by the length ; which will give the whole - area^ 
not furnxun the truth. * . 

lEx» 1. The breadths of an irregular figure, at five equi* 
&tant places> being 8*2, 7*4, 9*2, 10*2, 8*6 $ and the whole 
length S9 ; required the area ? 

8.2 ' 

8*6 



2) 16*8 sum of the extremes. 

8*4 mean of the extremes. 
• 7-4 
9*2 
i0*2 ' 

35*2 sum. 



35*2 sum. 
59 

3168 
f056 



4)1372*8 



343*2 the area. 



Ex. 



mittmtt^ 



X—E 



f- A it: 

• ■ • • 



t; 



* This rule is made out as follows: 
—Let ABCD be the irregular pece ; 
hndiDg die several breadths ad» s^, 
6H, iKj BC, at the equal distances ab, 
£6^ ciy IB. Let the several breadths 
in order be denoted by the corre- 

spoikUng letters a, b, c, d, e, and the whole length AB by /; then 
compute the areas of the psuts into which the figure b divided 
by the perpendiculars^ aS so many trapezoids^ by prob. 3, and 
add them all together. Thus^ the sum of the parts is. 



XAE4- 



XBO-i- 



X 01 +- 



X IB 



2 ' 2 ' 2 ' 2 

2~ ♦ "'' ""T* ^ "2~ *^ ~5 — ^ 

s=(i« + * + c + d + t€) xJfs:(m + * + c + d)il, 

*whvdh 
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Ex. 2. The length of an irregular figure being 84x and the 
breadths at six equidistant. placet 17*4>S0*6, 14% 1^*5,20*1, 
^4*4} what is the area ? Am. 1550*64. 



*- i^KcatEM xir. 

Multiply the longc^st diameter, or axis, hj the shortest; 
thto multiply' the prodtrct' by the decirTtaT* •t»54. foi- the. 
are«k -A^- appear* frc^ cor. 2, theor. 3i of thc'EUipse^'i 
the Conic- £(et;tions. 



\. 



• ■-••■ ■ * 
^if. i^ Required: ttk^^ar^aiof aot^ ellipse wfaoeetwo aiMi^ 
are 70 and 5jE>. Ais. 2748*9.' 

Ex. ^. To find the area of the oval whose tWd* axes anr 
24 and 18. Ans. 3»9'292?. 



PROBLEM XV. 

To find the Area of any UUipiic Stgmeni. 

Find the area of a corresponding circular segment, iaving 
the same height and the s^ihe vertical axis or diameter. Then 
say, as thefi^id vertical axis is to the other axis, parallel to 
the segment's base, so is the area of the circular segment 
before found, to the area of the elliptic segment sought. 
Thi&jiul&alsaucomes. from cor. 2, theor. S of the Ellipse. '- - 

Otherwise thus. Divide the height of the segment by the 
vertical axis of the ellipse y and findy i^ the table of circuit 
segments to prob. 12, the circular segment having the abo^m^' 
quotient for its versed sine : then multiply all together, thii 
segment and the two axes of the ellipse, kit the area. 

]^x» h Tq find the are^ojf th^ elliptic segzaent, whos^e 
height is 20, the vertical axii^ being 70,. and the parattel 



'*■<« 



which is tl^e whole area^ agreeing with the rule : m being the 
aritl^metical mean betweeh the e^trcmes^ or half the sum of them 
bothy and 4 the number of the parts. And the same for any 
pther^i^umber of pacts wb^l^eirer'. 

■ ^ ' i--- ^ ■ ' ^' Here 



Heve 29.^ 70 gfves *i(Sf the ^uotknt orttfraed aklM tiO 



#i"t" 



12-96260 

fiO . 

648-13000 the 

Ex. 2. Required the zrez of an elliptic segrrtent,- <^ut off 
parallel to the shorter axis ; the- hei^ot being lOy and the 
two axes 2fl and S5. Ans/l62'03'« 

Ex. 3. To find the areaf of the elliptic segmient, cut off 
parallel to the longer axis ; the height being 5, and the axes 
25 and 35. Ans. 97-8425. 



PROBLEM XV^. 

To find the Area of a Parabolaf or its Segment, 

Multiply the base by the perpendicular height ; then 
take tsvo-thir<Js of the product for the are^. As is proved 
in theorem 17 of the rafaboU, iii the Conic Sections, 

Ex. 1. To find the area of a parabola; the height b^ng.2, 
and the base 1?. 

Here 2 x 12 == 24. Then 4 of ,?4 = 16, is the area! 

Ex. 2. Reauired the area of the parabola whoiser b^!|^v 
is 10^ and its.base 16. * Ait^ V^^si^ 
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IVffiN&URATlON OF SOLIDS. 

BY the Mensuration of Solids ^e determined the species 
inchided by contigjaous surfaces^^; and the sum of the measures 
pf these including surfaces, is the whole surface 6t superficies ' 
of the body. 

The measure of a solid, is called its solidity, capacity, or 
content. 

Siolids are me^ured by cubesy whose sides are inches, 9e^ 
feet, or yardni &c. And hencjs the solidity of a body Ts-sakt^ 
to be so namy. cubic inches, feet^yards, &c. as will &X' its'- 
xflpadily or ^pao^ qt anotthetf df ail equal mag^akiidd^ 

The 



ft -' MENSURATION 

The leist itofid measurie h the cubic incli, <>ther ^abrs, 
being taken from it according to the proportion in* the fol- 
lowing table> which is formed bj cubing the linear pro* 

portions. - 

< 

TaMe of Cubic or SolidJMeasuret. 

1738 cubic inches make 1 cubic foot 

27 cubic feet * I cubic yard 

166 {< cubic yards . • 1 cubic pole 

64000 cubic poles - 1 cubic furlong 

512 cubic furlongs - 1 cubic mile. 



PROBLEM t. 

To find the Superficies of a Prism or Cylinder. 

Multiply the perimeter of one end of the prism by the 
length or heieht of the solid, and the product will be the 
surface of aU its sides. Tq which add also the area of the 
two ends of the prism, when required*. 

Or, compute the areas of all the sides and ends separately!^ 
and add them all together. 

Ex. I.* To find the surface of a cube, the length of each 
side being ?0 feet. Ans. 2400 feet. 

Ex. 12. To find the whole surface of a triangular prism, 
whose length is ^0 feet, and each side of its end or base 
1 8 inches. Ans. 91^948 feet. 

Ex. 3. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base is 2 feet. * Ans. 125*664. 

Ex. 4. Whit must be paid &r lining a rectangular cistern 
with lead, at 2d. a pound weight, the thickness of the lead 
being such as to weigh 71b. for each square foot of surface ; 
the inside dimensions of the cistern being as follow, viz. the 
length 3 feet 2 inches, the breadth 2 feet 8 ipch^, ^nd d^pth 
2 feet 6 inches ? A^$e ^L 35. 10^. 



* The truth of this will easily appear, by considering that the 
•ides of any prism are parallelograms^ whose common length is 
tlie same as the length of the solid, and their breadths taKen all 
together make up the perimeter of the ends of the same. 

And the rple is evidently tte same for the surface d a cylinder. . 

PROBLEM 
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FROBLEM IX. 

To find the Surface of a Pyramid or Cone. 

Multiply the perimeter of the base by the slant height, 
or length of the side, and half the product will evidently be 
the surfiue of the sides, or the snm of the areas of aU the 
triangles which form it. To which add the area of tht end 
or base, if requisite. 

Ex. 1. What is the upright surface of a trian^lar pyra- 
mid, the slant height bemg 20 feet, and each side of the 
base S feet ? Ans. 90 feet. 

Ex. 2. Required the convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter of 
its base 8^ feet. Ans. 667*59. 

PROBLEM III. 

To find the Surface of the Frustum qfa Pyramid or Cone; 
being the lower part, when the top is cut off by a plane 
paraUei to the base. 

Add together the perimeters of the two ends, and multi- 
ply their jsuM by the slant height, taking half the product &r 
the answer. — As is evident, because the sides of the solid are 
trapezoids, having the opposite sides paralleL 

Ex. 1. How many square feet are in the snr&ce of the 
frustum of a square pyramid, whose slant height is 10 feet; 
also, each side of the base or greater end being S feet 4 inches^ 
and each side of the less end 2 feet 2 inches r A^.];10feflt« 

Ex. 2. To find the convex surface of the frustum of a cotie$ 
the slant height of the frustum being 124- feet, an4 the. cir* 
cumferences of the two ends 6 and 8'4 feet. Ans. 90 feet. 

•■ « 

PROBLEM IV. 

To find the Solid Content ^any Prism or Cylinder. 

Find the area of the base, or end, whatever the figure 
of it may be ; and multiply it by the length of the prism or 
cylinder, for the solid content^. 

I Note. 



trnt 



* This rule appe^irs from die Geom. theor. 1 10^ cor. 2. The 
same is more particularly shown as fellows : Let the annexed 

lectanffular 
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Note, Fof a cube, take the cube of its side by multiplying 
this twice^ by itself; and fpr^a jxasaUetopipedon, multiply the 
lengthi breadth and depth all together, for the content. 

Ex* I. ^o find the sdlid content of a cube> whose side is 

tBlL/^ Hwrja&iXf cubic ftietiU'e mj9i blQ?k ^of^aiartde, i|s 
to^rfafeing^S leet j^indhes, -breadth % feet $ jncyiies, -apd 
thickness 2 feet 6 inches ? Ans. 21^. 

Ex. S. How many gallons of water wfll the cistern con- 
tain, i^&ose dimensions^are tke same as in the last examples 
^heh 28^ cubic inches are contained in one gafion ? 

An^ 1^^. 

Ex. ' 4. ^Required the solidity of a triangular .prism, idboae 
length is 10 feet, and the three sides of its triangular end or 
base are 3, 4, 5 feet. Ans. ISO. 

'£x/5. -ftisqiiilTddilbe content ^aroqnd pillar, uroylindei*, 
^Wlidee le^igth is 20 feet, and circam^erexMse 5:feit 6 inches. 

Ans.'i^I4)59^et. 



^4-^ 
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rectangular paridldop^iedDn be the 

-solid Ho^be measured, and the cube 

t> ihd ^id measuting umt> its ^side 

.teing 1 inch, or l foot, Sec ; .slflo, let 

.fh^ ielCth .apd 'br^fid^ of the b&<ie 

^pCD^^d also' the height ah, be each 

^ dhfidsd'ttito spaces equal to the length 

'df^ie^ase"OT the cube p, naftntely, 

*fete'-3 m4be length -and 2 iti *e 

breadth, making 3 times 2 or 6 

squares in the base AC, each etqeal 

to the base of the c^be p. Hence it 

is iij»ito^^r(^'th^'V>^ll^i^^ 4W cube-p, as 

many times as the base ac contains the fa^se of the cube, r^cated 
las^oftgtf ^i jtte'hetjiht ^H*cbn^ii\rf tji^ height of the ctibe.^That 
•4i,^^^aWit of ^fey^jdJiaSrf^ 
the area of the base by the altkufe4*f ifeatsidid. . • • 
'" Mitnd, because all prisms and cylinders are equal to pafallelopipe* 
^ dons of equal bas es a nd altitudes, by Geom^ theor. .108, it J^l- 
lows that the rule Ts generaTTor all such solids> whatever the 
oilguraDfite base uiay^be. 
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, Tofijud the Conie^i of any ^Pyramid or Cone. 

Find the area of the base, and midtipl^ that area by the 
•perpendkalar height ; then take \ of the product for the 
Goment*. » 

Ex. 1. Required the solidity of the square pyramid^ eadi 
tide of ifts base being 30, and its perpencUcular height 25. 

Ans. 7500. 

fix. "fi. To find the content of a triangular pyramid, whose 
perpendicular hei^t is 30, and each side of the base S. 

Ans, S8-97117. 

Ex. 3. To find the content of a triangular pyramid, its 
height being 14 feet 6 inches, and the three sides of its base 
5, 6, 7 feet. Ans. 71-0352, 

^x. 4. What is the content of a pentagonal pyramid, its 
height being 12 feet, and each side of its base 2 feet ? 

Ans. 27-5276. 

Ex. 5. What is the content of the hexagonal pyramid, 
whose height is 6*4 feet, and each side of its base 6 inches? 

Ans. l-3a564 feet. 

Ex. 6. Required the content ^)f a: eone, jks height bei^g 
lOffeet, and the ciicum&rence>of:tts hase^O feet. 

Ans^ 22-56098. 



FROBLEM VI. 

To find th^ Solidity of the Frustmn of a Cone or Tyramii. 

Add into one sun^, the areas of the two ends, ii^d the 
mean prc^rtional between them : and take \ of that stttn 
for a mean area ; which being multiplied by the perpehdioi^ 
lar hei{^t or length of the frustum/ will give its tontentf.' 

^9Me. 

' ^m,.', m ' i ' i , i • ■ ,. . ' ■ .. . • ■ ...li.. ■ 1. ,.ii li vm ^ 

^.Tbii.xuJfe^fellows from that of tbe prisma because aiayjQr- 
ramid'ts \ of a .prism of ^ual. base -and allitude ; by Xieooi. 
.tlieor.415. cor.iandS. 

t Let ABCD be any pyramid, of which bci>gTf; ia-^a^fmstom. 
Aiidj}ut ^ ialt the area of the base bcd^ 6^ the afrea of the top 

£FG^ 
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Note, This general rule may be otherwise expressed, a$ 
fcllowsy when the ends of the frustum are circles or regular 
pcdygons. In this latter case> square one side of each poly* 
|pn> and also muhiply the one side by the other \ add all 
these three products together^ then multiply theiif sum by 
the tabular area proper to the polygon, and take one^hird of 
the product for the mean area, to be multiplied by the length, 
to give the solid content. And in the case of the frustum 
of a cone, the ends being circles, square the diameter or the 
circiunference of each end, and also multiply the^ same two 
dimensions together \ then take the sum ot the three pro- 
ducts, and multiply it by the proper tabular number, viz. by 
•7854 when the diameters are used, or by '07958 in using[ 
the circumferences % then taking one-third of the product, 
to multiply by the length, for the content. 

Ex. 1. To find the number of solid feet in a piece of 
timber, whose bases are squares, each side of the greater end 
being 15 inches, and each side of the less end 6 inches ; also, 
tlie length or perpendicular altitude 24 feet. Ans. 194* 

Ex. 2. Required the content of a pentagonal fixBtum, 
whose- height is 5 feet, each side of the base 18 inches, and 
each side of the top or less end 6 inches. Ans. 9*3 1925 feet. 



BFU, h the height IH of the frustum, and c die 
height Ai of the top part above it. Then 
c^ hzz \H is the height of the whole pyra- 
mid. 




Hence> by the last prob. fa' (c + h) is the 
content of the whole pyramid abcd» andf^'c 
tlie content of the top part aefo 5 therefore 
the difieience fa* (c -f ^)— f6*c is die content 
of the frustum bcdgfe. But the quantity c 
being no dimension of the.frustum^ it must be expelled from 
this formula, by substituting its value, fouvd in the fqllowing 
manner. , By Geom. theor. Il2, a* : A* : : (c + A)' ; c', or 
' aib II c ^ h I c, hence (Geom. th. 69) a-^ b ib :: h : c, and 

a-»'6 : fl ; : 6 : c + A; hence therefore c = -, andc + h^z 5. % 

a — b dT-b^ 

•then these values of c and c + A being substituted for them 
in the expression for the content of the frustum^ gives that con* 

-" fl — ^ a — a — b 

ab 4- &^) i which is the rule above given ; ab being the mean be- 
tween a* and 6*. 
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£z. S. To find the cbx]^«it of a conic j&ustum, the alti- 
tade being 18, the greatest diameter 8, and the least dta^ 
meter 4-. Ans. 527*7888» 

Ex. 4. What is the solidity of the frustum of a c<me, the 
altitude being 25, also the circumference at the greater end 
being 20, and at the less end 10 ? Ans. 464*216. 

Ex. 5. If a cask, which is two equal c6nic frustums joined 
together at the bases, have its bung diameter 28 inches, the 
head diameter 20 inches, and length 40 inches ; how many 
gallons of wine will it hold i Ans. 79*061 1^. 



PROBLEM VII. 

Torrid the Surface of a Sphere, or any Segment. 

Rule I. Multiply the circumference of, the sphere 
W it^ diameter, and the product will be the whole surface 
X)ht*. 

Rule II. 



* These rules come from the following theorems for the sur- 
face of a sphere, viz. That the said surface is equal to the curve 
surface of its circumscribing cylinder ; or that it is equal to 4 
great circles of the same sphere, or of the same diameter : which 
are thus proved. 

Let AiSCD be a cylinder, circumscribing 
the sphere efghj the former generated 
by the rotation of the rectangle fbch 
about the axis or diameter ph 5 and the 
latter by the rotation of the semicircle 
PGH about the same diameter fh. • Draw 
>two lines kl, mn, perpendicular to the 
axis, intercepting the parts ln, op, of the 
cylinder and sphere 5 then will the ring 
Of Cyllndric surface generated by the ro- 
tation of LN, be equal to tlie ring or spherical surface generated 
by the arc op. For first, suppose the parallels kl and mn to 
be inderuiitely near together; drawing 10, and also OQ parallel 
fo LN. Then, tlie two triangles IKO, oqp, being equiangular, it 
JSi as Op : oq or ln : : lo or KL : KG ; : circumference described 
^ KL : circumf. described by kg ; therefore the rectangle OP X 
circutnf. of kg is ecjual to the rectangle LN X circumf. of KL j 
^at is, the ring described by op on the sphere, is equal to the 
^i"g described by LN on the cyliader. 

V«)f,. U. ' E And 




8^ * MENSURATION 

• RiJLE II; Square the diameter and multiply tHat sqif^e 

by 3* 1 4 1 6, for the surface. 

. . ^ 

Rule III. Square the circumference ; then either multi- 
ply that square by the decimal "3188, Or divide it by 3* 14 16, 
for the surfac^e. 

Note. For the surface of a segment or frustum, multiply 
the whole circumference of the sphere by the height of me 
part roquired* 

^ ^ Ex. 1 . Required the convex superficies of a sphere, whosi 
diameter is 7, and circumference 22. Ans^ 154. 

Ex. 2. Requu*ed the superficies of a globe, whose diameter 
is 24 inches. Ans. 1809-5616- 

Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 7957^ miles, and its circumference 
25000 miles. Ans. 198943750 sq. mileisf. 

Ex. 4. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment whose height is 9 inches? 

Ans. 1187-5248 inches. 

, « 

Ex. 5. Required the convex surface of a spherical zone, 
whose breadth or height is 2 feet, and cut from a sphere of 
12-!. feet diameter. Ans; 78-54 feet. 



And as this is every where the case, therefore thfe sums of any 
corresponding nurtiber of these are also equal ; that is, the whole 
surface of the sphere, described by the whole semicircle fOh, 19 
equal to the whole curve surface of the cylinder, described by 
the height BC^ as well as the surface of any segment described 
by FO, equal to the surface of the corresponding segment de- 
scribed by BL. 

Corol, 1 . Hence the surface of the sphere is equal to 4 of its 
^eat circles, or equal to the circumference efgh, or of DC, mul^ 
tiplied by the height bc, or by the diameter fh . 

CoroL 2. Hence also, the surface of any such part as a seg-' 
m^nt or frustum, or z:one, is equal to the same circumference 
of the sphere, miiltipHed by the height of the said part. And 
consequendy such spherical curve surfaces are to one anoth'et 
in the same proportion as their altitudes. 
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PROBLEM VIII. 

To find the Solidity of a Sphere or Gk^e* 

Rule L Multiply the surface by ^he diameter, and 
take -I of the product for the content*. Or, which is the 
lamq thing, multiply the square of the diameter by the cir^* 
cumference, and take -^ of the^ product. 

Rule II. Take the cube of the diameter, and multiply it 
by the decimal '5236, for the content. 

Rule III. Cube the circumference, and multiply by 
^1688. 

Ex. 1. To find the content of a sphere whose axis is 12. 

Ans. 904-7808. 

Ex 2. To find the solid content of the globe of the earth, 
supposing its circumference to be 25000 miles. 

Ans. 263858149120 mites* 

PUOBLEM IX. 
To find the Solid Content of a Spherical Segment. 

\ Rule I. From 3 times the diameter of the sphere 

• ' . . .take 



♦ For, put d r: the diameter, c = the circumference, and $ zz 
the surface of the sphere, or of its circumscribing cylinder -, also, 
«= the number 3- 141(>. 

Then, J * is' zr the base of the cylinder, or one great circle of 
the i^ere 5 and d is the height of the cylinder ; therefore ^ is 
the content of the cylinder. But \ of the cylinder is the sphere, 
by th. 117, Geom. that is, |. of yis, or \ds is the sphere 5 which 
k the first rule. ^ 

Again, because the surface s is =rarf*j therefore yis =: \ad^ 
:=:'523()rf3, is the content, as in the 2d rule. Also, d being ir c -f a, 
^erefore ^d^ =z |c* -j-a* = -oirise, the 3d rule for the content. 

t By corol. 3, of theor. 11 7, Geora. it 
appears that the spheric segment pfn, is 
equal tb the difference between the cylinder 
ABLO, and the conic frustum abmq. 

But, putting d-z AB or FH the diameter 
of the sphere or cylinder, hzzTK the height 
of the segment, r =: pk the radius of its 
base, and a =, S'MlO'j then the content of 
the cone abi is = Jad* x fFl = ^j^adP-, 
ttid by the similar cones abi« qmi, as 

E2 -1^ 
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take double the height of the segment ; then multiply th6 
remainder by the square o( the height^ and the product by 
the decimal -52S6> for the content. 

RVLft II. To 3 times the square of the radius of the 
tegmeht's base, add the square of its height j then multiply 
the stun by the height, and the product by '52^6^ for XM 
content* 

Ex. 1. To find the content of a spherical segment j of 2 
feet in height, cut from a sphere of 8 feet diameter. 

Ans. 4r6lB<« 



Ex. 2. Wh^t is the solidity of the segment of a sphc 
its height being 9, and the diameter of its base 20 ? 



phere» 
Ans. 1795-4^4* 
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NeU. The general rules for measuring all sorts of figures, 
having been now delivered, we H:\ay next proceed to apply 
them to the several practical uses in life, as follows* 



I. Si 



id 
df refbre the cone abi — tbc cone qmi ss -^e/J — ^i^a^ X 

( ^ T* . : )! s:^*A — \adh^ + \ah^ is = the ccraic frustum abmq. 

i^ , 
And ^ad^h is = the cylinder ABLo. 

Then die diffi?rence of these two is \adh^ - ^aV r: !«*• X 
Qi,d — 2h), for the spheric segment Ffn i which is the first rule. 

Again> because fk^ :=: fk X kh (cor. to theor. S7,«Geom.) 
or r* zz h (rf — h), therefore d^ -, + ^, and Zd ^ 2h :ss, 

.^ ^ A =: _, — Z — J which being substituted in the former 

an 

rule, it fcecomes iatf X ?!l+i! -fah X (Sr« + *«), which 

is the 2d rule. 

Note. By subtracting a segment from a half sphere, or from 
another segment, the content of any frustum or zone may be 
founcL 
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SECTION I. 
PESCRIFnON AND USE op thb INSTIOJMENTS. . 

1. OF THE CHAIN* 

LAND is measured with a chaiiij called Gqnter's Cbauii 
from its inventor, the length of which is 4 poles, or 32 yardffr 
or 66 feet. It consists of 100 equal links ; and the leq^|^ 
of ea^ link is therefore -^ of a yardt or -^ of a foot, (Qit 
7-9? inches. 

Land is estimated in acres, roods, and perches. An acre 
is equal to 10 square chains, or as much as 10 chains in length 
and 1 chain in breadth. Or/m yards, it is 220 x 22 » 4840 
sqi^MTO yards. Or, in poles, it is 40 x 4 s 160 square poli^. 
Or, in links, it is 1000 x 100 ss 100000 square links : these 
being all the same quantity. 

Also, an acre is divided into 4 parts called roods, and ^ 
rood i^to 40 parts called perches, which are square poles, <^ 
the square of a pole of 5|- yards long, or the square of ^of ^ 
^hain, or of 25 links, which is 625 square links. So that th« 
4^visions of land measure, will be thus : 

625 sq. links =s 1 pole or perch 
40 perches .scz l rood 
4 roods =3 1 9cre. 

The length of lines, measured with a chain, are best set 
down in links as integers, every chain |n length being 100 
)inks ; and not in chains and decimals. Therefore, after the 
content is found, it wJU be in square links ; then cut off five 
of the figures on the right-hand for decimals, and the rest 
wiU he acres. These <^cimals are then multiplied by ^ for 
roods, and the decimals oiUliese again by 40 tor perches. 

Exam* Suppose the length of a rectangular piece of giK>un4 
be 792 links, and its hn|s4th 39f s to mi the ^u^in acres^ 
(Qod^ jwd perches^ 

799 3*04W^ 



S65 


4 


3960 
6336 
^376 


*19680 
40 

7^87200 



3049^0 
Ans. 3 acres, rood$> 7 perches* 2. M 
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2. OP THE |>LAIN TAfiLE. 

This instrument consists of a plain rectangular board, of 
any convenient size: the centre of which, when used, is fixed 
by means of screws to a' three-legged stand, having a ball 
and socket, or other joint, at the top, by means of which, 
when the legs are fix,ed on the ground, the table is inclined 
in any direction. 

To the table belong various p^rts, as follow. 

1. A frame of wood, made to fit round its edges, and to 
be taken oflF, for the convenience df putting a sheet of pape^ 
on the table. One side of this frame is usually divided into 
eqqal parts, for drawing lines across the table, parallel or 
perpendicular to the sides;, and the other side of the frame 
• is divided into 360 degrees, to a centre in the middle of the 
^bl^ i by means of which the table may be used as a theo*> 
doUte, &c. 

'2. ' A magnetic needle and compass, either screwed into 
th^side of the table, or fixed beneath its centre, to point out 
the directions, and to be a check on the sights. 

3. An index^ which is a brass, two-foot scale, with either a 
5mall telescope, or open sights set perpendicularly on the 
ends. These sights and one edge of the index are in the same 
^lane, and that is called the fiducial edge of the index. 

To use this instrument, take a sheet of paper which will 
cover it, and wet it to make it expand ; then spread it flat on 
the table, pressing down the frame on the edges, to stretch 
it and keep it fixed there 5 and when the paper is become 
dry, it will, by contracting again, stretch itself smooth ,and 
5^ from any cramps and unevenness. ', On this paper is tq 
J^ drawn the plan or form of the thing measured. 

Thus, begin at any proper part of the ground, and make a 
point on a convenient part of the paper or table, to repre- 
sent that place on the ground ; then fix in that point one. 
leg of the compasses, or a fine '^teel pin, and apply to it 
the fiducial edge of the index, moving it round till through" 
the sights you perceive some remarkable object, as the corner 
of a field, &c ; and- from the stattion-point draw a line with 
the point of the compasses along the fiducial edge of the in- 
dex, which is calted setting or taking the object : then set 
another object or corner, and draw its line *, do the same by 
another; and so On, till ^s many objects are taken as may be 
thought fit. Thep measure from the station towards as many 
of the objects as may be necessary, but not more, taking tho 
requisite offsets to corners or crooks in the hedges, laying 
the measu|:e3 down on their respective lines on the table, 
' ' ./ • Then, 
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Then at any convenient place measured to, fix tie table iii 
the same position, and set the objects which a^peaifrom that 
place; and so on, as before. And this continue till the 
work is finished, measuring such lines only as ye necessary, 
and determining as many as may be by intersecVng lines of 
direction drawn from different stations. 

Of shifting the Paper on the Plain Table » 

When one paper is full, and there is occasion for more ; 
draw a line in any manner through the farthest pointof the 
last station line, to which the work can' be convenientWUid 
down 5 then take the sheet off the "table, and fix anothei^, 
drawing a line over it, in a part the most convenient for ^ 
rest of the work ; then fold or cut the old sheet by the lilvt 
drawn on it, applying the edge to the line on the new sheet> 
and, as they lie in that position, continue the last station line 
on the new paper, placing on it the rest of the measure, be- 
ginning at where the old sheet left pff. And so on from 
sheet to sheet. 

When the work is done, and you would fasten all the 
sheets together into one piece, or rough plan, the aforesaid 
lines are to be accurately joined together, in the same njan- 
ner as when the lines were transferred from the old sheets tp 
the new ones. But it is to be noted, that if the said joining 
lines, on the old and new sheets, have not the same indi- 
aation to the side of the table, the needle will not point to 
the original degree when the table is rectified ; and if the 
needle be required to respect still the same degree of thp 
compass, the easiest way of drawing the lines in the same por 
sition, is to draw them both parallel to the same sides of tl^e 
table, by means of the equal divisions marked on the other 
two sides. 

3. OF THE THEODOLITE. 

The theodolite is a brazen circular ring, divided into 860 
degrees, &c, and having an index with sights, or a telescope^, 
placed on the centre, about which the index is moveable ; 
also a compass fixed to the centre, to point out courses and 
check the sights ; the whole being rfixed by the centre on a 
stand of a convenient height foruse. 

In using this instrunxent, an exact account, or field-book, 
of all measures and things necessary to be remarked in the 
plan, must be kept, from- which to make out the plan on re- 
turning home from the ground. 

Begin at such part of the ground, and measure in such 
directions as are judged most convenient ; taking angles or 
directions to objects, and measuring such distances as appear 

necessary, 
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»€C08sarv, iiider the same restrictions as in the use- of the 
plain tabl^' -A»d it is safest to fix the theodolite in the ori^ 
- final portion at every station, by means of fore and back 
objects, Mid iie compass, exacdy as in using the plain table j 
registeririg tV^ number of degrees cut off by the index whQ^ 
• directed to*ea«h object; and, at any station, placing tW 
index at t^ same degree as when the direction towards that 
station vfi& taken from the last preceding one, to fix the 
theodolite there in the original position. 

Tie' best jnethod of laying down the aforesaid lines of 

dir^ct^n, is to describe a pretty large circle ; then quarter 

itf a^d lay on it the several numbers of degrees cut off hy 

tJke index in each direction, a^d drawing lines from th^ 

^fAtre to ^11 these marked points in the circle. Then, by 

jjiieans of a parallel ruler, draw from station to station, lines 

Pfgrallel to th^ aforesaid lines drawn from the centre to thiQ 

respective pdnts in the circumference, 

4, OF THE qROSS, 

The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottomi 
to fix in the ground. 

The cross is very useful to measure small and crooked pieces 
xS ground* The method is, to measure a base or chief line» 
usually in the longest direction of the piece, from corner to 
comer ; and while measuring it, finding the places where 
perpendiculars would fall oti this line, from the several cor- 
jiers and b^nds in the boundary of the piece, with the cross, 
hj fixing it, by trials, on such parts of the line, as that 
through one pair of the sights both ends of the line may 
appear, and through the other pair the corresponding bends 
or corners; and then measuring the lengths of the said per-« 
pendicuJtars. 

REMARKS. 

Besid^ the fore-mentioned instrutnents, which are mosj; 
commonly used, there are some others ; as. 
The perambulator, used for measuring roads, and other 

fr^at distances, level ground, and by the sides of rivers, 
t has a wh^cl of S\ feet, X)r half a po}^, in circumference, 
by the turning of which the machine go^s forward : apd the 
^JJstance measured is pointed out by an index> which is moved 
round by clock work. 

Levels, with telescopic or other isights, arc jasedtofind the 

IjBvcl between place and place, or how rnuch one place is 

Jiigher or lower than another. And in measuring any sloping 

or o()E(]ue Une^ either ascending or descending, a small 

' ^ pocket 
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ppcke^ levrf \s usrful for showiHg how m^py links for ^aci^ 
chain are to be 4eductedj to reduce the line to the horizpon 
%^ length* 

An offs^t-stjiff is a very useful instrument, for measuring 
the offsets ^d other short distances. It is 10 links in kngth> 
|}eing divided and majrked at each of the 10 link^. 

Ten small arrows, or rods of iron or wood, are used to 
inark the end of every chain length, in mea$urin§ lines. 
And sometimes pickets, or staves v/ith flags, are set up ai^ 
^arks or objects of direction. 

Various scales are also used in projtracdng and measuring 
on the plan or paper ; such as plane scales, line or cbordsji 
protractor, compasses, reducing scale, parallel and perpen* 
dicular rules, &c. Of plane scales, there should be several 
sizes, as a chain in I inch, a chain in |- of an inch, a chain 
in 4: an inch, &c. And oF these, the best for use are thoSjp 
that are laid on the very edges of the ivory scale, to mark 6^^ 
^istances^ without compasses. 

SECTIQN II 

THE PRACTICE OF SURVEYING. 

This part contains the several works proper to be done 
in the field, or the ways of measuring by all the instruments, 
;md in all situations. 

PROBLEM I. 

To Measure a Lins er Distancf. 

To measure a line on the ground with the chain : Having 
provided a chain, with 10 small arrows, or rods, to fix one 
into the ground, as a mark, at. the end of every chain ; two 
persons take hold of the chain, one at each end of if: ; an<l 
all the 10 arrows are t^ken by one of ^hera, who goes fore- 
most, and is called the leader \ the other being called tht 
follower, for distinction's sake. 

A picket, or station-staff, being se^ jup m the direction of 
the line to be measured, if there do not appear ;5ome marks 
iiatiirally in that direction, th^y measure straight towards it, 
the leader fixing down 2Xk arrow at the eqd oS every chain, 
which the follower always takes up, as he conges a( it, till 
all the ten arrows are used. They are then aU rGlume4 to 
pleader, to use over ag^in. And thu« the arrows ar<e 
changed frpni the one to the o^h^r areyery 10 chains' Itngth, 
till the whole line is finished \ theii th^ ^^liwkfir af <ittO£»s 

of 
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of the arrows shows the number of tehs, to which the fol-« 
lower adds the arrows he holds in his hand, and the number 
of links of another chain over to the mark or end of the 
line. So, if there have been 3 changes of the arrows, and 
the follower hold 6 arrows, and the end of the line cut off 
45 links more, the whole length of the line is set down in 
links thus, 3645. 

WhA the ground is not level, but either ascending or de- 
scending ; at every chain length, lay the offset-staff, or link- 
staff, down in the slopQ of the chain, on which lay the small 
pocket level, to show how many links or parts the slope line 
is longer than the t^ue level one \ then draw the chain for* 
^ ward so many links or parts, which reduces the line to the 
horizontal direction. 

■ ^ ' PROBLEM n. " 

To take Angles and Bearings, 

Let b and c be two objects, or C 

two pickets set up perpendicular 5 
and let it be required to take their 
bearings, or the angles formed be- 
tween them ^t any station a. 

1, With the P tain Table. 

The table being covered with a paper, and fixed on its* 
stand ; plant it at the station A, and fix a fine pin, or a foot 
of the compasses, in a proper point of the paper, to repre- 
sent the place A : Close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one object b can be seen through the sights ; tjien by the 
fiducial edge of the index draw a line. In thp sam^ manner 
draw another line in the direction of the other object c. 
And it is done. 

2. With the Theodolite^ Isfc. 

Direct the fixed sights along one of the lines, as ab, by 
turning the instrument about till the mark b is seen through 
these sights 5 and there screw the instrument fast. Then 
turn the moveable index round, till through its sights the 
other mark c is seen. Then the degrees cut by the index, 
on the graduated limb or ring of the instrument, show the 
euantky of the ^gle. 
■ ' ' 3. With 
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3. With the Magnetic Needle and Compass. 

^ Turn the instrument or compass so, that the north end 
of the needle point to the flower-de-luce. Then direct the 
sightS;'to one mark as B, and note the degrees cut. by the 
needl^. Next direct the sights ^o the other mark sC, and 
note again the degrees cut by the needle. Then their sum 
or difference, as the case may be,' will give the quantity of 
the angle bac, 

4. By Measurement with the ChatUy JsV. 

Measure one ch^in length, or any other length^ along 
both directions, as to b and c. Theii measure the distance 
b c, and it is done. — ^This is easily transferred to paper, by 
making a triangle Abe with these three lengths, and then 
fneasuring the angl^ a* 

PROBLEM III, 

7i Survey a Triangular Field lABC, 
1. By the Chain, 

AP 794 

AB 1321 
PC 826 

Having set up marks at the. corners, which is to be done 
in all cases where there are not marks naturally ; measure 
with the chain from A to p, wher$ a perpendicular would 
fall from the angle c, and set up a mark at p, noting down 
the distance ap. Then complete the distance ab, by mea- 
suring from p tp B. Having set down this measure, return 
to p, and measure the perpendicular PC And thus, having 
the base and perpendicular, the area from them is easily 
fouttd. Or having the place p of the perpendicular, the 
triangle is easily constructed. 

Or, measure all the three sides with the chain, and note 
them down. From which the content is easily found, or the 
£gure is constructed. 

2. By taking some of the Angles. 

Measure two sides ab, ac, and the angle a between them* 
Or measure one side ab, and the two adjacent angles a and 
B. From either of these ways the figure is easily planned ; 
then by measuring the perpendicular cp on the plan, and 
iniiltiplying it by half ab, the content is found. . 

PROBLENl 
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yHOBLEM IV. 


To Measure a Four^sided Ft(ldn 


1, By the Chain. 


AE 214 


310 D£ 


iLF 362 


306 BF 


AC 5^ 





^ 




Measure along one of the diagonals^ as Ac$ and either 
the two perpendiculars db, bf^ as in thf last problem \ or 
else the sides ab, bc, cd^ da. From either of which thi| 
£guFe may be pWned and computed as before directed, 

Qtherwfe^ h the Chain. 



AP 110 


352 PC 


AO. 745 


595 ^ 


AB 1110 






Measure^ on the longest side, the distances ap> AQj ab \ 
and the perpendiculars fq, <^>, 

S. By taking some of the Angles^ 

Measure the diagonal 4c (see the last fig* but one), and 

the angles cab, cad, acb, acd.— Or measure the four sides^i 

^nd any one of the. angles, as bad. 

Thus, 

AC 591 



CAB 
CAD 

ACB 
4CD 



37** 

41 

72 

54 



20' 
IS 
25 
40 



Or thus. 
AB 486 
BC 394* 
CD 410 
DA 462 
BAD 78' 35' 



PROBLEM ▼. 



To Survey any Field by the Chain only. 

Having set up marks at the corners, where necessary, of 
the proposed field abci^fg, w^lk over the ground, and con- 
sider how it can best be divided in triangles and trapeziums^ 
find measure them separately, as in the last two problems. 
Thus, the following figure is divided into the two trapeziums 
ABCG, GPEF, and dke triangle gcXX.. Then, in the first tra«> 
peziumi beginning at A^ measure the diagonal aCj and the 

twq 
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Vofo perpendiculars Gm, Bn. Then the base GC^ and th« 
perpendiculaf Dq. Lastly, the diagonal d^i and the two 
perpendiculars p£, OG. All which measures Write against 
the corresponding parts of a rough figure drawn to resem- 
ble the figure sunreyed| or set them down in)my other form 
you choose* 



Thus. 



Am 


135 


130 


m<$ 


An 


410 


180 


nB 


Ac 


550 


■ 




cq 

CO 


152 
440 


230 


qD 


FO 


2S7 


120 


OG 


^ 

tn 


288 
520 


80 


pe 




.."""S\ 




Or thus. 

Measure all the sides ab^ bc^ cd, dI:^ ef^ fc> ca ; and 
the diagonals Ac^ cg^ gd^ df. 



0th 



erwise* 



Many pieces of land may be very well surveyed, by mea^ 
suring any base line, either within or without them, with 
the perpendiculars let fall on it from every comer. .For 
they are by those means divided into several triangles 
and trapezoids, all whose parallel sides are perpendicular to 
the base line ; and the sum of these triangles and trapeziums 
will be equal to the figure proposed if the base line £ill 
within it; if not, the sum of the parts which are without 
being taken from the sum of the whole which are both withia 
and without, will leave the area of the figure proposed* 

In pieces that are not very large, it will be sufiSicientl]f 
exact to find the points, in the base line, where the severad 
jperpendiculars will fall, by means of the crosiy or even by 
judging by the eye only, and from thence measuring to the 
comers for the lengths of the perpendiculars. — And it wil^ 
be most convenient to draw the line so as that all the per<« 
^endiculars may fall within the figure. 

Tkiis, in the fi:>Uowing figure, beginning ^ a, and mea^ 
surin|[ aiong the line ac, the distances attd perpendiculars on 
the tvAx aadileft ar« as \fAjM. 

Ab 



«3 



LAND 



Ab 


315 


350 bB 


AC 


440 


70 cc 


Ad 


565 


,320 dD 


Ae 


610 


50 cE 


Af 


990 


470 fp 


AG 


1020 







i»ROBLEM VI. 

To Medstire the Offsets ^ 

AKiklmn being a crooked hedge, or brook, &c. trom 
A measure in a straight direction along the side of it to b» 
And in measuring along this line ab, observe when you are 
directly opjposite any bends or corners of the boundary, as at 
C, d, e, &C5 and from these measure the perpendicular 
offsets ch, di, &c, with the offset-staff, if they are not. very 
large, otherwise with the chain itself j and the work is done. 
The register, or field-book, may be as follows : 



Offs. left. 


Base line ab 





O A 


ch 62 


' 45 AC 


di 84 


220 Ad 


ek 70 


340 Ae 


fl 98 


510 Af 


gm 57 
Bn 91 


634 Ag 

785 AB 




A^ i ^ / iC B 



PROBLEM VII. 

To Survey any Field with the Plain Table* 

1 . From one Station. 

Plant the table at any angle as 
c, from whi^h all the other angles, 
or marks set up, can be seen ; 
tiirn the table about till the needle 
point to the flower-de-luce ; and 
there screw it fast. Make a point 
for c on the paper on the table, 
and lay the edge of the index to c, 
turning it about c till through the 
sights you see the mark d : and by the -edge of the indei^ 
draw a dry or obscure line : then measure the distance cd, 
and lay that distance down on the line cD. Then turn xht 
index about the point c, till the mark s be seen through th« 

sightsj 
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lights, by which draw a line, and measure the distance to B, 
laying it on the line from c to e. In like manner deter- 
mine the positions of ca and CB, by turning the sights suc- 
cessively to A and B ; and lay the lengths of those lines down. 
Then connect the points, by drawing the black lines cd, de^ 
£A^ AB, BC, for the boundaries of the field. 

2* From a Station Within the Field. 
Whett all the other parts cannot ^O 

be seen from one angle, choose some /TV 

place within, or even without, if / \ ^ 

more convenient, from which the v/ : ...••**** 

other parts can be seen. Plant the V 0'.' 

table at 0, then fix it with the needle \ / ''\^ 

north, and mark the point on it. \ / 

Apply the index successively to 0, V Jl 

turning it round with the ^ghts to 

each angle, a, b, c, p, e, drawing dry lines to them by th^ ' 
fedge of the index ; then measuring the distances OA, OB, &c, 
and laying them down on those lines. Lastly, draw^ the 
boundaries ab, bc, cd, de, ea. 

3. By going Round the Figut'e, 

When the figure is a wood, or water, or when from some 

other obstruction ypu cannot measure lines across it; begin 

at any point a, and measure around it, either within or 

without the figure, and draw the directions of all the sides, 

thus: Plant the table at a 5 turn it with the needle to the 

north or flower-de-luce ; fix it, and mark the point A. Apply 

the index to a, turning it till you can see the point e, and 

there draw a line : then the point B, and there draw a line ;: 

then measure these lines, and lay tliem down from a to e and 

B. Next move the table to b, lay the index along the line 

AB, and turn the table about till you can see the mark A, and 

screw fast the table ; in which position also the needle will 

again point to the flower-de-luce, as it will do indeed at every 

station when the table is in the right position. Here turn 

the index about b till through the sights you see the mark c ; 

there draw a line, measure BC, and lay the distance on that 

line after you have set down the table at c. Turn it then 

again into its proper position, and in like manner find the 

next line cd. And so on quite around by e, to A again. 

Then the proof of the work will be the joining at a : for if 

the work be all right, the last direction ea on the grouncf, 

will pass exactly through the point a on the paper ; and the 

nieasured distance will also reach exactly to a. If these do 

not coincide, or nearly so, some error has been committed, 

^ the work must be examined over aeain. 

PROBLEM 
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To Survey a Field with the Theodolite^ &V* 

» 1. From One P^nt or Station. ^ 

WkEJ* Jtll thfe angles can be seen from one point, as th§ 
angle c (first fig* to la^t prob*) place the Instrument at c, and 
turn it about, till through the fixed sights yod see the mark 
B, and there fix it. Then turn the moveable index about 
till the mark A be seen through the sights, and note die de- 
grees cut on the instrument* Next turn the index success 
sively to e and d, noting, the degrees cut off at each ; which 

{^ives all llhe angles bca, i^ce, bcd. Lastly measure the 
ines cB, OA, CE, CD ; and enter the measures in a field-book, 
or rather against the con'esponding parts of a rough figur^ 
drawn by guess to resemble the field. 

2. From a Point Withiti or Without. 

Pfent the instrument at (last fig.), and tur^ it about tilt 
the fixed sights point to any object, as a ; and there screw it 
£ist. Then turn the moveable index round till the sights 
point successively to the other points e, d, c, b, noting the 
degrees cut off ^t each of them ; which gives all the angles 
round the point 0. Lastly^measure the distances oa, op, oc, 
OD, oEj noting them down as before, and the work is donci 

• 

3* By going Round the Field. 

By measuring rounds either ^B - 

Vithin or without the field, pro- 

cfeed thus. Having set up marks 

at B, C, &c, near the corners as 

Usual, plant the instrument at 

toy point A, and turn it till the 

fixed index be in the direction 

AB, and there screw it fast : then 

turn the moveable index to thei 

direction af; and the degrees cut off will be the angle X. 

Measure the line ab, and plant the instrument at b, and 

there in thct samie manner observe the angle a. Then mea* 

^ure bc, and observe the angle c. Then measure the di* 

stance cd, and take the angle d. Then measure de, and 

take the angle e. Then measure ef, and take the angle f« 

And lastly measure the distance th. 

To prove the work ; add all the inward attgles a, b, C| 
&c, together ; fof when the work is right, their sum will be 
equal to twice as many fight angles as the figure has sides^ 
wanting 4 right angles* But when thefe is an angle, as i*, 
that bends inward$> and you measure the external angle*, 

whicli 
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whieh is less than two right angles, subtract it from 4 right , 
angles, or 360 degrees, to give the internal angle greater 
than a semicircle or 130 degrees. 

Othirivise, 

Instead o£ observing the internal angles, we may take the 
external angles, formed without the figure by producing the 
sides farther out. And in this case, when the work is right, 
their sum altogether will be equal to S60 degrees. But when 
ope of them, as f, runs inwards, subtract it from the sum of 
the restj to leave 360 degrees. 

PROBLEM IX. 

To Survey a Field with Crocked Hedges ^ fjfr. 

With any of the instruments, measure the lengths and 
positions of imaginary lines running as near the sides of the 
field as you can ; and, in going along them, measure the 
' ofisets in the manner before taught ; then you will have the 
plan on the paper in using the plain table, drawing the 
qrooked hedges through the ends of the offsets ; but in sur- 
veying with the theodolite, or other instrument, set down 
the measures properly in a field-book, or memorandum- 
book, and plan them after returning from the field, by lay- 
ing down all the lines and angles. 



So, in surveying the piece abode, set up marks, a, b, c, d, 
dividing it so as to have as few sides as may be. Then begin at 
any station, a, and measure the lines ab, be, cd, da, taking 
their positions, or the angles a, b, c, d ; and, in going along 
the lines, measure all the offsets, as at m, n, o, p, &c, along 
every station-line. 

And this is done either within the field, or without, as 
may be most convenient. When there are obstructions 
widiin, as wood, water, hills, &c, then measure without, as 
in the next following figure. 

Vot. II. F PROBLEMI 
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PROBLEM X. 

Ta Survey a Fields or any other Things by Two Stations* 

This is performed by choosing two stations from whick 
all the marks and objects can be seen ; then measuring the 
distance between the stations^ and at each station taking the 
aiigles formed by every object from the station line or di-» 
stg^nce. 

The two stations may be taken either within the boundU^ 
or in one of thte sides, or in the direction of two of die 
objects, or ^uite at a distance and without the bounds of the 
objects or part to be surveyed. 

In this manner, not only grounds may be surveyed, with- 
out even entering them, but a map may be taken of the 
principal parts of a county, or the chief places of a town^ 
or any part of a river or coast surveyed, or any other inac- 
cessible objects ; by taking two stations, on two towers^ or 
two hills, or such-like. 




I 
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PROBLEM XI. 

To Survey a Large Estate. 

If the estate be very large, and contain a great number of 
fields, it cannot well be done by surveyhig all the fields 

singly. 
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jungly) and then putting them together ; nor can it be done 
by taking all the angles and boundaries that enclose it. For 
in these cases, any small errors will be so much increased, as 
to render it very much distorted. But proceed as below. 

1. Walk over the estate two or three times, in order to 
get a perfect idea of it, or till you can keep the figure of it 
pretty well in mind. ' And to help your memory, draw an 
eye-draught of it on paper, or at least of the principal parts 
of it, to guide you ; setting the names within the fields in 
that draught. 

2. Choose two or more eminent places in the estate, for 
stations, from which all the principal parts of it can be seen : 
selecting these stations as far distant from one another as 
convenient. 

3. Take such angles, between the stations, as you think 
necessary, and pleasure the distances from station td station, 
always in a right line : these things must be done, till you 
get as many angles and lines as are sufiicient for determining 
all the points of station. And in measuring any of these 
station-distances, mark accurately where these lines meet 
with any hedges, ditches, roads, lanes, paths, rivulets, &c ; 
and where any remarkable object is placed, by measuring its 
distance from the station-line ; and where a perpendicular 
from it cuts that line. And thus as you go along any main 
station-line, take offsets to the ends of all hedges, and to any 
pond, house, miU> bridge, &c, noting every thing down that 
is remarkable. 

4. As to the inner parts of the estate, they must be deter- 
mined, in like manner, by new station-lines : for, after the 
main stations are determined, and every thing adjoining to 
thera, then the estate must be subdivided into two or three' 
parts by new station-lines ; taking inner stations at proper 
places, where you can have the best view. Measure these 
station-lines as you did the first, and all their intersections 
^ith hedges, and offsets to such objects as appear. Then 
proceed to survey the adjoining fidds, by taking thfe angles 
that the sides make with the station-line, at the intersections, 
and measuring the distances to each corner, from the inter- 
sections. For the station-lines will be the bases to all the 
future operations 5 the situation of all parts being entirely 
dependent on them; and, therefore they should be taken «f 

' as great length as possible; and it is best for them to run 
along some of the hedges or boundaries of one or more fields, 
or to pass through some of their angles. All things being 
determined for these stations, you must take more inner sta- 
tions, and continue to divide and subdivide till at last you 
come to single fields ; repeating the same work for the inner 
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stations as for the ouif*^ or.-::- •' ill is done; and closd tttf 
work as often as you can, r*n 1 ?. .? - few lines as possible. 

5. An estate may be so si^u cI hat the whole cannot be 
surveyed together ; because one p-m of the estate cannot be 
seen from another. In thi^ case /ou may divide it into 
three or four parts, and survey the p^jts separately, as if 
they were lands belonging to different persons ; and at last 
join them together. 

6. As it is necessary to protract or lay do^.rn the work as 
you proceed in it, you must have a scale of a due length to 
do it by. To get such a scale, measure the whole length of 
the estate in chains ; then consider how many inches long 
the map is to be ; and from these will be known how many 
chains you must have in an inch; then make the scale ac- 
cordingly, or choose one already made. 

PROBLEM XII. 

To Survey a County y or large Tract of Land. 

1. Choose two, three, or four eminent places, for stations^ 
such as the tops of high hills or mountains, towers, or church 
s.reeples, which may be seen from one another ; from which 
most of the towns and other places of note may also be seen ; 
and so as to be as far distant from one. another as possible. 
On these places raise beacons, or long poles, with flags of 
different colours flying at them, so as to be visible from all 
the other stations. 

. 2. At all the places which you would set down in the 
map, plant long poles, with flags at them of several colours^ 
to distinguish the places from one another ; fixing them on 
the tops of church steeples, or the tops of houses ; or in the 
centres of smaller towns and villages./ 

These marks then being set up at a convenient number of 
places, and such as may be seen from both stations ; go to 
one of these stations, and, with an instrument to take angles, 
standing at that station, take all the angles between the other 
station and each of these marks. Then go to the other 
station, and take all the angles between the first station and 
^ach of the former marks, setting them down with the others, 
each against its fellow with the same colour. You may, if 
convenient, also take the angles at some third station, which 
may serve to prove the work, if the three lines intersect in 
that point where .any mark stands. The marks must stand till 
the obser\'^ions are finished at both stations; and then they 
may be taken down, and set up at new places. The same 
operations must be performed, at both stations, for these 
new places ; and the like for others. The instrument for 

taking 
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ttklng angles must be an exceeding good one> made on 
purpose with telescopic sights, and of a good length of ra- 
dius. 

S. And though it be not absolutely necessary to measure 
any distance, because, a stationary line being laid down from 
any scale, all the other lines will be proportional to it; yet 
it is better to measure some of the lines, to ascertain the. 
distances of places in miles, and to know how many geome- 
trical miles there are in any length ; as also fix)m thence to 
make a scale to measure any distance in miles. In measuring 
any distance, it will not be exact enough to go along the 
high roads ; which, by reason of their turnings and windings^ 
hardly ever lie in a right line between the stations ; which 
must cause endless reductions, and require great tr6uble to 
make it a right line ; for which reason it can never be exact« 
But a better way is to measure in a straight line with a chain, 
between station and station, over hills and dales, or level 
£elds, and all obstacles. Only in case of water, woods> 
towns, rocks, banke, &c, where we cannot pass, such parts 
of the line must be measured by the methods of inaccessible 
distances; and besides allowing for ascents and descents, 
when they are met with. A good compass, that shows the 
bearing of the two stations, will always direct us to go straight^ 
when the two stations cannot be seen; and in the progress^ 
if we can go straight, ofisets may be taken to any remarkable 
plac^, likewise noting the intersection of the station-line 
with all roads, rivers, &c. 

4< From all the stations, and in the whole progress, we 
must be very particular in observing sea-coasts, river-mouths, 
towns, castles, houses, chiu-ches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rills, 
brooks, parks, beacons, sluices, floodgates, locks, &c, andjn 
general every thing that is remarkable. 

5f After we have done with the first and main station- 
lines, which command the whole county ; we must then 
take iimer stations, at some places already determined ; which 
vill divide the whole into several partitions : and from these 
stations we must determine the places of as many of the 
reznain^g towns as we can. And if any remain in that 
part, we must take more stations, at some places already 
determined ; from which we may determine the rest. And 
thus go through all the parts of the county, taking station 
after station, till we have determined the whole. And in 
funeral the station-distances must always pass through such 
remarkable points as have been determined before, by the 
former stations; 

PROBLEM 
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To Survey a Town or Crty. 

This maybe done with any of the instruments for tdking 
angles, but best of all with the plain table, where every mir 
nute part is drawn while in sight. Instead of the common 
purveying or Gimter's chain, it will be best, for this purpose, 
to have a chain 50 feet long, divided into 50 links of one 
foot each, suid an offset-staff of 10 feet long. 

Begin at the meeting of two or more of the principal 
$tr(5ets, through which we can have the longest prospects, 
to get the longest station-Unes : there having fixed the inr 
strument, draw lines of direction aloQg those streets, using 
two men as marks, or poles set in wooden pedestals, or per- 
haps some remarkable places in the houses at the farther 
ends, as windows, doors, comers, &c. Measure these lines 
with the chain, taking offsets with the staff, at all corners of 
streets, bendings, or windings, and to all remarkable things, 
Us churches, markets, halls, colleges, eminent houses, &c. 
Then remove the instrument to another station, along one of 
these lines ; and there repeat the same process as before* 
And so on till the whole i^ finished. 




n^r-^1 



Thus, fix the instrument at 4, and draw lines in th<( 
direction of all the streets meeting there; then measure ab, 
noting the street on the left at m. At the second station ^ 
draw the directions of the streets meeting there ; and mea- 
mire firom b to c, noting the places of the streets at n and o 
as you pass by them. At the third station c, take the directipji 
of all the streets meeting there, and measure cD. At D do 
^he same, and measure de, noting the place of the cross 
streets at P. And in this manner go through all the prin- 
cipal streets. This done, proceed to the smaller and inter- 
mediate streets ; and lastly to the lanes, alleys, courts, y^rds, 
smd every part that it may be thought proper to represent iri 
the plan. pROBLEii 
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PROBLEM XIV* 

To lay down the Plan of any Survey • 

If the survey was taken with the plain table, we have a 
rough plan of it already on the paper which covered the 
ts^ble. But if the survey was with any other instrument, a 
plan of it is to be drawn from the measurcfs that were taken 
UX the survey ; and first of all a rough plan on paper. 

To do this, you must Kave a set of proper instruments^ 
for laying down both lines and angles, &c ; as scales of va- 
rious sizes (the more of them, and the more accurate, the 
better), scales of chords, protractors, perpendicular and pa- 
rallel rulers, &c. Diagonal scales are best for the lines^ 
b^ause they extend to three figures, or chains, and links^ 
which are 100 parts of chains. But in using the diagonal 
scale, a pair of compasses must be employed, to take on the 
lengths of the principal lines very accurately. But a scale 
with a thin edge divided, is much readier for laying down 
fhe perpendicular offsets to crooked hedges, and for marking 
the places of those offsets on the station-line ; which is done 
at only one application of the edge of the scale to that line, 
and then pricking off all at onte the distances along it. 
iVngles are to be laid down, either with a good scde of 
chords, which is perhaps the most acciurate way, or with a 
large protractor, which is much readier when many angles 
are to be laid down at one point, as they are pricked off all 
at once round the edge of the protractor. 

In general, all lines and angles must be laid down on the 
plan in the same order in which they were measured in the 
field, and in which they are written in the field-book; lay- 
ing down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and tlien 
the lengths of the offsets themselves, all with dry or obscure 
lines; then a black line drawn through the extremities of all 
the offsets, will be the hedge or bounding line of the field, 
&c. After the principal bounds and lines are laid^ down, 
and made to fit or close properly, proceed next to the small^ 
objects, till you have entered every thing that ought to ap- 
pear in the plan, as houses, brooks, trees, hills, gates,' stiles, 
roads, lanes, mills, bridges, woodlands, &c, Sec. 

The north side of a map or plan is commonly placed 
uppermost, and a meridian is somewhere drawn, with the 
compass or flower-de-luce pointing north. Also, in a vacant 
part, a scale of equal parts or chains is drawn, \vith the titlf? 
of the map in conspicuous characters, and en^bellished with 
a compartment. Hills are shadowed, to distineuish them in 

the map. Colour the hedges with difiereot j;oIours; repre- 
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sent hilly grounds by broken hills and valleys ; draw singlf 
dotted lines for foot-paths^ and double ones for horse or car* 
riage roads. Write the name of each field and remarkable 
' place within it^ and^ if you chposej its co^itent in apres^i 
roods, and perches. 

In a very large estate, or a county, draw vertical and ho« 
rizontal lines through the map, denoting the spaces between 
them by letters placed at the top, and bottom^ and sides, for 
readily finding any field or other objegt mentioned in a 
table. 

In mapping counties, and estates that have uneven ground^ 
of hills and valleys, reduce all oblique lines, measured up* 
hill and down-hill, to horizontal straight lines, if that was 
not done during the survey, before they were entered in the 
field-book, by making a proper allowance to shorten them. 
For which purpose there is commonly a small table engrave^ 
on some of the instruments {oj^ 9urveying. 

THE NEW METHOD OF SURVEYINa 

PROBLEM XV. 
To Survey and Plan hy the New Method. 

In the former method of measuring a large estate, the ac-r 
curacy of it depends both on the correctness of the instru-r 
ments, and on the care in taking the angles. To avoid the 
errors incident to such a multitude of angles, other methods 
have of late years been used by some few skilful surveyors : the 
most practical, expeditious, and correct, seems to be the fol- 
lowing, which is performed* without taking angles, by fneae- 
Sming with the chain only. 

Choose two or more eminences, as grand stations, and mear 
sure a principal base line from one station to another; noting 
every hedge, brook i or other remarkable object, as you pass 
by it \ measuring also such short perpendicular lines to the 
bends of hedges as may be near at hand. From the extre^ 
mities Of this base line, or from any convenient parts of the 
same, go off with oth^r lines to some remarkable object situ^ 
tted towards the sides of the estate, without regarding the 
angles they make with the base line or with one another 5 
Still remembering tq note every hedge, brook, or other object j 
that you pass by* These lines, when laid down by inter- 
sections, will, with the base line, form a grand triangle oq 
the est^t^ ; several of w hich, if need be, being thus mea*- 
gured and l^id down, you may proceed to form other smaller 
triangles and trapezoids on the sides of the former: and so on 
till you finish with th^ enclosures individually. By which 
joeaii? ^ ^n4 pf skd^tpn of tb^ estate may first beopt^e^, 
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and the cluef lines serve as the bases of such triangles and 
trapezoids as are necessary to fill up all the interior parts. 

The field-book is ruled into three columns, as usual. In 
the middle one are set down the distances on the chain-line, 
at which any mark, offset, or other observation, is made ^ 
and in the right and left hand columns are entered the offsets 
and observations made on the right and left hand respectively 
of the chain-line ; sketching on the sides the shape or re* 
semblance of the fences or boundaries. 

It is of great advantage, both for brevity and persjncuity^ 
to hegin at the bottom of the leaf, and write upwards j de- 
noting the crossing of fences, by lines drawn across the mid-» 
die column, or only a part of such a line on the right and left 
opposite the figures, to avoid confusion ; and the comers of 
fields, and other remarkable turns in the fences where offsets 
taken to, by lines joining in the manner the fences do ; 
will be best seen by comparing the book with the plan an* 
n^^sed to the field-book following, p. 74. 

The letter in the left-hand corner at the beginning of every 

lirxe, is the mark or place measured Jrom ; and that at the 

right-hand corner at the end, is the mark measured to : But 

"^liaen it is not convenient to go exactly firom a mark, the 

pldce measured from is described such a distance from one 

f9T^zrk towards another ; and where a former mark is not mea- 

STired to, the exact place is ascertained by saying, turn to the 

right or left hand, such a distance to such a marky it being al- 

"Wrsyxunderstoodthat those distances are taken in thechain-line. 

The characters used are, f for turn to the right handy '\ for 

tr^^m to the left handy and -^ placed over an offset, to show . 

ttk^t it is not taken at right angles with the chain-line, but in 

tlxe direction of some straight fence ; being chiefly used when 

crossing their directions j which is a better way of obtaining 

tlneir true places than by offsets at right angles. 

When a lin^ is measured whose position is determined, 

either by former work (as in the cast of producing a given 

line, or measuring from one known place or mark to another) 

or by itself (as in the third side of the triangle), it is called 

?i Jast liney and a douWe line across the book is drawn at the 

conclusion of it ; but if its position is not determined (as in 

the second side of the triangle), it is called a /oose Mne, and a 

sitigle line is drawn across tne book. When a line becomes 

determined in position, and is afterwards continued farther, 

a double line half through the book is drawn. 

When a loose line is measiu-ed, it becomes absolutely tie* 
cesfiary to measure some other line that will determine its 
ppsition* Thus, the first line ah or bhy being the base of a - 
triaogle^ is always d^ti^rmined^ but the position of tho'second 
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side /y, does not bacome determincd> till the third iidejh is 
measured ; then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fix a loose line to the mark 
or place measured from, the sign of turning to the right or 
left hand itiust be added, as at h in the second, and / in the 
third line ; otherwise a stranger, when laying down the 
work, may as easily construct the triangle hjb on the wrong 
side of the line ahy as on the right one : but this error cannot 
be fallen into, if the sign above named be carefully observed. 

In choosing a line to fix a loose one, care must be taken 
that it does not make a very acute or obtuse angle; as in the 
triangle pBr, by the angle at b being very obtuse, a small de- 
viation from truth, even the breadth of a point at p or r, 
would make the errpr at B, when constructed, very consi- 
derable; but by constructing the triangle /Bj', such a devia- 
tion is of no consequence. 

Where the words leave off are written in fhe field-book, it 
signifies that the taking or ofi^sets is from thence disconti-? 
nuedj and of course something is wanting between that 
and the next offset, to be afterwards determined by mea<« 
suring some other line. 

The field-book for this method, and the plan drawn from 
it, are contained in the four following pages, engraven on 
copper-plates ; answerable to which, the pupil is to draw a 
plan, from the measures in the field-book, of a larger size^ 
viz. to a scale of a double size will be convenient, such a scale 
being also found on most instruments. In doing this, begin 
at the commencement of the field-book, or bottom of the first 
page, and dr.aw the first line ah in any direction at pleasure, 
and then the next two sides of the first triangle bhj by sweeping 
intersecting arcs ; and so all the triangles in the same man-> 
Her, after each other in their order \ and afterwards setting 
the perpendicular and other offsets at their proper places, and 
through the ends of them drawing the bounding fences* 

Nate, That the field-book begins at the bottom of the first 
page, and reads up to the top j hence it goes to the botr 
lorn of the next page, and to the top ; and thence it passes 
from the bottom of the third page to the top, which is the 
end of the field-book. The several marks measured to or 
from, are here denoted by the letters of the alj^habet, first 
the small ones, ay b, Cy dy &c, and after them the capital^ 
jfy JB, C, Dy &c. But, instead of these letterr, some sur- 
Teyors use the numbers in order, 1, 2, 3, 4, ^c. 
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OF THE OLD KIND OF FIELD-BOOlC. 

'. fs surveying with the plain table, a field-book i^ not used, 
^ every thing is drawn on the table immediately vhcn it is 
^measured. But in surveying with the theodolite, or any 
other instrument, some kind of a field-book must be used, to 
^write down in it a register or account of all that is done and 
foccurs relative to the survey in hand. 

This book every one contrives and rules as he thirks fittest 
for himself. The following is a specimen of a form which 
has been formerly used. It is ruled into three cohmns, as 
J)elow. ' 

Here O 1 is the first station, where the angle or learing is 
105° 25'. On the left, at 73 hnks in the distance or prin- 
cipal line, is an offset of 92 ; and at 610 an offset of 24? to a 
cross hedge. On the right, at 0, or the beginning, ;n offset 
.25 to the comer of the field; at 24t Brown's btundary 
liedge commences ; at 610 an offset 35 ; and at 954,the«nd 
fof the first line, the denotes its terminaving in the hedge, 
^nd so on for the other stations. 

A line is drawn under the work, at the md of every sta- 
tion line, to prevent confusion. 

Form of this Field-Booh 

I Stations^ 
Offsets and Remarks Bearings, 



on the left. 



80 
a cross hedge 24 



house corner 51 
34 



and 
Distances. 




^ brook 30 

footpath 16 
croM hedge 18 



Offsets andlemarks 
on the rjht. 



25 comer 

Brown*s hc^ 

35 

00 



21 

29 a tree 

40 a stile 



35 

16 a spnng 

20 a poni 



Th« 
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Then the idan» on a small s^ale drawn from the abore field* 
booky will be as in the following figure. But the pupil may 
draw a plan of S or 4 times the size on his paper book. The 
dotted lines denote the 3 chain or measured lines, and the 
black lines the boundaries on the right and left. 



>t) 




But some skilful sarveyors now make use of a different 
method for the fieid-book, namely, beginning at the bottom 
of the page and writing upwards i sketching also a neat 
boundary on eiier hand, resembling the parts near the 
sneasived lines iS thejr pass along ; an example of which will 
be givien fiirthe* on, in the method of surveying a large 

fstate. 

In smaller uHreys and measulrements, a good way of Set- 
ting down d> work, is, to draw by the eye, on a piece of 
paper, a figv'e resembling that which is to be measured ; 
and so writig the dimensions, as they are found, against 
the correspnding parts of the figure. And this method 
may be pratised to a considerable extent, even in the larger^ 
surveys. 

Anothespecimen of a field-book, with its plan, is as fol* 
lows ; beig a singly $eld, surveyed with the chain, and the 
theodolit^r taking angles j wluch the pupil will likewise 
draw of aarger size. 
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SECTION III. 
OP COMPUTING AND DIVIDI^(*t 

PROBLEM XVI. 

To Compute the Contents of Fields. 

!• Compute the contents of the figures is divided iito 
triangleS) or trapeziumsj by the proper rules £)r these figu*es 
laid down in measuring ; muhiplying the perpendicularsby 
the diagonals or basesj both in linksi and divide by 2 ; £he 

Quotient is acres^ after having cut off five figures on the r:^ht 
>r decimals* Then bring these decimals to roods and perdes, 
by multiplying first by 4, and then by 40. An cxampl of 
which is given in the description of the chain, pag. 53* 

2. In small and separate pieces, it is usual to compute tieir 
contents firom the measures of the lines taken in surveing 
them, without making a correct plan of them. 

3. In pieces bounded by very crooked and winding heges, 
measured by offsets, all the parts between the offsets arenost 
accurately measured separately as small trapezoids. 

4. Sometimes such pieces as that last mentioned, ar< com- 
puted by finding a mean breadth, by adding all the (fsets 
together, and dividing the sum by the number of then ac- 
counting that for one of them where the boundary neets 
the station-line, (which increases the number of thenby I, 
for the divisor, though it does not increase the sm or 
quantity to be divided;; then multiply the length If that 
mean breadth. 

5. But in larger pieces and whole estates, consiting 'of 
many fields, it is the common practice tc make a ro-gh plan 
of the whole, and firom it compute the contents, qiite inde- 
pendent of the measures of the lines and angles iiat were 
taken ia sorvtymg^ For then new lin» are dnwn in the 



fields on the ptan> so as to divide them into trapeziums andl 
triangles, the bases and perpendiculars of which are mea-*- 
ttired on the plan by means of the scale from which it was 
^awn, and so multiplied together for the contents. In this 
iray, the work is very expeditiously done, and sufficiently 
correct ; for such dimensions are taken as afford the most 
easy method of calculation; and among a number of parts^ 
tKus taken and applied to a scale, though it be likely that 
seme of the parts will be taken a small matter too little, and 
others too great, yet they will, on the whole, in all probability^ 
very nearly balance one another, and give a sufficiently ac- 
curate result. After all the fields and particular parts are 
tkus computed separately, and added all together into one 
stm ; calculate the whole estate independent of the fields, by 
dividing it into large and arbitrary triangles and trapeziums, 
and add thest also together. Then if this sum be equal to 
tie former, or nearly so, the work is right ; but if the sums 
liive any considerable difference, it is wrong, and they 
mist be examined, and re-computed, till they nearly agree. 
6. But the chief art in computing, consists in finding 
tht contents of pieces'bounded by curved or very irregular 
lines, or in recucirig such crooked sides of fields or boun- 
tlaues to straigat lines, that shall inclose the same or equal 
arei with those crooked sides, and so obtain the area of the 
cuiyed figure by means of the right-lined one, which will 
conmonly be a trapeziimi. Now this reducing the crooked 
-side to straight ones, is very easily and accurately performed 
in his manner: — Apply the straight edge of a thin, clear 
piee of lanthom-horn to the crooked line, which is to be 
red^red, in such a manner, that the small parts cut off frona 
the rooked figure by it, may be equal to those whiph are 
takei in : which equality of the parts included and excluded 
you rill presently be able to judge of very nicely by a little 
pract:e : then with a pencil, or point of a tracer, draw a 
line hf the straight edge of the horn. Do the same by the 
other sides of the field or figure. So shall y6u have a straight* 
sidecifigure equal to the curved one ; the content of which, 
beingpomputed as before directed, will be the content of thd 
crookd figure proposed. 

Or,instead of the straight edge of the horn, a horse-hair^ 
or finethread, may be applied.across the crooked sides in the 
same mnner ; and the easiest way of using the thread, is tor 
string asmall slender bow with it, either of wire, or cane, 6t 
whale-bne, or sucWike slender elastic matter; for, the bow 
keeping t always siretched, it can be easily and neatly ap* 
plied witX one hani, while the other is at liberty to makc^ 
two maikiby the ade of it^ to draw the straight line by. 
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EXAMPLE. 



ThuS| let it be required to find the contents of the same 
figure as in Prob. 2X^ page 65, to a scale of 4 chains to an 
inch. 



Draw the 4 dotted straight lines ab, bc, cd, da, cutting 
off equal quantities on both sides of them, which they do as 
near as the eye can judge : so is the crooked figure reduced 
to an equivalent right-lined one of 4 sides, abcd. Then 
draw the diagonal bd, which, by applying a proper scale to 
it| measures suppose 1256. Also the perpendicular, or near- 
est distance from a to this diagonal, measures 456 ; and the 
distance of c firom it, is 428. 

Then, half the sum of 436 and 428, multiplied by the 
diagonal 1256, gives 555152 square links, or 5 acres, 2roodSf 
S perches, the content of the trapezium, or of the irregular 
ctooked piece. 

As -a general example of this practice, let the contents be 
-computed of all the fields separately in the foregoing plan 
in page 76, and, by adding the contents altogether, the whole 
sum or content qf the estate will be found nearly equal to 
Id&x acres. Then, to prove the work, divide the whole plan 
into two parts, by a pencil line drawn across it any way near 
the middle, as from the comer / on the right, • to the comer 
Bear s on the left ; then, by computing these two large parts 
separately, their, sum must be nearly equal to the former 
8um> when the work is all right. 

PROBLEM XVII. 

To Transfer a Plan to Another Paper y 55V. 

ApfEit the n^gh plan is completed, and a lair one & 
'%raiited^ this may be done by any of the following methods. 

First 



so LAND 

First Method. — ^Lay the rough plan t)n the clean paper^ 
keeping them always pressed flat and close together, by 
weights laid on them. Then> with the point of a fiilS^'pin 
or pricker, prick through all the corners of the plan to be 
copied. Take them asunder, and ^nnect the pricked points^ 
on the clean paper, with lines ; and it is done. This method 
is only to be practised in plans of such figures as are small 
and tolerably regular, or bounded by right lines. 

Second Method. — Rub the back of the rough plan over with 
black-lead powder ; and lay this blacked part on the cleaR 
paper on which the plan is to be copied, and in the proper 
position* Then, with the blunt point of some hard substance^ 
as brass, or such-like, trace over the lines of the whole plan ; 
pressing the tracer so much, as that the black lead under the 
lines may be transferred to the clean paper : after which^ 
take off the rough plan, and trace over the leaden marks 
with common ink, or with Indian ink — Or, instead of black- 
ing the rough plan, we may keep constantly a blacked paper 
to lay between the plans. 

Third Method. — Another method of copying plans, is by 
means of squares. This is performed by dividing both ends 
and sides of the plan which is to be copied into any conve- 
nient number of equal parts, and connecting the correspond- 
ing points of division with lines: which will divide the plan 
into a number of small squared. Then divide the paper, 
on which the plan is to be copied, into the same number 
of squares, each equal to the former when the plan is to be 
copied of the same size, but greater or less than the others^ 
in the proportion in which the plan is to be increased or 
diminished, when of a different size. Lastly, copy into the 
clean squares the parts contained in the corresponding'squares 
of the old plan ; and you will have the copy, either of the 
same size, or greater or less in any proportion. 

Fourth Method. — A fourth method is by the instrument 
called a pentagraph, which also copies the plan, in any size 
required. 

Fifth Method. — ^But the neatest method of any, at least in 
copying from a fair plan, is this. Procure a copying frame 
or glass, mide in this manner; namely, a large square of the 
best window glass, set in a broad frame of wood, which can be 
raised up to any angle, when the lower side of it rests on a 
table. Set this frame up to any angle before you, facing a 
strong light ; fix the old plan and clean paper together, with 
several pi^is quite around, to keep them together, the dean 

paper 
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paper being Isud uppermost, and over the face of the plan td 
be copied. Lay them, with the back of the old plan, on the 
glasi^ \ namely, that part which yoii intend to begin at to copy 
nfst; and by means of the light shining through the papers^ 
you will very distinctly perceive evdry line of th6 plan 
through the clean paper. In this state theil trace all the lines 
oh the paper with a pencil. Having drawn that part which 
covers the glass, slid^ ailother part over the glass, and cdpy it 
in the same manner. Then another part. And so oh, till 
the whole is copied. Then take them asunder, aiid trace 
all the pencil lines over with a fine pen aiid Indian ink, or 
with common ink. And thus you may copy the finest plan, 
without injuring it in the least. 



OF ARTIFICERS^ WORKSi 

AND 

TIMBER MEASURING. 



I. Ot TitE CARPENTER'S or SLibiNG RtfLE; 

. THE Carpenter's or Sliding Rule, is an instrument much 
Used in measuring of timber and artificers' works, both for 
taking the, dimensions, and computing the contents. 

The instrument consists of two equal pieces, each a foot in 
Wgth, which are connected together by a folding joint. 

One side or face of the rule, is divided into inches, and 
.eighths, or half-quarters. On t^e same face also are several 
plane scales, divided into twelfth parts by diagonal lines ; 
which are used in planning dimension^ that are taken in feet 
and inches. Tfhe edge of the rule is commonly divided de- 
'cimaily, or into tenths ; namely, each foot into ten equal 
partSy -and each of these into ten parts again : so that by 
means of this last scale, dimensions are taken in faet, tenths^ 
and hundredths, and multiplied as common decim;ll numbers, 
which is the best way. 

On the one part of the other face are four lines, marked 
A| ft, c, D ; the two middle ones b and c being on a slider, 
which runs in a groove made in the stock. The same num- 
bers serve for both these two middle lines, the one being 
above the numbers^ and the other below. 

V0L.'IL G These 
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These four lines are logarithmic ones, and the diree 1, li^ 
C, which are all equal to one another, are double lines, as 
they proceed twice over from 1 to TO. The other or lowest 
line, D, is a single one, proceeding from 4 to 4<0. It is als6 
called the girt line, from its use in computing the contents 
of trees and timber ; and on it are marked WG at 17*15, and 
AG at 18*95, the wine and ale gage points, to make this iix- 
strument serve the purpose of a gaging rule. , 

Oh the other part of this face, there is a' table of the value 
of a load, or 50 cubic feet, of tiniber, at all prices, from 
6 pence to 2 shillings a foot. 

When 1 at the beginning of any line is accounted 1, then 
the 1 in the middle will be 10, and the 10 at the end 100 i 
but when 1 at the beginning is counted 10, then the 1 in 
the middle is 100, and the 10 at the end 1000 ; and so on» 
And all the smaller divisiohs are altered proportionally* 



IT. ARTIFICERS' WORK. 

Artificers compute the contents of their works by several 
different measures. As, 

Glazing and masonry, by the foot ; Painting, plastering, 
paving, &c, by the yard, of 9 square feet : Flooring, 
partitioning, roofing, tiling, &c, by the square of lOO 
square feet : 

And brickwork, either by the yard of 9 square feet, or by 
the perch, or square rod or pole^ containing 272^ square 
feet, or SOj^ square yards, being the square of the rod 
or pole of l&y feet or 54 yards long. 

As this number 272^: is troublesome to divide by, the -J. is. 
often omitted in practice, and the content in feet divided 
only by the 272. 

All works, whether superficial or solid, are computed by 
the rules proper to the figure of them, whether it be a trianglej 
or rectangle, a parallelopiped, or any other figure. 



III. BRICKLAYERS' WORK. 

BRfeKwoRK is estimated at the rate of a brick and a half 
thick. So that if a wall be more pr less than this standard 
thickness, i^t must be reduced to it, as follows : 

Multiply the superficial content of the wall by the number 
of half bricks in the thickness, and divide the prpduct hy 3. 

The 



The dimensions of a building mBf be taken by measuring 
liatf round.on the outside and.half rou^d it ori t)xe inside ; the 
sum of thbse two gites the ddmpass of thfe wMl, to be xhtlti- 
pli^ by. the height, ifbr discontent of the ih^terials. ' • 

Chimneys are commonly measured as if thefy were solid, 
deducting only the vacuity from the hearth to the mantle, 
on account of tlie trouUedf them. AUmndbws, doorsy&t, 
are to be deducted out of the contents of the WsaUs iil. which 
they are.placed* 
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Exam. 1. How iniany yards and rods of standard hrith^ 
Work are in a wall whose length or compass is 57 feet.S^ 
inches, and height 24* feet 6 inches; the wall being. 2^ 
bricks or 5 half *£ricks thick ? - Ans« 8..rods, 17|> yards. 

Exam. 2. Required the content of a "vhXi 62 feet 6 inches 
long, ^d 14* feet 8 inches high, and 2^^ brides thick ? 

Ans. 169-753 yards. 

ExAM.^.3. A triangular, ^ble is raised 17 J- feet hi^h, oh 
an end wall whose lengdi is 24 feet 9 locbles, the thickness 
. being 2. bricks . : required' the reduced content i • 

. ... , . :. Ajis. 32-064. yards. 

Exam. 4. llie end wall of a house i^ 28 feet 10 inches 
long, and 55 feet 8 indies high, to the eaves j 20feet high is 
24 bricks thick, other 20 JFeet high is 2 bricks thick, tmd the 
retmaining 15 feet 8 inches is Ij- brick thick ; above which 
is a triangular gable, of 1 brick thick, which rises 42 courses 
of bricks, of which every 4 cbteses make a foot. What is the 
wh(^ trontent in standard measure ? Ans. '253*626 yards* 



IV. MASONS' WORK. 

To Masonry belong all sorts of stone-work ; and the rtiea- 
sure made use of is a foot, either superficial or solid. 

Walls, columns, blocks of stone or marble, &c,'are mea-< 
5ured by the cubic foot; and pavements, ' sUibs, chimney*- 
pieces, &c,'by the superficial or square foot. 

Cubic or solid measure is used for the materitals, and square 
measure for the workmanship. • 

In the 5olid measure, the true length, breadth, and thick- 
ness are taken and multiplied continually together. In the 
superficial, there must be taken the length and breadth of 
every part of the projection which is s^en without the ge- 
neral upri^t face of the building. 

G 2 EXAMPLES. 



S* CARPENTERS' and JOINEHS' WORK. 

• ■ EXAMPLES. • » .'. ■ - 

ExAfA. 1. Required the solid content of a wall, 53 feet ? 
inches long, 12 feet 3 inches lugti» and 2 feet thick ? .^ 

Ans. ISIO^ fSset. 

. Exam. 2. What is the sdiid content of a wall,, th^.kng^ 
being 24 feet 3 inch^> height 10 feet 9 inches^ and 2 ^t 
thick? ;^ . r Ans. 521-375 feet- 

Exam. 3. Required the value of a marble slab, at 8x. per 
foot ; the length being 5 feet 7 inches, and breadth 1 foot 
10 inches ? Ans. 4/. 1/. 104^* 

Exam. 4. In a chimney-piece, suppose the 
length of the mantle and slab, each 4 feet 6 inches 
breadth of both together - 3 2 

length of each jamb - - 4 4 
breadth of both together -1-9 

Required the superficial content ? Ans. 21 feet 10 inches 



V. CARPENTERS* and JOINERS' WORK. . 

To this brsmch belongs all the wood-work of a h|OUse, 
such as flooring, partitioning, roofing, &c. 

Large and plain articles are usually, measured by the 
square foot or yard, &c; but enriched mouldings, and son»e 
other articles, ar« often estimated by running or lineal mea- 
sure ; and some things are rated by the piece. 

In measuring of Joists, take the dimensions of one joist, 
and multiply it^ content by the number of them ; consider- 
ing that each end is let into the. wall about y of the thick- 
ness, as it ought to be. 

JPartitions are measured from wall to wall for one di- 
mension, and fix)m floor to floor, as far as they extend, for 
the other. 

The measure of Centering for Cellars is found by making a 
string pass over the surface of the arch for the breadth, and 
taking the length of the cellar for the length : but in groin 
centering, it is usual to allow double measure, on account of 
their extraordinary trouble. 

In Roofingy the dimensions, as to length, breadth, and 
depth, are taken as in flooring joists, and the contents com- 
puted the same way. 

In FloQr-hoardingy take the length of the room for on^ di- 
mension, and the breadth for the other, to multiply together 
for the content. 

For Stair-cases, take the breadth of zfi the steps, by making 

aUne 
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a line ply close over them, from the top to the bottom, and 
xnnltiply the length of this line by the length of a step, for* 
the whole area. — By the length of a step is meant th^. length 
of the front and the returns at the two ends; and by the 
breadth ts to be understood the girts of its t^o outer sur-r 
£u:es» or the tread ^id riser. 

. JFtr the Balustradey take the whole length of the upper part 
of the hand-rail, and girt over its end till it meet the top of 
the newel post, for the one dimension ; and twice the length 
of the baluster on the landmg,""with the girt of the hand- 
rail, for the other dimension. 

For Wdtfisaaingy t2ke t&e compass of the room for the 
cue, dimension i and th^ height from the floor to the gelling, 
making tHe string ply close into all the niouldihgs, for.^ei 
ether. ^^i 

FffT DoorSf takfe tlW'hei^t and ihe breadth,'to multipJy* 

them together for the area. — If-thetfoor be pahnfeled oi* 

both sad^i take double its iff^asurle for -the workmanship ; 

but if oM side ohly be pahneled, tsl^e A^ict^ aUd its hglf 

for the workmanshipP^--ajKw"' the &urrounding Architravcy girtf 

it atbblif 4lie uttermost pxttfut its ki^glik v^nd measure oVer 

it,, as&r a^ it can be seeft* when the'd66#'ily^pen, for the 

breadth. • ■ .. 

•-.'.•.:. • ■• M.ifT.... . '. '• ../, .,*...« I 
Wtndow'shtfttersy Bases, &c, are measured in like manner. 

In measuring of Joiners' yrorkf the string is made to ply 
close into all mouldings, and to every part of the work over 
which it parses. . .,,^.r, - y\ ♦;,--,,,:^\T ' -"^ 

EXAMPLES. 

Exam. l. Required the coQtent of a floor, 48^ feet 6 mchet^ 
long, and 24 feet 3 inch^ bro^d ? ' Ans. 11 sq. 76| fe^t* 

Exam. 2. A floor being 36 feet S inches long, and 16 feet 
$ inches broad, how many squares are in it ? ■ l 

Ans. 5 sq. 98|- feet. 

Exam. 3. How many sqiiafes are there in 1 73 feet 10 
inches in length, and 10 feet 7 inches height, of partition- 
ing?' , .. . Ans, 18*3973 squares. 

Exam. 4. What cost the roofing of a house at 10/. 6d. 
a square j the length witl>ia;the walls being 52 feet 8 inf:hes^ 
^nd th^ ihreadth 30 feet 6 inches ; reckoning the roof i of 
the flat ? Ans. 12/. 12/. 1 1;^. 



m SLATERS* AH^ TILERS? WORK^ 

ExiM. 5. To bow mueh^ at 6s. per square yardi amotinti 
the wainscoting of a room ; the height, taking in the cor^ 
nice and moul£ngSf being 12 feet 6 inches, and ^e whole 
compass 8S feet 8 inches; also the three window-shutters 
are each 7 f^et 8 inches by 3 feet 6 inches, and the door 
7 feet by 3 feet 6 inches; the doors and shutters^ being 
work;s4 on both sides, are reckoned work and half work ? 

Ans.36/. 12/. 21^, 



. VL SLATJERS: a^ TIMERS* WOR]^. 

• Ih these articles, the conieUt b?a,'roof is found by muU 
tJplying the length of thij ridge by the- girt over frona eaves 
to eaves ; maki^ig allowance in this girt for the double row 
^slates at the bottom, or for l^o^ir pi^uch on^ row pf plaites 
or tiles is laid over a^oth^. .. t 

When the roof is of a truepitcb|r£tiat isy fofipuDg a nghft 
sin^e at top ; tbign. the breadth pf the buildingi w^tE |U &lf 
9dded, is the g^rt pver both sides flearjy. . ; 

In angles fdrmed in a roof, naming from: 4l^ i#gf tp^^ 
eaves, when ih9 ai9^1e bcaids inwaitls, it is (r^dkd. » Traljey | 
but when outwards, it is called a hip. 

Deductions are made for chimney shafts or window holes. 

EXAMPLES. ■ 

Exam. 1. Reqmred the content of a slated roof, the length 
being 45 feet 9 inches, ^d the whol§ girt 34 feet 3 inches ? 

Ans, 174^ yards. 

Exam. 2. To how much amounts the tiling of a housey 
tt 25/. del. per square if the length being 43 feet 10 inphes^ 
asid the breadth on the flat 27 feet 5 inches ; also the eaves 
projecting 16 ini^^es on each side, and (he roof of a true 
pitch? Aps. 24A 9/. S^}i. 



Vn, PLASTERERS^ WQRR 

Plastereks' work is of two kinds; namely, ceiling, which 
IS plastering on laths ; and rendering, which is plastering on 
^alls : which are measured separately. 
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Tl?fce coi>tents ar^ estimated eiriber by the foot or the yard, 
^r the square, of 100 feet. Inriched mouldings, Sec, ar<p 
l^ated by running or lineal measure. ^ ^ 

Deductions are made for chimneys, doors, windows^ &c* 

I 

EXAMPLES. 

Exam. 1. How many yards contains the ceiling which is 
43 feet 3 inches long, and 25 feet 6 inches broad ? 

Ans. 122i-. 

Exam. 2. To how much amounts the ceiling of a room^ 
at lOd^ per jard ; the lea£th beiiig 21 feet 8 inches, apd the 
breadth 14 ^et 10 inches? Ans. iV. 9/. 8|i. 

£xam. 3. The length of a rQOin is 18 feet 6 inchesj the 
bres|4^ 1^ fe^ 9 iiiches, and height 10 feet 6 inches; to 
how much amounts the ceiling and rendering, the former at 
Sd* and the latter at Sd. per yard ; allowing for the door of 
7 feet by 3 feet 8^ and a fire-place of 5 feet square ? 

Ans. 1/. 13/. 3^. 

Exam. 4. Required the quantity of plastering in a room, 
the length being 14 feet 5 inchesji breadth 13 feet 2 inches, 
and height 9 feet 3 inches to the under side of the cornice, 
v^Uch girts Si inches, and projects 5 inches from the wall 
on the upper part next the ceiling ; deducting oi^ly for a 
door 7 feet by 4 ? 

Ans. 53 yards B feet 3^ inches of rendering 
18 5 6 of ceiling 

39 044 of cornice. 



VIII. PAINTERS' WORK. 

Painters' work is computed in square yards. Every part 
is measured where the colour lies ; and the measuring line is 
forced into all the mouldings and corners. 

Windows are done at so much a piece. And it is usual to 
^ow double measure for carved mouldings, &c« 

EXAMPLES. 

Exam. 1. How many yards. of painting contains the room 
which is 65 feet 6 iiiches in compass^ and 12 feet 4 inches 
high ? Ans. fe'^l^ ys^-ds. 

£xAM« 2* The length of a room being 20 feet, its breadth 

14 feet 
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14* feet 6 indies, and height 10 feet 4 inches; how ma^ 
yards of painting^ are in it, deducting a fire-place of 4 feet 
by 4 feet 4 inches, and two windows each 6 feet by 3 feet 
8 inches ? Ans. 73^ yards, 

I^XAM. 8. What cost the painting of a room, at 6rf. per 
yard} its length being 24 f^et Q inches, its breadth 16 i^ 
3 inches, and height 12 fe^t 9 inches i also the door is 7 feel 
by 3 feet 6, and die window->shutters to two windows each. 
7 feet 9 by 3 feet 6 5 hut t^e breaks of the windows thems^^ves 
are 8 feet 6 inches high, and 1 foot 3 inches deep ; incluc^ng 
also the window cills or seats, and the sofi^ts above, the di<- 
mensions of which are known from the other dimensions ; 
but 4educting the fire-place of 5 f?et by 5 feet 6 ? 

^ Ans. 3/. 3/. 10^; 



TTf 



IX, GLAZIERS' WORK. 

Glaziers tak^ their dimensions, either in feet, inckei^ 
and parts, or feet, tenths, and hundredths. And they q0(8i« 
pute their work in square feet. 

In taking the length and breadth of a window, the aposs 
bars bet^reen the squares are included. Also wii^dows of 
round or oval forjns are measured as square, i:^[ieasuring them 
to their greatest length and breadth, on account of the waste 
in cutting the glass. 

EXAMPLES. 

Exam. 1. How many square feet cohtains the window 
which is 4*25 feet long, and 2*75 feet brpad? Ans. 1 1 j:. 

Exam. 2. What will the glazing a triangular sky-light 
come to, at lOd. per foot; the base being 12 feet 6 inc|ies» 
and the perpendicular height 6 ftet 9 inches ? 

A^s. 1/. ISs. i^d. 

Exam. 8. There is a house with three tiers of windows, 
three windows in each tier, their common breadth 3 feet 1 1 
inches : 

• ■ 

now the height of the first tier is 7 feet 1 inches 

of the second 6 8 

of the third 5 4 

Required the expense of glazing at 14^/. per foot ? 

Ans. 13/. ll^y. lo^rf. 

Exam* 
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ExAiC* 4. Required the expense of glazing the windows 
of a house at I3d. a foot; there being three storiesj and three 
windows in each stoij : 

the height of the lower tier is 7 feet 9 inches 
of the middle 6 6 

of the upper 5 3|. 

and of an oval window over the door 1 I04 
the common breadth of all the windows being 3 feet 
9 inches ? Ans. J 2/. 5s^ 6d^ 



•9 



X. PAVERS' WORK, 

Paters* work js done by the square yard. And the 
content is found by multiplying the iiength by the breadth. 

EXAMPLES, 

Exam* 1. What cost the paving a foot-path, at.S^*4«C 
a yatd ; the length being 35 feet 4 inches^ and breadth* 
8 feet 3 inches ? Ans. 5l. Is. 1 1^ 

Exam. 2. What cost the paving a <;ourt, at 3^. 2d. per 
yard; the length being 27 feet 10 inches^ and the breadth 
14 feet 9 inch^ ? Ans. 1/. 4ss. 5^1. 

Exam. 3. What will be the expense of paving a rectan- 
gular court-yard, whose length is 63 feet, and breadth 
AfS feet J in which there is laid a foot-path of 5 feet 3 inches 
broad, running the whole length, with broad stones, at 35. 
^ yard ^ the rest being paved with pebbles at 2s. 6d. a yard ? 

Ans. 40/, 5#. lOirf. 
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. PLUMBERS' WORK. 



Plumbers* work is rated at so much a pound, or else by 
the hundred weight of 1 1 2 pounds. , 

Sheet lead, used in roofing, guttering, &c, is from 6 to 
10 lb. to the square foot. And a pipe of an inch bore is 
commonly 13 pr 14 lb. to the yard in length. 



examples. 



J^XAM. 1. How much weighs the lead which is 39 feet 

6 inches 
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G inches long, and S feet 3 inches broad* at 8|^lb. to the 
iiquare foot ? Ans. 1091i^Ib.. 

Exam. 2» What cost the covering and guttering a roof 
with lead, at IBs. the cwt ; the lotigth of the roof facing 43 
feet, and breadth or girt over it 32 feet; the guttering 57 
feet long, and 2 feet wide ; the former 9*831 lb. and thelat** 
m 7*373 lb. to the square foot ? Ans. 1 15/. 9s. l^d^ 
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. PROBLEM I. 

Tafind tie Area^ or Superficial Conteniy of a Board or Plankn 

Multiply the length by the m^ui breadth. 

Note. When the board is tapering, add the breacjthf at 
die two ends together^ and take hall the sum for the vmj^ 
breadth. Or else take the mean breadth in the piidjdl^. 

Bj the Sliding Rule. 

Set 12 on B to the breadth in inches on 4 ; then against 
the length in feet on b> is the content on a> in feet and 
{ractionS parts. 

EXAMPLES. 

Exam. I. What is the value of a plank^ at I^. per fi}ot> 
whose length is 12 feet 6 inches, and mean breadth 1 i inches f 

Ans. \s. 5d. 

Exam. 2. Required the content of a boards whose length 
is 11 feet 2 inches^ and breadth i foot IQ inches? 

Ans. 20 feet 5 inches 8'' 

Exam. 3. What is the value of a i4anki which is 12 feet 
9 inches long, and 1 foot S inches broad^ at 2^. a foot ? 

Ans. 3^. S|^» 

Exam. 4. Required the value of 5 oak(Hi planks at Scf. 
per foot, each of them being 17? feet long^ and their several 
breadths as iPolIows, namely^ two of 134 inches in the 
middle, one of 144 inches in the middle, and the two re* 
maining ones, each 18 inches at the broader end, and 11^ at 
the narrower ? Aiis. 1/. Ss. 94^ 

PILOBLSM 
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PltOBLEM H; 

To find the Solid Contmt rf Squared or Four-^ed Timber^ 

MvLTiPLY the mean breadth by the mean thickness^ and 
tihe pr«)4uct aum by the lengthy for the contimt n^arlj, 

BytheSlidhgRuJe, 

c l> p. c 

As length : 12 or 10 : : quarter girt \ soliditj, 

rnM isb ^.thft Ien|[th in ftet on q» is to \2 on p, when 
tlie <}iiarter girt is in ucbes^ or tp 10 on d^ when it is in 
t?ndis of {e^\ so is ^ qtnatrti^r girt<>n p^ to tht^ ccmtent 
one* 

Naiii^ Jith^ tree taper regi^Iy from the one end iQ 
the otb^ J ^l3^er take the mean breaath and thickness in th^ 
middle^ or take the dim^sions at the two ends, and half 
their 81^ wiK b^ tlve mean dimen^ipns ;• which multiplied ai 
ibove^ will give the content nearly. 

£• If , the piece do npt ta^er regularly, but be unequally 
thiid^ Uk spme parts and small in others j take several dif- 
fer^t di{a^ron9> add them all togetl^er, and divide their' 
9smbj ^ mimber of themi . for the me^n dimensions* 

EXAMPLES. 

^XAM. 1. The length of a piece of timber is 18 feet 
B iachf^ the breadths at the greater and less end 1 foot 
6 ipcbfp and .1 foot S inches, and the thickness at the greater 
and !«» ^d i foot 3 inches and 1 foot ; required the solid 
tcontfnt t Am. 28 feet^ 7 inches. 

EipAM* d* What is the content of the piece of timber^ 
wliose.leagth is 24^ feet^ and the mean breadth and thick- 
xiess each 1*04 &et ? Ans. 264 feet. 

Exam. S. Required the content of a piece of timber, 
whose length is 20*38 feet, and its ends unequal squares, the 
jrides of the greater being 19j> inches, and the side of the less 
^ inches i Ans. 29*7562 feet. 

Exam. 
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Exam. 4. Required the content of the piece of timberi 
whose length is 27*36 £^et ; at tho greater end the breadth 
is 1*78, and thickness 1*23 ; and at the less end the breadth 
is }'04'; and thickness 0*91 feet? ^ns. 41*278 f^et. 

* . -, . r . •■ 

\ 

PROBLEM III. 

To find tlu Solidtiy of Bound or JTn$quarcd Timber^ 

MULTIPLY the square of the quarter girt, or of ^ of the 
mean circumference, by the lengdi, for the content, 

By the Sliding Buie. 



As the length upon c : 12 or 10 upon d : : 
quarter girt, in 12thil or- lOths, <5n^ i^' : content on e* 

Note 1. When the tree |stj|pqrij^| tak^^tHemeandunen^t 
sions as in the former problems,* either by girting it in the 
middle, for the mean girt, or at the two encS, and t;ake lialf 
the sum of the two ', 6r by girtinc; it in several places, then 
adding all the girts toeethdr, and dividing the sum by.th^ 
niunber of them, for the mean'girt. But when the trele is 
very irr^giil^, divide it into several lengths, . and &id the 
content of eaph part separately. .' ' ] 

2. This rule, which is* commonly used, gives the answer 
about X- less than the true quantity .in the tree, 6t nearly 
what the quantity would'be, aftet* the tree is he^ed square 
in the usual way : so that it seems intendi^d to m&e an a}« 
lowancefor the squaring of the tree. 

EXAMPLES. 

Exam. 1. A piece of round timber being 9 feet 6 indies 
long, and its mean quarter girt 42 inches ; Whit is the con- 
tent? ' Ans. 116^ feet. 

Exam. 2. The length of a tree is 24 feet, "its 'gjrf at'the 
thicker end 14 feet, and at the smaller end 2 feet ; required 
the content ? Ans; 96 feet. 

Exam. 3. What is the content of a tree, whose mean 
girt is 3*15 feet, and length 14 feet 6 inches ? 

Ans. 8*9922 feet. 

' Exam. 4. Required the content of a tree, whose length 
is 17^ feet, which girts in five difierent places as follows^ 
yiamely, in the first place 9*43 feet, in the second 7*92, in 
the third 6*15, in the fourth 4*74, and in the fifth 3*16? 

Ans. 42*519525. 

CONIC 
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CONIC SECTIONS. 



DEFINITIONS. 

1. Conic SECTiONSi are the figures made by a plane cut- 
ting a cone. 

• % According to the different positions of the cutting plane^ 
there arise five different figures or sections, namely, a tri- 
ap^e, a circle, an ellipsis, an hyperbola, and a parabola : the 
three last of which gnlyare pec\4i^!y called Conic Sections. 



3. If the ^cutting plane pass through 
die vertex of the cone, and any part of 
^he base, the section wiir evidently be a 
tri^^e; as; vab, . ' 



'4. . If the plane cut the c^e parallel to 
the base, or make no angle with k> the 
section will be a cixxle ; as abd. 



\ • • ■ I i . . 



5. The section dab is an ellipse 
when the cone is cut obliquely through 
both sides, or when the plane is in- 
clined to the base in a less angle than 
the side of the cone is. 






6« The section is a parabola, when 
the cone is cut by a plane parallel to 
the side, or when the cutting plane and 
the side of the cone make equal angles 
^ith the base. 

, 7. The 
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7. Tbe section ts an hyperbola, vhett 
lihe cutting plane m^es a greater angle 
frith the l»se than the side of the cods 
makes. 



8. And if all the udes of the cone 
be continued through the vertex, form- 
ing an oppo^te equal cone, and the 
plane be abo continued to cut the op. 
posite cone, this latter section will be 
the opposite hyperbola to the former ; 
as dBe. 

And further, if there be four omet 
CMN, COP) CHP, cNO, having all the 
same vertex c, and a11 their axes in the 
same plane, and their sides touthing or 
coinciding in the common intersecting 
lines Mco, NOP ; then if these four 
cones be all cut by one plane, parallel 
to the common plane of their axes* 
there will be formed the four hyper- 
tiolas cc^, FST> Tkl, wMii of which 
each two opposite! are equal, and 
the other two are conjugates to them } 
as here in the annexed ngure, and die 
same as represented in the tWo follOT- 
ing pages. % 

9. The Vertices of any section, are the points i^oe-the 
cutting plane meets the opposite ndes of the conej .or the 
sides ofthe vertical triangular section ; asAand a. 

Hence the ellipse iad the oppOBite l^yperbolas, have -each 
two vertices ; but the parabola only eae j uAless we consider - 
the other as at an infinite distance. 

10. The Axis, or Transverse Diameter, of a conic sec- 
tion, is the line or distance m between the vertices. 

Hence the axb of apar^la is in&iitt in lecgSi, Ab'be- 
ing only« part of it. 




Blipse: 
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EUxpse. 



Hyperbolas. 





o s 



Paraiix>la. 




1 1. The Centre c is the middle of the axis. 

Hence the centre of a parabola is infinitely distant from 
^Iie vertex. And of an ellipse) the axis and centre lie within 
the curve; but of an hyperbola^ without. 

12. A Diaineter is any right line, as ab or de, drawn 
tbroagh the centre, and terminated on each side by th€ 
ctirve; and the extremities of the diameter, or its interseo 
tions with the curve, are its vertices. 

Hence all the diameters of a parabola are parallel to the 

sods, imd infinite in length. And hence also every diameter 

of the ellipse and hyperbola have two vertices ; but of the 

' parabola, only one ; unless we consider the other as at an.in« 

finite distance. 

13. THe Conjugate to any diameter. Is the line drawn 
through the centre, and parallel to the tangent of the curv6 
at the vertex of the diameter. So, fg, pu^lel to the tan« 
gent at d, is the conjugate to de ; and hi, parallel to the 
tangent at a, is the conjugate to ab. 

Hence the conjugate hi, of the axis AB, is perpendicular 
to it. 

14f. An Ordinate to aliy diameter, is a line parallel to its 
conjugate, or to the tangent at its vertex, and terminated by 
the diameter and curve. So dk, el, are ordinates to the 
axis ABj andMN, no, ordinates to the diameter de. 

Hence the ordinates of the axis are perpendicular to it. 

15. An Absciss is a part of any diameter contained be** 
tween its vertex and an ordinate to itj as ak or bk, or mt 

iicn:?. in the ellipse and hypei-bola, every ordinate has 

tv.: dni-i.-ijiivu .i':':cis?es ; but in the parabola^ only one 5 






^f- 



■ '■ ■ ■ i' ■.• .1 



' '• ^^'^i ^. ^,o?^ 



''emg *•;."• i k\v j::.t:int. 



...... 



A 



*. :.;;r«:J propor- 
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CONIC SECTIONS. 



17. The Focus is the point in the axis where the ordinate 
is equal to half the paxrameter. As k and l, where dk or el 
is equal to the semi-parameter. The name focus being given 
to this point from the peculiar property of it mentioned in 
the corol. to theor. 9 in the Ellipse and Hyperbola fol- 
lowing, and to theor. 6 in the Parabola. 

Hence, the ellipse and hyperbola have each two foci ; but 
the psti^bola only on^.. 




18. if DAE, FBG, be two Opposite hyperbolas, having AB 
for their first or transverse axis, and ab for their second or 
conjugate axis. And if dae, fbg, be two other opposite hy- 
perbolas having the same axes, but in the contrary order, 
namely, ab their first axis, and ab their second ; then these 
two latter curves dae, fbg, are called the conjugate hyper- 
bolas to the two former dae, fbg ; and each pair of oppo- 
site curves mutually conjugate to the other ^ being all cut by 
one plane, from four conjugate cones, as in page 94*, def. 8. 

19. And if tangents be drawn to the four vertices of the 
curves, or extremities of the axes, forming the inscribed 
rectangle hikl^ the diagonals hck, icLj of this rectangle, 
are called the asymptotes of the curves. And if these asym- 
ptotes intersect at right angles, or the inscribed rectangle be 
a square, or the two axes ab and ab be equal, then the hy- 
perDolas are said to be right-angled, or equilateral. 

SCHOLIUM. 

The rectangle inscribed between the four conjugate hy- 
perbolas, is similar to a rectangle circumscribed about an 
ellipse, by drawing tangents, in like manner, to the four ex- 
tremities of the two axes ; and the asymptotes or diagonals 
ill the hyperbola, are analogous to those in the ellipse, cut- 
ting this curve in similar points, and making that pair of 
conjugate diameters which are equal to each other. Morel- 
over, the whole figure formed by the four hyperbolas, is, as 
it were, an ellipse turned inside out, cut open at the extre- 
mities D, E, F, G, of the said equal conjugate diameters, and 
those four points drawn out to an infinite distance ; the cur-- 
vature being tiwned the contrary way, but the axes, and the' 
rectangle passing through their extremities, continuing fixed. 

Of 
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Of the ellipse. 




THEOREM I. 

« 
• ■ 

t Squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 

Let avb be a plane passing through v 

Xhe axis of the cone ; agih another 
section of the cone perpendicular to 
the plane of the former ; ab the axis r>/"'v~^'^ 
^f this elliptic section; and FG, HI, or- yf'V.y^ 
<linates perpendicular to it. Theri it 'mH/^.::::y^i 
'will be, as FG : HI : : AF • FB : AH . hb. 

For, through the ordinates fg, hi, 
<lraw the circular sections kgl, min, 
parallel tb the base of the cone, having KL, mn, for then* 
diameters, to'which fg, hi, are ordinates, as well as to the 
axis of the ellipse. 

Now, by the similar triangles afl, ahn, and bfk, bhm, 

it is AF : AH : : FL : hn, 

; and FB :hb :: KF : MH; 

Hence, taking the rectangles of the corresponding terms^ 
it is, the rect. af . fb : ah • hb : : kf * fl : mh . hn. 

But, by the circle, kf . fl = fg% and mh . hn = Hi^; 
Therefore the rect, af , fb ; AH . hb :: fg* : hi*, q. £• d. 



THEOREM II. 



As the Square of the Transverse Axis 
Is to the Square of the Conjugate : 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 



^ou n. 



H 



That 
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That is, AB* : ab* or 
AC^ : ac^ : : AD . db : db% 




For, by theor. 1, ac • CB : AD . Dfi : : ca* : de* ; 

But, if c be the centre, then ac • cb = ac*, and ca is the 

semi-conj. ' 

Therefore AC* : ad . db : : ac* : de* ; 

or, by permutation, AC* : ac* : : ad . db : de* ; 

or, by doubling, ab* : ab* : : ad . db : de*. q. E. D. 

ab* 
CoroL Or, by div. ab : — : : ad . db or ca* — CD* : de\ 

ab 

that is, AB : / : : ad . db or c a* ■- CD* : de*; 

ab* 
where p is the parameter —, by the definition of It. 

AB 

That is. As the transverse^ 
Is, to its parameter. 
So is the rectangle of the abscissesj^ 
To the square of their ordinate* 



THEOREM iii^ 

As the Square of the Conjugate Axis r 

Is to the Square of the Transverse Axis : : 

So is the Rectangle of the Abscisses of the Conjugate, or 
the Difference of the Squares of the Semi-conjugate and 
Distance of the Centre from any Ordinate of that Axis : 

To the Square of their Ordinate. 



That is, 
ca* : CB* : : ad . db or ca*— cd* : dE*. Al 




For, draw the ordinate ed to the transverse ab. 

Then, by theor. 1, ca* : ca* : : Dfi* : ad . dk or ca* - cd*, 

or - - - - - ca* : cA* : : cd* : ca* —dfi** 

But - - - • ca* : ca* : : ca* : ca*, 

theref. by subtr. ca* ; ca* : : ca*— cd* or ad . db : dE*. 

Q. £. D* 
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Cdrol. 1. If two circles be described on the two axes as 
diameters, the one inscribed within the ellipse, and the other 
circumscribed about it ; then an ordinate in the circle will 
be to the corresponding ordinate in the ellijpse, as the axis of 
this ordinate, is to the other axis. 

That is, CA : ca : : DG : db, 
and ca : CA : : dg : ds. 

For, by the nature of the circle, ad • db *= do*^ theref. 
by the nature of the ellipse, ca* : ca"^ : : ad • db or DG* : de% 

or CA : ca* : : DG : de. 
In like manner - ca : ca : : dg : d£. 

Also, by equality, - dg : de or cd : : dE or DC : dg. 
Therefore cgG is a continued straight line. 

Carol. 2. H^nce also, as tI)Le ellipse and circle are made up 
of the same number of corresponding drdinates, which are 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as alsp of any lik^ 
parts of them, are in the same proportion of the two axeSy 
or as the square of the diameter to the rectangle of the two 
axes ; that is, the areas of the two circles, and of the ellipse, 
are as the square of each axis and the rectangle of the two ; 
and therefore the ellipse is a mean proportional between the 
two circles. 

THEOREM IV. 

TThe Square of the Distance of the Focus from the Centre, 
is equal; to th^- 'Difference of the Squares of the Semi- 
ajtes; 

Or, the Square of jtbe Distance between the Foci, is equal to 
the Difference of the Squares of the two Axes. 



That is, CF* = CA* — ca*, 
or pf * 3=^ AB* — ab*. 




For, to the focus f draw the ordinate fe ; which, by the 
definition, will be the semi-parameter. 'Then, by the na- 
ture of the curve - ' ca* : ca* : : ca* — CF* : f^; 
afad by the def. of the para. cA* : ca* : : ca* : TE^j 
thererore - - ca* = ca* — cf* ; 
and by addit. and subtr. cf* = c a* — ca* ; 
or, by doubling, - f£* = ab*— ab*. q., e. d. 
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Cord. 1. The two semi-axes, and the focal distance from 
^ the ceuLtre, ar^ the sides of a right-angled triangle CFa ; and 
the distance Fa from the focus to the extremity of the con- 
jugate axis, is =: Ac the semi-transverse. 

CoroL 2. The conjugate semi-axis ca is a mean propdr- 
tional between af, fb» or between if, fs, the distances of 
cither focus from the two vertices. 

For ca* = CA*r" cf* = ca + cf . ca — cf = af . fb. 



THEOREM V. 

The Sum of two Lines drawn from the two foci to meet 
at any Point in the Curve, is equal to the Transverse 
. Axis. 



That is, 

FE + fe = AB. 




For, draw AG parallel and equal to ca the semi-conjugate i 
and join CG meeting the ordinate db in h ; also take ci a 
.4th proportional to ca, of, cd. 

Then, by theor. 2, ca* : ag* : : ca* — cd* : de* ; 
and, by sim. tri. ca* : A9* : : cA* — CD* : AG* — DM*; 
. consequently de* = ag* — dh* = ca* — dh*. 

Also FD = cf c/5 CD, and fd* = of*— 2cf . cd + ci>*> 
And, by right-angled triangles, fe* = fd* + de* ; 
therefore fe* = CF* + ca* ~ 2cf . cd + cd* — dh*. 

But by theor. 4, cf* + ca* = ca*, 
and^ by supposition, 2cf . cd = 2ca . ci 5 
thcref. fe* = ca* — 2cA . ci + cd* — dh*. 

Again, by supp. ca* : cd* : : cf* or ca* — ag* : ci* ; 
and, by sim. tri. ca* : cd"*' : : ca* — AG* : cd* — DH*i 
therefore - ci*=cd* ■- dh*; 
''consequently fe*=ca* — 2ca . ci + ci*. 

Arid the root or side of this square is fe = c a — ci s«Al« 

In the same manner it is found that fE = CA + ci = BX* 
Conseq. by addit. fe + fE = ai + bi = AB. o^e. 0. 

CwrtHm 
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Ccrol. 1. Hence ci or CA — fe isa 4tIiproporf5onarto ca, 

CF, CD, * -, 

Corol. 2. AndfE— FE = 2aj that is, the difference be- 
tween two lines drawn from the foci, to any point in the 
curve, is double the i-th proportional to ca, cf, cd. 

Cord. 3. Hence is derived the common method of de- 
scribing this curve mechanically by points, or with a thread, 
thus : 

In the transverse take the foci f, f, 
and any point i. Then with the radii 
Ai, Bi, and centres f, f, describe arcs 
intersecting in e, which will be a 
point in the curve. In like manner, 
assuming other points i, as many 
other points will be found in the 
curve. Then with a steady hand, the curve line may be 
drawn through all the potnts of intersection £• 

Orj take a thread of the length ab of the transverse axis, 
and fix its two ends in the foci f, f, by two pins. Then carry 
a pen or pencil round by the thread, keeping it always 
stretched, and its point will trace out the curve line. 




THEOREM VJ. 




If from any Point i in the Axis produced, a Line il be 
drawn touching the Curve in one Point l ; and the Ordi- 
nate LM be drawn ; and if c be the Centre or Middle of 
AB : Then shall cm be to ci as the Square of am to the 
Square of Ai. 



That is, 
CM : CI : : am* : ai*. 



For, from the point i draw any other line ieh to cut the 
curve in two points e and ii •, from which let fall the perpen- 
diculars ED and HG 5 and bisect dg in K. - . * 

TT\en,l)y theo. 1, ad . db : ag . gb : : de* : gh*, 
and bv sim. triangles, id* : IG* : : d.e- : gh'; 

theret. by equality, ad . db : AG . gb : : id* : ig% . 

ButDB = CB + CD = AC4-CD = AG +pc — CG= SCK + AG, 
and GB= CB — CG = AC— CG =: AD + DC — CG=J= 2CK + AD;^* 

theref. ad . 2cK + ad . ag : AG . 2cK + ad . ag : : id* : ig*, 

^d, by div. dg . 2ck : IG* — id* op dg . 2iK ; ; ad . 2cK + 

AD . AG ; ID*, 

or 
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mS 



or - 2gz ': 2iK : : ad . 2ck + ad . AG 

or AD . 2cK : ad . 2iK : : ad . 2ck + ad . ag : id* | 

therrfl by div, CK : iK : : ad . AG : id* — ad . 2iK, 

and, by comp. ck : ci : : ad . ag : id* — ad . id + ia, 
or - QK : CI : : AD . AG,: Ai*. 

But, when the line ih, by revolving about the point i^ 
comes into the position of the tangent il, then the points JE 
and H meet in the point L, and the points d, Ki g, coincide 
with the point m ; and then the last proportion becomes 
'-»' ' QX : : AM* : a|*, cii 9c ^ 



CM 



D. 



THEOREM VII. 



If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis ; the Semi*transverse 
will be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre. 



That is, 

CA is a mean proportional 
between cd and ct ; 

or CD, CA, CT, arp conti- 
nued proportionals. 




For, by theor. 6, cd : ct : : ad* : at*. 
at is, CD : cT : : (CA — cd)* : (cT — ca)*, 

CD : CT : : CD* +ca* : ca* + ct*,' 
CD : pT : : cd* +ca* : ct* — cd*, 
CD : DT : : cd* -J-ca* : (ct + cd) dt> 
CD* : CD . 9T : : cd* + ca* : cd . dt + ct . pTj 
CD* : CA* : : CD . DT : ct . dt, 

- CD* : CA* : : cd : ct. 

therefore (th. 78,Geom.) cd : ca : : ca : ct. <^ e. d. 

C^o/. Since ct is always a third proportional to cd, ca ; 
if the points d, a, remain constant, then will the point T 
be constant also ; and therefore all the tangents will meet in 
this point t, which are drawn from the point e, of every 
ellipse described on the same axis ab, where they are cut by 
tl^e common ordinate dbe drawn from the point d. 



that 

or 

and 

or 

pr 

hencQ 

and 
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THEOREM yill. 



If there be any Tangent meeting Four Perpendiculars to the 
Axis drawn from these four Points, namlly, the Centre, 
the two Extremities of the Axis, and the Point of Contact; 
those Four Perpendiculars will be Proportionals, . 



That is, 
AG : DE : : CH : bl 




For, by theor, 7, to : ac : : Ac : dc, 
theref. by div. ta : ad : i to : ac or cb, 

and by comp. ta : td : : tc : tb, 

and by sim. tri. AG : de : : ch : bi. q. £. D* 

Corol. Hence ta, td, tc, tb7 , ^.- , 

and tg' teI th, ti 5 "« *^° proportionals. 

For these are as ag, de, ch, bi, by similar triangles. 



THEOREM IX. 



If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact ; these two Lines will make 
equal Angles with the Tangent. 



That is, 

the ^ FET = Z. fEC. 




For, draw the ordinate de, and fe parallel to fe. 

By cor. 1, theor. 5, ca : cd : : cf : ca — fe, 

and by theor. 7, ca : cd : : ct : ca ; 

therefore CT : cf : : cA : ca ■- fe ; 

and by add. and sub. tf : Tf : : fe : 2ca — fe or fE by th. 5. 

But by sim. tri. tf : Tf : : fe : fe ; 

fE = fe, and conseq, Z. e = il fEe, 
FE is parallel to fe, the Z. e = /. fet ; 

Z.FET = /.fEe. Q. £. D. 

CoroL 



therefore 
But, because 
therefore the 
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Corol, As opticians find^that the angle of incidence is equiA 
to the angte of reflexion^ it appears £qm this theorem^ that 
rays of light issuing from the one locus, and meeting the 
curve in every pointy will be reflected into lines drawti ftotx 
those points to the other focus. So the ray £b is reflecte4 
into FE. And this is ^he reason why the points f^ f> are qdl^ 
foci J or burning points. 



THEOREM X. 



All the Pandleiograms circumscribed about an Ellipse ars 
equal to one anotheri and each equsd to the Rectangle of 
the two Axes. 



That is, 

the parallelogram pqrs s:? 
the rectangle ab . ab 




Let EG, eg, be two conjugate diameter^ parallel to the 
;sides of the parallelogram, and dividing it into four less 
and equal parallelograms. Also, draw the ordinates DE, de, 
and CK perpendicular to PQj and let the axis CA produce4 
meet the sides of the parallelogram, produced if necessary, 
in T and t. ' ' . * 



Then, by theor. 7, CT 

and ct 

theref. by equality, ct 
but, by sim. triangles, cT 

theref. by equality, td 
vlti^ the rectangle 
Again, by theor. 7, 



CA : : CA : cd, 

CA : : CA : cd ; 

ct : : cd : cd ; 

ct : : TD : cd, 

cd : : cd : cp, 
TD • DC is = the square cd^. 
CD : CA : : CA : cT, 






DA 
AD 



dt; 



or, by division, cd : ca 

and by composition, cd : db 

conseq. the rectangle cp . dt = cd'^ == ad . db*. 

But, by theor. 1, ca'^ : ca^ : : (ap . db or) cd'^ M)^^, 

therefore ca : ca : : cd : de ; 



,* CoroL Because cd* 
therefore ca* 



AD . DB = CA* — CD^ 

CD^ + cd*. 



In like manner, ca^ =: de^ + de*. 



la 



Or TUB ELLIPSE. 

CA : ca :^ CD : de» 
ca : de : : CA : CD. 
CT : CA : : CA : CD ; 
CT : CA : : ca : de. 
CT : CK : : ce : de ; 



IQf 



In like manner^ 

or 

But, by theor. 7, 

theref. by equality. 

But, by sim. tri. 

theref. l?y equity, ck : ca : ; ca : ce, 

and the rectangle CK • ce=:€A • ca. 

But the rect. CK . ce=the parallelogram cEPe, 

theref. the rect. ca • ca=the parallelogram C£re> - 

xronseq. the rect. ab . ab=:the paraL pq|^s. <^ S. Dw 



THEOREM XI. 




The Sum of the Squares of every Pair of Conjugate Dia- 
meters, is equal to the same constant Quantity, namely^ 
the Sum of the Squares of the two Axes. 



That is, 
AB* + ab' = EG^ + eg^ ; 
vwrhere eg, eg, are any pair of con- 
jugate diameters. 



For, draw the ordinates ed, ed. 
Then, by cor. to theor. 10, ca* = cD* + cd*, 
and - - - ca* = de^. + de* ; 

therefore the sum ca* + ca* = cd* + de^ + cd* •!- de*. 
But, by right-angled As, ce* = cd* + de*, 
and - - - ce* = cd* + de*; 

therefore the sum ce* + ce* = cd^ + de* + cd* + de*. 
consequently - ca* + ca* x= ce* + ce* ; 
or, by doubling, ab* + ab* = eg* + eg*. q. e. D» 

Note. All these theorems in the EUipise, and their demon- 
strations, are the very same, word for word, as the corres- 
ponding number of those in the Hyperbola, next following, 
having only sometimes the word sum chapged for the word 
difference. 



Of 



lot 



COMC SECriGtJS.- 



Of the hyperbola. 

theorem i. 

The Squares of the Ordinates of the Axis are to each other 
as the Rectangles of theu* Abscisses. 

Let AV& be-a plane passing 
through the vertex and axis of 
the opposite cones; agih an- 
other section of them perpendi- 
cular to the plane of the foraier; 
AB the axis of the hyperbolic 
sections ; and fG) hI) ordinates 
perpendicular to it. Then it will 
be, as FG^ : hi^ : : af . fb : ah . hb* 

For, through the ordinates 
FG, hi, draw the circular sections 
KGL, MiN, parallel to the base of 
the cone, having kl, mn, for their diameters, to which fg,^ 
HI, are ordinates, as well as to the axis of the hyperbola. 

Now, by the similar triangles afl, ahn, and bfk, bhm^ 

it is af : ah : : FL : hn, 

and FB : hb -: : KF : mh ; 
hence, taking the rectangles of the corresponding terms, 
it is, the rect. af . fb : ah : hb : : kf . fl : mh . hn. 

But, bv the circle, kf . fl = fg*, and mh . hn = hi^j 
Tbererore the rect. af . fb : ah . hb : : fg'^ : hi*. 

Q. E. Sl 




THEOKEM II, 

As the Square of the Transverse Axis 
Is to the Square of the Conjugate : 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 



That is, AB* : ab* or 
AC* : W'^ : : AD . db : d£*. 




E E ?r~F 




For^ 



Of t?e HTPERBOflfcA. 
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For, by theor. 1, ac . cb : ad • db : ; ca* : de* j 

Butj if c be the centre^ then ac . cb =: a6% and ca is th^ 

. semi-conj. 
Therefore - ac* : ad . db : : ac* : de* ; 
or, by permutation) ac* : ac* : : ad . db : de* ; 
or^ by doubling} ab* : ab* : : ad . db : D£*« (^ £. D. 

ab* 
Cord. Or, by div. ab : — : : ad . db or ctf — CA* : DE*^ 

ab 

that is, AB \p : : AD . db or cni* — ca* : de*; 

ab* 
where p is the parameter — by the definition of it. 

^- AB 

Thatis, As the transverse,. 
Is to its parameter. 
So is the rectangle of the abscisses. 
To the square of their ordinate* 



THEOREM ll\. 

As the Square of the Conjugate Axis : 

To the Square of the Transverse Axis : : 

The Sum of the Squares of the Semi-conjugate, and ' 

Distance of the Centre from any Ordinate of the Axis : 

The Square of their Ordinate. 



That is, 
f3»* : ca* : : ca* + cd* : dE*. 




For, draw the ordinate ed to the transverse ab. 



Then, by theor. 1, ca^ 



ca^ 



or - - 

But - - ca* 
theref* by compos, ca* 
In like manner, ca* 



CA* :: de* 

ca* : : cd* : dE* — CA*. 

CA* : : ca* : ca*, 

CA* : : ca* + cd* : dE*. 

ca* : : ca* + CD* : De\ 



AD . DB or CD*— CA% 



* s ca* : : CD* — ca* 

>2 



<^ E. D. 
DE*. 



CoroL By the last theor. ca' 

and by this theor. c a* : ca* ; : cd* + ca* : De'^ 

therefore - de* : De* :: CD* — ca*^ CD*-fcA*. 

In like manner, de* : dE* :: cd* — ca* : cd* +ca*. 



THEOREM 



las 



cxamc sEcnoNs. 



THEOREM XT. 



The Square of the Distance of the Focus from the Centrej is 
equal to the Sum of the Squares of the Semi-axes. 

Or, the Square of the Distance between the Fodj is equal to 
the Sum of the Squares of the two Axes. 



CF* 

Ff^ 



That is, 

: CA* + Ca*, 

5 AB' 4- abV 



or 




For, to the fociis f draw the ordinate fe ; which, b;^ the 
definition, will be the semi-parameeter. Hien, by the nature 
of the curve - ca* : ca* : : cf* — r ca* 2 fe* ; 

andbythedef. of the para, ca* : ca* : : ca* : fe* ; 
therefore - - ca* = cf* — ca* 5 

and by addition, - of* = c A* + ca* ; 
or, by doubling, ' - Ff* = ab*+ ab*. <^ e. d. 

CoroL I. The two semi-axes, and the focal distance from 
the centre, are the sides of a right-angled triangle CAa ; and 
the distance Aa is = cf the focal distance. 

Coro/. 2. The conjugate semi-axis ca is a mean proportional 
between af, fb, or between Af, fe, the distances of either 
focus from the two vertices. 

For ca* = cf* — ca* = cf -|- ca . cf — ca = af . fb. 



THEOREM V. 



The Difference of two Lines drawn from the two Foci, to 
meet at any Point in the Curve, is equal to the Transverse 
Axis. 




That is, 

fE — FP s;5 AB^ 



For, draw AG parallel: and equal to ca-the semi-conjugate; 
apd join CG, meeting jthe ordinate x>£ produced in Hi also 
take cf a 4th proportional to cA, cf, cd, 

Thei:\, 
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Then, by th. 2, ca* : ag* : : cd* -^ ga* : de* j 
;md, by sim. As, ca* : ag* : : CD* — ca* : dh* — AC* ; 

consequently de* = dh* — a g* = dh* — ca'. 

AIsp, FD = OF CO CD,andFD*=CF*— 2CF • CD+CD*; 

andj by right-angled triangles, fe* = fd* + de*. 
therefore fe* = of* — ca* — 2cf . cd + eJ>* + Dit*. 
But, by theor. 4, cf* — ca* = ca*, 
and| by supposition, 2cf . cD = 2c a . ci ; 
. iheiief. fe* = ca*— 2ca . ci + cd*+ dh* ; 
. Again, by suppos. ca* : cd* : : cf* or ca* + AG* : Ci* ; 
and, by sim. tri. ca* : cd* : : c A* + ag* : cd*+dh* j 
therefore - ci* = cd* + dh* = CH* ; 
consequently fb* = ga* — 2cA I ci + ci*. 

And the root or side of this square is fe = ci — cA = Ar.- 
In the same manner, it is found that fE = ci + CA = Bi. 
Conseq. by subtract, ffi — fe = Bi — ai = ab. q. e. d, 

Corol. 1. Hence ch = ci is a 4th proportional to ca, 

CF, CD. 

Carol. 2. And f£ + f£ = ^CH or 2ci ; or fB, ch, fs, are 
in continued arithmetical progression, the common difference 
being ca the semi-transvtfrse. 

Coroli 3. Hence is derived the common method of de« 
scribing this curve mechanically by points, thus : 

In the transverse ab, produced, take the foci f, f, and 
any poiat i. Then widi the radii ai, bi, and centres f, f, 
describe arcs intersecting in e, which will be a point, in the 
curve. In like manner, ^suming other points x, as many 
other points will be found in the curve. 

Then, with a steady hand, the curve line may be drawn 
through all the points of intersection e. 

In the same manner are constructed the other two ci con* 
Jugate hyperbolas, using the axis ab instead of ab. 

THEOREM VI. 

If from any Point i in the Axis, a Line il be drawn touching 
. theCurve in one Point L ; and the Ordinate Lm be drsiwn; 
and if c be the Centre or the Middle of ab : Then shall 
CM be to ci as the Square of am to the Square of ai. 

ft 

That is, 

CM ; CI : . am* : ai*. 




no CONIC SECTIONS. 

For, from the point i draw any liiie t£H to cut the curve 
in two pokits £ and h } from idiich let fall the pexps^ ed, hC i 
and bisect dg in K» - 

Then, by theor. 1, ad . db : AG . gb : : de* : gh% 
and by sim. triangles, id* ' : IG* : : de* : gh*; 
thereh by equality, ad . db : AG • gb : : id* : i6% 

But DB = CB + CD =CA+CD=CG + CD — AG=52CK — AG, 

and GB = CB ^-CG =ca+cg =cg+cd — ad=:2ck — ad; 
theref. ad . 2ck— ad . ag : ag : 2ck — ad . ag : : id* : lo*, 
and, by div. dg . 2cK : ig* — id* or dg • 2xk : : ad • 2cK 

— AD. AG : ID*. 

or - 2cK :2iK :: AD. 2cac — AD . AG : ID*; 

or AD . 2cK : ad . 2ik : : ad . 2ck: — ad . ag : id*; 

theref. by div. ck : iK : : ad . AG : ad • 2iK — id*, 

and, by div, ck : ci :: ad • ag : i»* — • ad . id + ia» 
or - CK : ci : : AD . AG : Ai*. 

But, when the line ih, by revolving about the point i, 
comes into the position of the tangent iL, then the points e 
and H meet in the point L, and the points d, k, g, coincide 
with the point m ; and. then the last proportion becotnes 
CM : ci : : am* : Ai*. q. E* b. 



^ ' THEOREM Vir. 

-If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis ; the Semi-tS'ansverse 
' will be a Mean Proportional between the Distances of the 
;..said Two Intersections from the Centre. 




That is, 
-CA isa mean proportional between 
CD and CT ; or cd, c a, ct, are con- 
tinued proportionals* 



. For, byth. 6, cd : ct :: ad* : At*, 

that is, - CD : ct :: (cd — ca)* : (cA — ct)% 

or - - CD : CT ::cD*+cA* : ca*+ ct*, 

and - - CD : DT : : CD* + ca* : cd* — ct*, 

or - - CD : DT : : cd* + ca* : (cd+ ct) dt, 

or CD* : CD . DT : : cd* + ca* : cd . dt + ct . td) 

hence cd* : ca* : : cd . dt : ct . td, 

and CD* : ca* : : cd : ct, 

theref. (th. 78, Geom.) cd : CA : : ca : cd. q. e. d. 



Of the hyperbola. 1 1 1 

Corol. Since cr is always a third proportional to CD^ ca; 
if the points D, A, renudn constant, then will the point t be 
constant also ; and therefore all the tangents will meet in 
this point T, which are drawn from the point e, of every 
hyperbola described on the same axis ab, where t^y are cut 
by the common ordinate dj^e drawn from the point d. 



THEOREM VIII. 

If there be any Tangent meeting Four Perpendiculars to 
the Axis drawn from these four Points, namely, the Centre, 
the two Extremities of the Axis, and the Point of Contact i 
those Four Perpendiculars will be Proportionals. 



That is, 
* AG : D£ :: CH : BT. 




For, by theor. 7, tc : ac : : ac : dc, 
theref. by div. ta : ad :: tc : AC'or c», • 

and Iby comp. t A : td : : re : tb, 

and by sim. tri. ag : de : : ch : bi. q. e. d. 

Carol. Hence ta, td, tc, tb7 , • . . 

and TC, TE, TH, Ti 5 ^^"^^^ proportionals. 

For these are as ag, de, ch^ bi, by similar triangles. 

THEOREM IX. 

If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact ; these two Lines will make 
equal Angles with the Tangent. 



That is, 
the ^ FET = Z. fee. 



For, draw the ordinate de, and fe parallel to TE. 
By cor. 1, theor. 5, ca : cd :: cf : ca + Fag:, 
and by th. 7^ CA ; cp ;: gt : CA^ 

- * therefore 



IIS 



oymc sscnoNS. 



therefore - ct : cf : : ca : ca + fe ; 
andbyadd-andsub. tt -.Tf ■.itB i2ca + fb or fs bfth. 5. 
ButbT.siin. tri. TF:Tf !:Fe: fe; 
therefore - fk=fe, and cooseq. ^e = ^fEe; 
But, because fe is parallel to fe, the z. e = /. fkt ; 

thereferethe ^tar = ^{eb. <^b.d. 

Carol. As opticians find that the angle of incidence is equal 
to the angle of reflexion, it appears, from this proposition, 
that rays of light issuing from the one focus, and meeting the 
curve ia every point,' will t)e reflected into lines drawn n-om 
the other focus. So the ray fk is reflected into fe. And 
diis is the reason why the points f, f, are called _/Ari, or 
burning points- 

THEOREU X. 

All the Parallelograms inscribed between the four Conjugate 
Hyperbolas are equal to one another, and each equal to 
tbe Rectangle of the two Axes. 



That is, 
the parallelogram pqRs = 
the rectangle ab . ab. 



Let EG, eg be twp conjugate diameters parallel to the sides 
of the parallelogram, and dividing it into four less and equal 
parallelograms. Also, draw the ordinates de, de, and cc 
perpendicular to pqj and let the axis produced meet the sides 
of the parallelograms, , produced, if necessary, in T and t. 

Then, by theor. 7> ct : C4 :: ca : CD, 
and - - ct : CA : : CA : cd i 

theref: by equality, ct : ct :: cd : CD; 
ct :: TD ; cd,- 
cd : : cd : cd, 
DC is = the square cd'. 




but, by sim. triangles, ct 

theref. by equality, T» 

and the rectangle td 

Again, by theor. 7, CD 

or, bydivision, cd 

and, by composition, cd 

coaseq. the rectangle cd . dt = cd''= 



* Carol. Because cd* = ad . db 3 cd» • 

therefore ca*3=CD"— cd*. 
In like manner - ca* ~ie* — vb*. 



But. 



Op the hyperbola. 



lis 



But| by theor. 1^ 
therefore 
In like manner, 
or - - 

But, by theor. 7, 
theref. by equality. 
But, by sun. tri. 
theref. by equality, 
and the rectangle 
But the rect. 
theref. the rect. 
conseq. the rect. 



CA 
CA 

ca 

CT 
CT 
CT 
CK 
CK 
CK 
CA 
AB 



ca* : 
ca : 
ca : 
de : 
CA : 
CA : 
CK : 
CA : 
ce 
c^ 
ce 
ab 



: (ad . DB or) cd^ : de% 



: cd 
: CD 
: CA 
: CA 
: ca 
: ce 
: ca 



DS; 

de; 

CD. 

CD; 
de. 
de; 
ce. 



= CA . ca. 



the parallelogram CEPe^ 
the parallelogram C£pe, 
the parah pqrs. q^ £. d. 



THEOREM XI. 



The Difference of the Squares of every Pair of Conjugate 
Diameters, is ^qual to the same constant Quantity, namely 
the Difference o£ the Squares of the two Axes. 



That is, 
AB* *- ab* == EG* — eg* ; 
where eg, eg are any conjugate 
diameters. 



For, draw the ordinates ed, ed. 
Then, by cor. to theor. 10, ca* = cd* - cd*, 
and - - - - ca* = de* - de*; 
theref. the difference cA* - ca* = cd* + de* - cd* - de". 
But, by right-angled As, '' ce* = cd"* + de*, 




and 

theref. the difference 

consequently 

or, by doubling, 



ce* = cd* + de* ; 
ce* — ce* = CD* + de* ^ cd* — de*. 
CA* — ca' = ce.* — ce* ; 
AB* — ab* = EG* - e^. 



Q. E. D. 



THEOREM XIJ. 



All the Parallelograms are equal which are formed between 
the Asymptotes and Curve, by Lines drawn Parallel to 
the Asymptotes. 



That is, the lines gb, ek, ap, aq, 
being parallel to the asymptotes ch, cl ; 
then the paraL cgek =k paral. cpaq. 



You n. 




For, 



144 co^ri^CTica^s. 

Vot, let A htrtke vwtex of the curve, or extremity of the 
semi-transverse axis aC| ©erp.. to wUch draw al or a1, which 
will be equal to the semi-conjugate, by definition 19. Also, 
draw H£i>eh paraUel to tl, '- 

Then,bytheor. 2^ qa' : al* :: cd* -^ ca* : i>R% 
and, by parallels, ca* : a^* : : ci> : dh*} 
theref. by subtract, ca* : al* : : ca* : PH* — de* or 

rect. HE • £h ; 
consec^ the square AL* => the reqt« he • £h. 

But, by sim. tri. pa : al : : ge : eh, 
and, liy the same, ^ : a1 : : ek : Bh ; 
theref. by comp. pa . a(^ : al* : : ge . ek : he . Eh ; 
and, because al* = he . Eh, theref. pa . a<^= ge • ek. 

But the parallelograms cgek, cpaq, being equiangular, are 
as the rectangles ge . ek and pa . aq^ 

Trtierefore the parallelogram gk = the paral. pq. 

That is, all the inscribed parallelograms are equal to one 
another. <^ s. D. 

CoroL 1. Because the rectain^e gek or cge is oMistant, 
therefore ge is reciprocally as cg, or cg : «f ::j&a : ge. 
And hence the asymptote continually approaches towards the 
curve, but never meets it : for ge decreases continually as 
cg increases ; and it is always of some magnitude^ except 
when CG is supposed to be infinitely great, for then g£ is 
infinitely small, or nothing. So that the asymptote cg may 
be considered as a tangent to the curve at a point infinitely 
distant from c. 

CoroL 2. If the abscisses gd^ ge, 
CG, &c, taken, on the oHe asymp- 
tote, be in geometrical progrtsston 
increasing;, then shall the ordi- 
nates dh, ei, gk, &c, paraUel to 
the other asymptote, be a decreas- 
ing geometrical progression, hav- 
ing the same ratio. For, all the 

rectangles cdh, cei, cgk, &c, bring equa^ the ordinates 
DH, EI, GK, &c, are reciprocally as the abscisses gd, ce, cg, 
&c, which are geometricals. And the reciprocals of geome- 
tricals are also geonietrkals, and in the $ame ratio, but de* 
creasing, or in converse order. 
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THEOREM XIU4 

The three following Spaces, between the A«jrmpf otei Mid 
the Curve, are equal; namely, the Sector or Trilinear 
Space contained by an Arc of the Curve and two Radil» 
or Lines drawn from its Extremities to the Ccditrt ; and 
each of the two Quadrilaterals, contained by the said Are» 

. tnd two Lines drawn from its Extremities parallel to 9t)# 
Asymptote, and the intercepted Part of thd other Alyn^ 

. tote. 



That is. 
The sector cab = pxeg = QAut, 
all standing on the same arc ae. 



For, by theor. 12, cpaq^= cgek ; 
subtract the common space cgiq, 
there remains the paral. PX^ = the par. IK ; 
to each add the trilineal iae, then 
th^ sum is the quadr. paeg = q^ek. 

Again, from the quadrilateral caeK 
take the equal triangles CA<^ cek, 
and there remains the sector cae = <^^£ii* 
Therefore cae = <^e1C = paeg. q. e. d. 




Of the PARABOLA, 



THEOREM I. 



The Abscisses are Proportional to the Squares of their 

Ordinates. 

Let avm be a section through V 

tj^axis of the cone, and agih a / \ 

parabolic section by a plane per- / /^ 

pendicubr to the former, and '/ /C/\\x 

psurallel to the side vM of the ///r^ 

cone ; also let afh be the com- m /^X/ /^ Xw 
mon intersection, of the two / *•• -irS/'^.. •''*^ 
planes, or the ^is of the para- ^ 

bola, and fg, hi ordinates per- 
pendicular to it. 

1 2 Then 
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CONIC SECnONS. 



Then it will be, as af : ah : : fg^ : hi*. 

For, through the ordinates fg, hi draw the circular see* 
tions, KGL, MiN, parallel to the base of the cone, having. Ki^ 
MN for their diameters, to which fg, hi are ordinates^ as 
well as to the axils of the parabola. 

Then, by similar triangles, af : ah : : fl. : hn ; 
but, because of the parallels, kf = mh ; 

therefore - - - af : ah : : kf . fl : mh . hn. 
%it,;by the circle, kf . fl = fg*, and mh . hn = hi* ; 
Therefore - - - af : ah : : fg* : hi'^. q. e. ». 

Ff^* HI* 

CoroL Hence the third proportional — or — is a con- 

AF AH 

stant quantity, and is equal to the parameter of the axis by 
defin. 16. ' 

Or AF : FG : : FG : P the parameter. 
Or the rectangle p . af = fg*. 



THEOREM IJ. 

As the Parameter of the Axis : 
Is to the Sum of any Two Ordinates : : 
So is the Difference of those Ordinates : 
To the Difference of their Abscisses : 



That is, 
p : GH + DE : : GH - 
Or, P : Ki : : IH : lE. 



DE ; DG, 




For, by cor. theor. 1, p , ag = Gft^ 

and - . - - p . AD = DE* 5 

theref. by subtraction, p i, dg = gh* — de*. 

Or, - - - P . dg = KI . IH, 

therefore - - p : Ki :: ih : dg or Ei. c^e. ix 

Corol. Hence, because p . ei =x ki . ih, 
and, by cor. theor. 1, p . ag = gh*, 
therefore - - ag : ei : : gh* : ki . ih. 

So that any diameter Ei is as the rectangle of the seg- 
ments ki, ih of the double ordinate kh. 



theorem 



Of thb parabola. 
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THEOREM III. 



The Distance from the Vertex to the Focus is equal to ^ of 
thp Parameter, or to Half the Ordinate at the iFocus. 



That is, 
where f is the focus. 



For, the general property is af : fe : : fe : P. 

But, by definition 17, - fe = ^p ; 

therefore also - - af = 4fe = ^p q. e« d. 




theorem IV. 



A Line drawn from the Focus to any Point in the Curve, is 
eaual to the Sum of the Focal Distance and the Absciss 
of the Ordinate to that Point. 



That is, 

fe = FA + AD = CD, 

taking AG = af. 




For, since fd = ad co af, 



theref. by squaring, 

But, by cor. theor. 1, 

theref. by addition. 

But, by right-ang. tri. 

therefore 

and the root or side is 

er - - - 



FD* = AF* — 2AF . ad + AD% . 
DE* = P . ad = 4fAF . AD i , . 
FD* + DE* = AF* + 2aF. AD + AD% 
FD* + I>E* = FE* 5 
FE* = AF* + 2aF . AD + AD^ 
FE = AF + AD, 

FE = GD, by taking AG r- a». 

Q. £. 1>« 



Corel. 1. If, through the point G, the II HH O I ITIU 



line GH be drawn perpendicular to the 
axis, it is called the directrix of the 
parabola. The property of which, 
Irom.tliis theorem, it appears, is this: 
That drawing any lines he parallel to 
the axis, he is always equal to fe the 
distance of the focus from the point e. 




CcroL 
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jpQNie aficnoNSL 



CoroL 2. Hence also the curve is cjasily described fey points, 
Nainel7> in the axis produced take AG = af the focal dis- 
tancc; and draw a number of lines £e perpeQdicylar to tbt 
axis AD i then with the distances GJ>p GV^ QD* S^Cj a$ .rajtii* 
atid |he centre Fi draw arcs crossing the parallel prdinates 
in )ti £| £> &c. Then draper the ciirve through al^ thp poixnti^ 



£• E« £• 



THEOREM V. 

|f a Tangent jbe drawn to any Point of the Parabola, meet» 
ing the Axis produced ; and if an Ordinate to the Axis be 
drawn from the Point of Contact ; then the Absciss of 
that Ordina^te will be equal to the Pxt^mal Part pf ^th^ 
Axis* 

That is, 
if Tc touch the curye 
at the point c ; 
then is at = am. 



FoR^ from the pdnt t, draw any line cutting the . curve 
in the two poinds bj h : to which draw the ordinates qe^ gh} 
tiso draw the ordinate uc to the point of contact c. 

Then, by th. 1, ad : ag :: de^ : gh*j 
and, by sim. tri. rp^: tg^:: de** : ^H^j 
thcref. by equality, ad : ag :: td* : to*j 

and, by divbion^ ad : dg : : td* : tg* — Tr>* wpG .Tp+TP| 
6r - - Ap : Tp : : Tp : Tp + TG ^ ^ 

and, by division, 
and again by div, 
or " - 




TG, 



Ap : AT :: Tp 

AD : AT :: AT : A<^\ 

At is a ^lean propor. bet\veen ap, ag* 

NoT^, if the line TH be supposed to revoke about tKe 
point T ; then, as it recedes farther ifrom the axis, the pointy 
E and H approach towards each other, the point £ deskrcnd- 
}n^, and the point k ascending, till at last they meet in the 
point c, when the line becomes a tangent tq the curve at c. 
And then the points d and g meet in the point m, and the 
ordinates PE, GH in the ordinates cm. Consequently Ad, ag, 
becoming each equal to am, their mean proportional at will 
be equal to th^e absciss am. That is, the external part of the 
axis, cut off by a tangent, is equal to the absciss p( the ordi- 
liate to the point of contact. <^ e. p. 

' THEOREM 



Or. ^B ftARA9QhA. 
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TB&OKEM VI. 

tf a'tah^ilt t6 tihe Curve meet the Axisproduced 5 thiin 
* -rft^ 1*1116 dfiitirh firoih the Focus to the roint of Contact, 
wiQ be eaud to the Distance of the Focus from the Inter- 
" section ot the Tangent and Axis. 



'*' 



»' 



^ • 



T1iati3, 



' *C :t= TT. 




For, draw the ordinate dc to the point of contact c. 

Then, by tbeor. 5. at = ad ; 
therefore - ft = af + ad. 

But, by theor. 4, i^c = af + ad ; 

theref. by equality, FC = ft. (^ E. !;>• 

CW. t. If CG be drawn perpendic«ilar t» the curve, ot to 
the tangent, at c ; then shtftt F^.^as fc3= ft. 

For, draw fh perpendicular to tc, Whicft "^ifl «lso blsedt 
Tc, because F*r ^ *c 5- and therefore, by the natut* of thfe 
parallels, fh also bisects tg in F. And consequently .fq == 

rT=* FC. : ; 

So that F is the centre of a circle passing through T,<^ G. 

(loro'L^. The tangent at the rertcx AH, is a mean proppx'- 

tional between af and ad. ^ . 

For, because Ifht is a right angle, 
therefore - ah is i mean between af, at, 
Ar.betw^en - af, ad, because ad = at, 
tiikeiwse, - f:h is a mean between J A, FT, 

or between fa, fc. 

CotgI. 3. The tangent tc makes equal angles with fc and 

the axis rr. 

For, because ft = fc, 
therefore the ^ fct = z. vtq* 
Also, the angle gcf = the angle gck, 
drawing ick parallel to the axis ag. . ; . 
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CoroL 4. And because the angle of incidence 6CK is =s 
the angle of reflection gcf^ theiNefore a ray of light falling 
on the curve in the direction kg, will be reflected to the 
focus F. '^That is, all rays parallel to the axisf are reflected 
to the focus, or burning point. 



THEOREM VII. 



If there be any Tangent, and a Double Ordinate drawn from 
the Point of Contact, and also any Line parallel to the 
Axis, limited by the Tangent and Double Ordinate : then 
shall the Curve divide that Line in the same Ratio, as the 
Line divides the Double Ordinate. 



That is, 

IK • £K • • CK • K.L. 



For, by sim. triangles, ck 
but, hj the def. the param. p 
therefore, by equality, . p 
But, by theor. 2, - - p 
therefore, by equality, cl 
and, by division, - CK 




KI 

CL 

CK 

CK 

KL 

KL 



*■* 



ICB 



CD : DT or 2dai ' 
CD : 2da; 

CL : KI. 

KL : ke; 

KI : K£; 

I£ : £K. Q. £. JV 



THEOREM VIIL 



The same being supposed as in theor. 7 ; then shall the Ex- 
ternal Fart of the Line between the Curve and Tangent, 
be proportional to the Square of the Intercepted Part of 
the Tangent, or to the Square of the intercepted Part of 
the Double Ordinate. 



That is, IE is as ci* or as ck*. 
and IE, TA, ON, PL, &c, 
are as ci*, ct*, co% cp% &c, 
or as CK% CD% cm% cl% &:c. 




For, 



Of the parabola. 



T21 



Fon, by theor. 7, lE : ek :: CK : kl, . 
«r,-by equality, IE : ek :: cK* : ck . kl, 

But, by cor. liu 2, ek is as the rect. ck . kl, 
therefore - - ie is as ck*, or as ci*. 



^ £. s, 



CoroL As this property is coditA6n to every position of 
the tangent, if the lines lE, ta, on, &c, be appended to the 
points I, T, o, &c, and moveal^ about them, and of such 
lengths as that their extremities £« a, K, &c, be in the curve 
-of a parabola in some one position of the tangent ; then 
n^akingthe tangent revolve about the point c, it appears that 
the extremities e, a, n, &c, will always form the curve of 
some parabola, in every position of the tangent. 



theorem IX. 

The Abscisses of any Diameter, are as the Squjtres of their 

Ordinates. 



That is, CQ, cr, cs, &c, . 
are as qe*, ra% sn% &c. 
Or - c<^ : CR : : <^* : ra**, 
&c. 




For, draw the tangent ct, and the externals e^, at, ^o, 
&c, parallel to the axis, or to the diameter cs. 

Then, because the ordinates qE, ra, sn, &c, are parallel 
to the tangent ct, by the definition of them, therefore all 
the figures iq, tr, os-, &c, are parallelograms, whose op- 
posite sides are equal, 



namely, - - ie, 
are equal to - - cq. 
Therefore, by theor. 8, cQ, 
are as - - - ci\ ct* 



TA', 

cr, 
cr. 



ON, Sec, 
cs, &c. 
cs, &c. 



or as their equals - qe'**, ra'^, sn'-, &c. 



<5^ E. D. 



CoroL Herej like as in theor. 2, the difference of the ab- 
scisses is as the difference of the squares of their ordinates, 
or as the rectangles under the sum and difference of the or- 
dinates, the rectangle under the sum and difference of the 

ordinates 
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CONIC SECTIONS. 



ordinates being tipai to the . rectangle under the diffiirance 
of the abscisses and the parameter of that 4uMneter» or a 
third proportkmal to any abscw and iu ordinate* , 



THIOUBSf X* 






If a Line be drawn parallel to any Tangent> and cuf: the 
Curve In two Points ; then if two Ordinates he dnrtrn- to 
the Intersections^ and a third to the Pmnt of Goi^oalti 
Atst three Ordinates will be in Arithxn#tic)^Pi1igt«ftA9jll 
or the Sum of the EKtremes wiH be equal tOiDwEMetlie 
Mean» 



That 15, 

EG + HI = 200. 




For, draw jsx. parallel to the axis, and produce Hi td L. 
Then, by sim. triangles, ek : hk : : ro or 2ad : c^ ; 
but, by theor. 2, - £K : hk ::.KL : {>^the param. 
theref. by equality, - Sad : kl : : cd 
But, by the defin. - 2 ad : 2cd:: cd 
theref. the 2d terms are equal, kl = 2cd, 

that is, - - EG + HI r= 2CD. Q. E.,D, 

Carot* When the point e is on the other side of Al ; then 

HI - CE « 2CD. 



P. 



THEOItEM XI. 



Any Plamcter bisects all its Double Ordinates, or Litiies 
parallel to the Tangent at its Vertex. 



That is, 




J . .i.'- 



Fo^, 



Foit> to the astis ai tlraw tke. ordinattts BOy^ci)! Ut]^* ftad 

juiN'parallel to them^ whichiBrequ^ to CD* 

Then, bylheor. 10, 2mn or 2cd = eg + hi, . 
therefore m is th^ middle of eh. 

An4f for the same reason, all its parallels are bisected. 

ScHOL. Hence, as the abscisse? of any diameter and their 
«rdmates have the same relations as thbse of the axis, namely^ 
itjiat the ordinates are bisected by the diameter, and their 
€G[uares proporti(Mial to the abscisses ; so all the other pro- 
^rties of the axis and its ordinates and abscisses^ befoire de^ 
monstrated, will likewise hold good for any diameter and its 
ordinates and abscisses. And also those of the parameters, 
•understanding the parameter of any diameter, as a third 
proportional to any absciss and its ordinate* Some of the 
jnost material of which are demonstrated in the following 
theorems: 

THEOREM XII. 

The Parameter of any Diameter is equal to four Times the 
Line drawn from the Focus to the Vertex of that Dia- 



That is, 4fc = p, 
^he param. of the diapj* CM. 



.■; f 



FoK, draw the ordinate UA parallel to the tangent CT : 
;as also CD, mn perpendicular to the axis ak, and fh per* 
pendicular to the tangent cr* 

Then the abscisses ad, cm or at, being equal, by theor. 5, 
^he parameters will be as the squares of the ordin;4tes C0, 
MA or CT, by the definition j^ 

that is, - - p : p ; : cd* ' : CT*, 
But, by sim, tri. fh : ft :: cd : ct; 

therefore - p : p :: :ph^ ; ft*. 

But, by cor. 2, th. 6, fh* = fa . ft ; 
therefore - p : p : : fa . ft : ft». 

.<i>r, by equality - ^ • P • • ^A : fT or FC 

But, 
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But, by theor. 3, 
and therefore - - 



P s= 4fFA, 

p sitoT or 4fc. 



^ £• B« 



Corel. Hence the parameter p of the diameter cm is equal 
to 4fa + 4ad, or to p + 4ad, that is, the parameter of the 
axis added to 4ad. 



THEOREM XIII. 



If an Ordinate to any Diameter, pass through the Focus, it 
willjbe equal to Half its .Parameter ; and its Absciss ^qu^Jt 
to One Fourth of the same Parameter, 



That is, CM = ^p, 
and ME = ip. 




For, jeia re, and draw the tangent ct. 



By the parallels, cm 

and, by theor. 6, fc 

also, by theor, 1 2, fc 

therefore - - cm 



FT ; 

FT J 



i-p. 



Again, by the defin. cm or -Jp : mk :: me : p, 
and consequently me = ip = 2cm. 



Carol. 1. Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, 
or to quadruple its absciss. 



Corol. 2. Hence, and from cor. I 
to theor. 4, and theor. 6 and 12, it 
appears, that if the directrix gh be 
drawn, and any lines he, irk, pa- 
rallel to the axis •, then every parallel 
HE will be equal to ef, or -| of the 
parameter of the diameter to the 
point E. 



J/_Ji.. Cv_iL_H^ 




theorem 
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THEOREM XIV. 

If there be a Tangent, and any Line drawn from the Point 
of Contact and meeting the Curve in some other Point, as 
also another Line parallel to the Axis, and limited bv the 
First Line and the Tangent : then shall the Curve aivide 
this Second Line in the same Ratio> as the Second Linie 
divides the First Line. 



I That is, 

lE a EIL • • CIl • &L« 




For, draw lp parallel to IK, or to the axis. 

Then by theor. 8, ie 

or, by sim. tri. - ie 

Also, by sim. tri. ik 

or - - ; IK 

therefore by equality, ie 

or - - - IE 

and, by division, , ie 

Coroi. When CK = KL, then ie =* £K = 4.1K. 



PL :: cr : c?*, 

PL : : CK* : cl** 

PL : : CK : cl, 

PL : : CK* : CK . CL ; 

IK : : CK . CL : CL^; 

I Iv • • K/Ak • \^Lt , 



Q. £. D. 



THEOREM XV. 

If from any Point of the Curve there be drawn a Tangent, 
and also Two' Right Lines to cut the Curve ; and Dia- 
meters be drawn through the Points of Intersection E and 
L, meeting those Two Right Lines in two other Points G 
and K : Then will the Line Kc/ joining these last Two 
JPoints be parallel to the Tangent. 




* For, 



]«; 



c&mc^^n&fjSi 



• Tdft, by ttcor. 14, ck 
ind by compositionj cc 
and by the parallel 
Bati by sim. tru - 
tberiell by equal. - 
consequently 
and tberefore 



: KL :t EI 

: CL :: £i 
CK : Ch :: GH 
CK : CL :: Ki 
Ki ;^ LH : t GH 
KI = GHf 

KG is parallel and equal tp XH. 



£K; 

ki; 
lh; 

LHl 

lh: 



&Dw 



THEOREM XVI. 

If a Rectangle be described about a Parabohi having the 
same Base and Altitude ^ and a diagonal Line be drawn 
from the Vertex to the Extremity of the Base of thfe Para:^. 
bola, forming a right-angledTriangle, of the same Base ah(). 
Altitude also ; theii any Line or Ordinate drawn s^crbss^e' 
three Figures^ perpendicular to the Axis, will be cut m,' 
Cdminual Proportion by the Sides of those Figures* 



EF 



That is, 
EG :: BG 



EH, 



Or, EF, EG, £H, are in con» 
tinued proportion^ 

For, by theon I, ab : 

and, by sim, tri. - ab : 

theref. of equality, ef : 

that is - - EF : 



theref. by Geom. th. 78, ef, eg, eh are proportionals. 



AE 
AE 
BC 
EH 












BC' 
BC 
EG^ 
EG' 




or 



EF : EG 






EG ; BH. 



<^.'t.Dt 



THEOREM XVII. 

The Area or Space of a Parabola, is equal to Two^Thirds^ 
of its Circumscribing Paralfelogram, 

That is, the space abcga = |-abcd ; 
or, the space abcga = ^-^bcd. 

For, conceive the space adcga to be composed 'of, or 
divided into, indefinitively small parts, by lines parall^^l to 
DC or AB, such as ig, which divide ad into like sinall and 
equal parts, the number or sum of which is expressed by the 
line ad. Then, 



by the parabola, Bc^ : eg^ 
that is, - AD* : 41* 









ab 

DC 



AE, 

IG. 



Hcnc^ 
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Hence it follows^ dtat any one of these nirro^ PV^ as 

DC 

iG, is ^ — X Ai' ; hence^ ad and DC beinr «ven or 

AD* 

constant quantities, it appears that the said parts !€» 8k, are 
proportional to ai% Sec, or proportional to a series of square 
numbers, whose roots are in arithmetical progression, and the 

DC 

area adoga equal to — drawn into the sum of such a series 

AD* 

of arithmetic's, the number of which is expressed by ad. 

Now, by the remark at pag. 233, vol. i, the simi of the 
sqiiares of such a series of arithmetical, is expressed by 

•|^« n 4~ ^ •2n'+ 1, wkere n denotes the number of them. 
Ed the present case, ft represents an infinite number, and 
theft the two factors « + I, 2/i + 1, become only n and 2/r, 
omittihg the 1 as inconsiderable in respect of the infinite 
number n : hence the expression above becomes barely 

To apply this to the case above : a will denote ad or bc ; 
and the sum of all the ai^'s becomes i^ad' or -j-BC^ } cons«* 

quently the sum of all the -B£. x ai^ is x |ad^ = 

AD* AD* 

|ad . DC :=s -^NX, which is the area of the exterior part adcga. 
That is, the said exterior part adcga, is y of the parsdlelogram 
abcd ; and consequently the interior part abcga i$ 7 of the 
same parallelogram. Q. E. D. 

Carol, The part afccta, inclosed between the curve and 
the right line afc, is ^ of the same parallelogram, being the 
difference between abcga and the triangle abcfa, that is 
between J- and i of the parallelogram. 



THEOREM XVIIT. 

The Solid Content of a Paraboloid (or Solid generated by 
the l^otation of a Parabola about its Axis), is equal to HabF 
its Circumscribing Cylinder. 

Let ABC be a paraboloid, generated by the tt>tation of 
the parabola ac about it^ axis ad. Su|>pose the axis ad be 
divided into an infinite number of equal parts^ through 
which let circular planes pass, -as efc, all those circles making 
tip the whole solid paraboloid. 
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Now if r = the number 

.S-14?16», then 2r x fg is the 

circumference of thecircleEFG 

whose radius is fg; therefore 

c X fiG* is the area of that circle, ij 

But, by cor. theor. 1, Parabola, / 'x af = re*, where /> 
denotes the parameter of the parabola; consequently /r x af 
will also express the same circular section eg, and therefore 
pc X the sum of all the af!s will be the sum of all those 
circular sections, or the whole content of the solid para- 
boloid. 

But all the af's form an arithmetical progression, begin-* 
ning at or nothing, and having the greatest term and the 
sum of all the terms each expressed by the whole axis ad. 
And since the sum of all the terms of such a progression, is 
equal to -J^AD X AD or tAD** half the product of the greatest 
term and the number of terms ; therefore 4^ ad* is equal to the 
sum of all the af*s, and consequently pc x i^^y of -Jr X 
p X ad% is the sum of all the circular sections, or the con- 
tent of the paraboloid. 

DC* 

But, by the parabola, / : do : : dc : ad or / = — \ 

AD • 

consequently 4^ x /> x ad* becomes ^r x ad x DC*for the 
solid content of the paraboloi<4. But r x ad x re* is equal 
to the cylinder bcih ; consequently the paraboloid is the half 
of its circumscribing cylinder. q. e.'D. 



THEOREM XIX. 

The Solidity of the Frustum begc of the Paraboloid, is equa! 
to a Cylinder whose Height is df, and its Base Half the 
Sum of the two Circular Bases eg, bc. 

For, by the last theor. ^^pc x ad* = the solid abc, 
and, by the same, \;pc x af" = the solid aeg, 

theref. the difF. 4-/>r x (ad^— AF*) = thefrmt. beqc. 

But AD* — AF^ = DF X (ad + Af), 

theref. \pc x i)F x (ad + af) = the frust. begc. 

But, by the parab. / x ad = dc*, and^ x af = EGr*5 

theref. ^r x df x (dc* + fg'^) = the frust. begc. 

q. E, i>, 

OF 
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OF MOTION, FORCES, &c. 



DEFlJfltlONS. 

I 

Art, 1 . BODY is the mass, or quantlt;^ of matter, in any 
fciaterial substance ; and it is always proportional to iti 
Veight or gr^avity, whatever its figure may be. 

2w Body IS either Hard, Soft, or Elastic. A Hard Body 
fc that whose parts do not yield t6 any jsti^oke or percussion, 
but retains its figure unaltered. A Soft Body is' that whose 
parts yield to any stroke or impression, without restoring 
riiemselves again ; the figure of the b(idy reiViaining altered. 
-And an Elastic Body is that whose parts yidd to any stroke, 
fcut which presently restore themselves again, and the body 
^regains the same figure as before the stroke. 

^ \Ve know of no bodies that are absolutely, or perfectly, 
«ther hard, soft, or elastic ; but all partaking these proper- 
ties, m6re or less, in 'some intermediate degree. 

3. Bodies are also either Solid or Fluid. A Solid Body, 
Ss that TY^hose parts are not easily moved among one another, 
^nd which retains any figure given to it. But a Fluid 
il5ody is that whose parts yield to the slightest impression, 
leing easily moved among one another; and its surface, 
"^^en left to itself, is always observed to settle in a smooth 

ane at the top. 



4. Density is the proportional weight or quantity of mat- 
-t'er in any body. So, in two spheres, or cubes, &c. of 
^qual size or magnitude ; if the one Weigh only one pound, 
Isut the other 2 pounds ; th^n the density of the latter is 
Rouble the density of the former;, if it weigh 3 pounds, its 
density is triple ; and so on. 

5. Motion is ^ continual and successive change of place.— 
If the body move equally, or pass over equal spaces in equal 
times, it is called Equable or Uniform Motion. But if it 
increase or decrease, it is Variable Motion ; and it is called 
Accelerated Motion in the former case, and Retarded Motion 
in the latter. — Also, when the moving body is considered 

Vol. II. K with 
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with respect to some other body at rest, it is said to be Afr^ 
solute Motion. But when compared with others in motion, 
it is called Relative Motion. 

6. Velocity, or Celerity, is an affection of motion, by 
which a body passes over a certain space in a. certain time* 
Thus, if a body in motion pass uniformly over 40 feet in 
4 seconds' of time, it is said to move with the velocity of 
10 feet per second j and so on. 

7. Momentum,, or Quantity of Motion, is the power of 
force in moving bodies, by which they continually tend 
from their present places, or with which they strike any 
obstacle that opposes their motion. 

8. Force. is a power exerted on a body to move it, or to 
stop it. If the. force act constantly, or incessantly, it is a 
Permanent Force: like pressure or the force of gravity. 
But if it act instantaneously, or but for an imperceptibly 
small time, it is called Impulse, or Percussion : like the smart 
blow of a hammer. 

9. Forces are also distinguished into Motive, and Accele- 
• rative or Retarding. A Motive or Moving Force, is the' 

power of an agent to produce motion y and it is 'equal or 
proportional to the momentum it will generate in any body, 
when acting, either by percussion, or for a certain time as a 
permanent force. 

10. Accelerative, or Retardive Force, is commonly un- 
dertood to be that which affects the volocity only : or it is 
that by which the velocity is accelerated or retarded j and it 
is equal or proportional to the motive force directly, and to 
the mass or body moved inversely. — So, if a body of 2 pounds 
weight, be acted on by a motive force of 4?0 ; then the acce- 
lerating force is 20. But if the same force of 40^ act on 
another body of 4? pounds weight ; then the accelerating force 
in this latter case is only 10 ; and so is but half the former, 
and will produce only half the- velocity. 

1 1 . Gravity, or Weight, it that force by which a body 
endeavours to fall downwards. It is called Absolute Gravity, 
when the body is in empty space j and Relative Gravity, 
wheiv immersed in a. fluid. 

12. Specific Gravity is the proportion of the weights of 
different bodies of equal magnitude r and so is proportional 
to the density of the bod/.. 

AXIOMS* 
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AXIOMS. 

is. Every body naturally endeavours to continue in its 
present state, whether it be at rest, or moving uniformly in 
a right line. 

14. The Change or Alteratioii of Motion, by any external 
force, is always proportional to that force, and in the direc- 
tion of the rigtit line in which it acts. 

, 15. Action and Re-action, between any two bodies, are ' 
tequal and contrary. That is, by Action' and Re-action, equal 
thanges of motion are produced in bodies acting on each 
bther ; and th^se changes are directed towards opposite or 
tontrary parts; 



GENERAL LAWS or MOTION, 8:c. 

if>R0P0SITI0N I; 

a 6. Tie Quantity of Matter^ in all Bodies^ is in the Compound 
Ratio rf their Magnitudes and Densities. 

That is, ^ is as md; where b denoted the body or quan- 
tity of matter, m its magnitude, and d its density. 

For, by art. 4, in bodies of equal magnitude, the mass or 
quantity of matter is as the density. But, the densities re- 
maining, the mass is as the magnitude : that is, a double 
magnitude contains a double quantity of matter, a triple 
magnitude a triple quantity, and so on. Therefore the mass 
is in the compound tatio of the magnitude and density. 

17. CoroL 1. In similar bodies, the masses are as the-den- 
sities ancf cubes of the diameters, or of any like linear di- 
mensions. — ^For the magnitudes of bodies are as the cubes of 
the diamieters, &c. 

18. CoroL 2. The masses are as the magnitudes and 
specific gravities.— For, by art. 4 and 12, the densities of 
bodies are as the specific gravities. 

19. Scholium, Hence, if b denote any body, or the quan- 
tity of matter' in it, m its magnitude, d its density, g its 

K 2 specific 
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specific gravity, and a its diameter or other dimension; then, 
oc (pronounced or named as) being the mark for general 
proportion, from this proposition and its corollaries we have 
these general proportions : 

b b . 

m oc — oc — oc «', 

d g 

d oc A.oc ^ c^^, 
m ^ a^ 

a^ozl^ocm oz!^. 
d d 



PROPOSITION II. 

20. The Mvmentuniy or Quantity of Motion f generated by » 
Single Impulse^ or any Momentary Force^ is as the Generating 
Force. 

That is, m is as f\ where m denotes the momentum^ 
and y the force. 

For every effect is proportional to its adequate cause, fio 
that a double force will impress a double quantity of mo- 
tion 5 a triple force, a triple motion ; and so on. That is, 
the motion impressed, is as the motive force which pro- 
duces it. 



PROPOSITION III. 

21. The Momenta^ or Quantities of Motion^ in Moving Bodies, 
ar^ in the Compound Ratio of the Masses and Velocities* 

That is, m is as bv. 

For, the motion of any body being made up of the mo- 
tions of all Its parts, if the velocities be equal, the momenta 
will be as the masses ; for a double mass will strike with a 
double force ; a triple mass, with a triple force ; and so on* 
Again, when the mass is the same, it will require a double 
force to move it with a double velocity, a triple force with a 
triple velocity, and so on ; that is, the motive force is- as the 
velocity; but the momentum impressed, is as the force which 
produces it, by prop. 2 ; and therefore the momentum is as 
the velocity when the mass is the same. But the momentum 
was found to be as the moss when the velocity is the same. 

Consequently, 
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Consequently, when neither are the same, the momentum is 
in the compound ratio of both the mass and velocity. 



PROPOSITION IV. 

22. In Uniform Motionsy the Spaces described are in the Con-^ 
pound Ratio of the Velocities and the Times of their Descrip" 
tion. 

That is, s is as tv. 

For, by the nature of uniform motion, the greater the 
velocity, the greater is the space described in any one and 
the same time ; that is, the space is as the velocity, when 
the times are equal. And when the velocity is the same, the 
space will be as the time \ that is, in a double time a double 
space will be described ; in a triple time, a triple spacer and 
so on. Therefore universally, the space is in the compound 
ratio of the velocity, and the time of description. 

23. Corol. 1. In uniform motions, the time is as the space 
4irectly, and velocity reciprbcally j or as the space divided 
by the velocity. And when the velocity is the same, the 
time is as the space. But when the space is the same, the 
time is reciprocally as the velocity. 

24?. CoroL 2. The velocity is as the space directly and the 
time reciprocally ; or as the space divided by the time. And 
when the time is the same, the velocity is as the space. But 
when the sjpace is the same, the velpcity is reciprocally ae 
th^ time. 

Scholium. 

25. In uniform motions generated by momentary impulse, 
iQt h = any body or quantity of matter to be moved^ 
f = force of impulse actihg on the body ^, 

V = >the uniform velocity generated in t, 

m = the momentum generated in b, 

s = the space described by the body b^ 

t = the time of describing the space x wijji the veloc. v. 

' Then from the last thtee propositions and corollaries, we 
have these three general proportions, namely, / oc m^ 
m oc bvy and s cc tv ; from which is derived the following 
table of the general relations of those six quantities, iu uni* 
fonn motions, and impulsive* or percussive forces : 

/ocm 
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By means of which, may be resolved all questions relating 
to uniform moticns> and the effects of momentary or impul^t 
sive forces. 

FRQPOSITJON V, 

26. The Momentum generated by a Constant and Uniform Force^ 
acting for any T'ime^ is in the €oinpound Ratio of the Forc^ 
and Time of Acting. 

That is, w is asy?. 

For, supposing the time divided into very small parts, by 
prop. 2, the momentum in eich particle of time is the same, 
and therefore the whole momentum will be as the whole 
time, or sum of all the small parts. But, by the same prop, 
the momentum for eacl^ small time, is also as the motivet 
force. Consequently the whole momentum generated, is in 
ihe compound ratio of the force and time of acting. 

27. CoroL 1. The motion, or momentum, lost or destroyed 
in any time, is also in the compound ratio of the force and 
tinie. For whatever momentum any force generates in z^ 

g'ven time ; the same momentum will an equal force destroy 
: the same or equal time ; acting in a contrary direction. 
And the same is true of the increase or decrease of motion, 
by forces that conspire with, or oppose the motion of bodies. 

28. Corol. 2. The velocity generated, or destroyed, in any 
time, is directly as the force and time, and reciprocally as^ 
^e body o^r mass of matter. — For, by this and the 'id prop. 
the compound ratio of the body and velocity, is as that of 
tl>e fqrce and time ; and therefore the velocity is as the force, 
and time divided by the body. And if the body and force 
be given, or constant, th^ velocity will be as t^ie time. 

FROPOSITIOM 
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PROPOSITION VI 



29. The Spaces passed over by Bodies^ urged by any Constant and 
Unifortn Forces^ acting during any Times ^ are in the Compound 
Ratio of the Forces and Squares of the Tisnes directly ^ and the 
Body or Mass reciprocally. 

Ory the Spaces are as the Squares of the Times y when the Force 
and Body are given. 

That is, / is as-^, or as /^ when f and h are given. 

b 

For, let V denote the velocity acquired at the end of any 

time /, by any given body by when it has passed over the 

space /. Then, because the velocity is as the time, by the 

last corol. therefore iv is the velocity at it^ or at the middle 

point of the time ; and as the increase of velocity is uniform, 

the same space s will be described in the same time /, by the 

velocity 4-v uniformly continued from beginning to end. But, 

in uniform motions, the space is in the compound ratio of 

the time and velocity 5 therefore s is as itvy or indeed / ;= 

J/v, But, by the last corol. the velocity v is as J—j or as ' 

b 

the force and time directly, and as the body reciprocally. 

Therefore /, or ^Vy is as "w that is, the space is as the 

b 

force ^nd square of the time directly,, and as the body reci- 
procally. Or J" is as /*, the square of the time only^ when 
b andy are given. 

30. CoroL 1 . The space / is also as /v, or in the compound, 
ratio of the time and velocity ; b and f being given. For, 
/ = ^v is the space actually described. But tv is the space 
which might be described in the same time /, with the last 
velocity v, if it were uniformly continued for the same or ^a 
equal time. Therefore the space /, or ^tvy which is actually 
described, is just half the space /v, which would be described 
with the last or greatest velocity, uniformly continued for 
an equal time /. 

31. CoroL 2. The space / is also as v% the square of the 
velocity j because the velocity v is as the time /. 

Scholium. 

32. Propositions 3, 4, 5, 6, give theorems for resolving all 
questions relating to motions uniformly accelerated. ThuSj 

put 
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put b = any body or quantity of matter, 
/ = the force constantly acting on it, 
/ = the time of its acting, 
V = the velocity generated in the time /, 
j; = the space described in that time, 
fn==- the momentum at th$ end of the time. 

Then, from these fundamental relat;ions, m oc bv^m ocff^ 

s oc tvy and v ex iL, we obtain the following table of the 

b ^ 

general relations of uniformly accelerated motions, i 
cc bv oc// oc /i oc^ ocf^oc^'^soc^JfhJ'. 



m 
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b b m f bf f ft 

/ocJl oc ^cc^«:^oc^^c^^:^cc-^,&c. . 
^ f f ^ f /v ^v 

33. And from these proportions those quantities are to be, 
left out which are given, or which are proportional to each 
other. Thus, if the body or quantity of matter be always 
the same, then the space described is as the force and square 
of the time. And if the body be proportional to the force, 
as all bodies are in respect to their gravity ; then the space 
described is as the square of the time, or square of the velo-» 

city y and in this c^e, if f be put = ~, the accelerating, 
force ; then will 
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The composition and RESOLUTION of FORCES, 

I 

34. Composition of Forces, is the uniting of two or 
ipore forces into one, which shall have the same effect ; 
or the finding of one force that shall be equal to several 
others taken together, in any different directions. And the 
Resolution of Forces, is the finding of two or more forces 
which, acting in any different directions^ sliall have the same 
effect as any given single force. 
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PROPOSITION VII, 

35. If a Body at A be urged in the Directions AP and AC, by any 
tivo Similar Forces^ such that they would separately cause the 
Body to pass over the Spaces AB, AC, //; an equal Time ; then 
if both Forces act together^ they will cause the Body to movey in 
fhe same 2 me, through AD the Diagonal of the Parallelogram 

ABCD, 

Draw cd parallel to ab, and bd pa- 
rallel to AC. And while the body is 
carried over Ab or cd by the force in 
that direction, let it be carried over bd 
by the force in that direction ; by which 
means it will be found at d. Now, if 
the forces be impulsive or momentary, 
the motions will be uniform, and the spaces described will 
be as the times of descriptipn : 

theref. Ab or cd : ab or cd : : time in Ab : time in ab, 
and bd or a^ : bd or AC : : time in Ac : time in ac; 
but the time in Ab = time in Ar, and the time in ab = 
time in ac ; therefore Ab : W : : ab : bd by equality : hence 
the point d i^ in the diagonal ad. 

And as this is always the case in every point d, dy &c, 
therefore the path of the body is the straight line a//d, pr 
the diagonal of the parallelogram. 

But if the similar forces, by means of which the body b 
moved in the directions ab, ac, be uniformly accelerating 
ones, then the spaces will be as the squares of the times ; 
in which case, call the time in bd or cd^ /, and the time in 
AB or AC, T\ then 

it will be Ab or cd : ab or CD : : /* : 7^, 
and -. bd or Ac : bd or AC : : /* : T% 
theref. by equality, Ai : ^^ ; : ab : BD ; 
and so the body is always found in the diagonal, as before. 

56. CoroL 
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S6. Corol. 1; If the forces be not similar, by which th^ 
body is urged in the directions ab, ac, it will move in some 
curved line, depending on the nature of the forces. 

37. CoroL 2. Hence it appears, that the body moves over 
the diagonal ad, by the compound motion, in the very same 
timc'that it would move over the side ab, by the single force 
impressed in that direction, or that it would move over the 
side AC by the force impressed in that direction. 

> S8. CoroL 3. The forces in the directions ab, ac, ad, 
are respectively proportional to the lines ab, ac, ad, and in 
these directions, 

89. CoroL 4. The two oblique forces 

AB, AC, are equivalent to the single di- 
rect force AD, which may be compound- 
ed^ of these two, by drawfng.the diagonal 
of the parallelogram. Or they are equi- 
valent to the double of ae, drawn to the 
middle of the line bc. And thus any 

force may be compounded of two or more other forces x 
which is the meaixing of the expression composition of forces, 

iO.Exam, Suppose it were 
required to compound the three ; ^^-s.JV ' JR 

forces AB, AC, ad; or to find 
thedirection and quahtityof one 
single force, which shall be equi- 
valent to, and have the same 
effect, as if a body a were 
acted on by three forces in the directions AB, Ac, ad,. 
and proportional to these three lines. First reduce the twQ 

AC, AD to one AE, by completing the parallelogram adec. 
Then reduce the two ae, ab to one af by the parallelogram 
AEFB. So shall the single force af be the direction, and as 
the quantity, which shall of itself produce the same effect^ 
as if all the three ab, ac, ad acted tyDgether. 

41. CoroL 5. Hence also any single 
direct force ad, may be resolved into 
two oblique forces, whose quantities 
and directions are ab, ac, having the 
same effect, by describing any paral- 
lelogram whose diagonal may be 
ad: and this is called the resolu- 
tion of forces. So the force ad 

may be resolved into the two ab, ac, by the parallelogram 

ABDc; 
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ABDC; or into the two ae, af, by the parallelogram aedf; 
and so on, for any other two. And each of these may be 
resolved again into as many others as we pleas^. 

42. CoroL 6. Hence too may be 
found the eflfect of any given force, in 
any other direction,besidesthat of the 
line in which it acts \ as, of the force 
AB in ariy other given direction cb. r~^\} 
For draw ad perpendicular to cbj 
then shall db be the effect of the 

force AB in the direction gb. For, 

the given force ab is equivalent to the two ad> db, or 

ae; of which the former ad, or eb, being perpendicular, 

does not alter the velocity in the direction cb ; and therefore 

DB is the whole eflR?ct of ab in the direction cb. That is, 

a direct force expressed by the Une db acting in the direction 

DB, will produce the same effect or motion in a body b, in 

that direction, as the oblique force expressed by, and acting 

in, the direction ab, produces in the same direction cb. 

-And hence any given force ab, is to its eflfect in db, as ab 

to DB, or as radius to the cosine of the angle abd of incli^ 

fiat ion of those directions. For the same reason, the force 

€)r effect in the direction ab, is to the force or effect in the 

direction ad or eb, as ab to ad ; or as radius to sine of 

f he same angle abD^ or cosine of the angle dab of those 

<iirections. 

43. Carol, 7. Hence also, if the two given forces, to be 
compounded, act in the same line, either both the same way, 
or the one directly opposite to the other j then their joint or 
compounded force will act in the same line alsq, and will be 
^qual to the sum of the two' when they act the saine way, or 
to the difference of them when they act in opposite direc- 
tions ; and the compound force, whether it be the sum or 
difference, will always act in the direction of the greater of 
^e two. 

PROPOSITION VIII. 

i 

^i. If Three Forces A,* B, c, acting all together in tie same 
Platte^ keep one another in Eqiiilihrios they will be Proportional 
to the Tljf^ee Sides de, EC, CD, of a Triangle^ 'which are drawn 
Parallel to the Directions of the Forces AD, DB, CD. 

f RODUCE' AD, BD, and draw cy, oe parallel to them. 
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Then the force in cd is equivalent 
to the two AD, BD, by the supposi- 
tion ; but the force cd is also equi- 
valent to the two ED and ce or fd ; 
therefore, if cd represent the force 
c, then ED will represent its ojjposite 
force A, and ce, or fd, its opposite 
force E» Consequently the three 
forces A, B, c, are proportional to de, 
cBf CD, the three lines parallel to tlie 
directions in which they act; 

45- Carol. I. Because the three sides CD, CE, de, are- 
proportional to the sines of their opposite angles e, d, c 5^ 
therefore the three forces, when in equilibrio, are propor- 
tional to the sines of the angles of the triangle made of meir 
lines of direction 5 namely, each force proportional to the 
sine of the angle made by the directions of the other two. 

46. Corol. 2. The three forces, acting against, and keep* 
ing one another in equilibrio, are also proportional to the 
sides of any other triangle made by drawing lines either per- 
pendicular to the directions of the forces, or fonning any 
given angle with those directions. For such a triangle is al- 
ways similar to the former, which is made by drawing lines 
parallel to the directions ; and therefore their sides are in the 
same proportion to one another. 

47. Corol. 3. If any number offerees be kept In equilibrio 
by their actions against one another ; they may be all reduced 
to two equal and opposite ones.^For, by cor. 4, prop. 7^ 
any two of the forces may be reduced to one force acting in 
the same*plane ; then this last force and another may like- 
wise be reduced to another force acting in their plane : and 
so on, till at last they be all reduced to the action of pnly two 
opposite forces ; which will be equal, as well as opposite, be- 
cause the whole are in equilibrio by the suppositipn, 

48. Corol. 4. If one of the forces, 
as c, be a weight, which is sustained 
by two strings drawing in the direc- 
tions DA, DB : then the force or 
tension of the string ad, is to the 
weight c, or tension of the string 
DC, as DE to DC ; and the force or 
tension of the other string bd, is to. 
the weight c, or tension of cd, as. 
c& to CD. 

49. Corol,. 
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4«9. Corol. 5. If three forces be in equilibrio by their mu- 
tual actions ; the line of direction of each force, as DC, passes 
through the opposite angle c of the paralklogram formed by 
the directions of the other two forces. 

50. Remark. These properties, in this proposition and its 
corollaries, hold true of all similar forces whatever, whether 
they be instantaneous or continual, or whether they act by 
percussion, drawing, pushing, pressing, or weighing; and 
are of the utmost importance in mechanics and the doctrine 
of forces. 



On the collision of BODIES. 

PROPOSITION IX. 

5). If a Body sinie or act Obliquely on a Plain Surf ace^ the 
Force or Energy of the Stroke ^ or Action^ is as the Sine of the 
Angle ^ Incidence. 

Or, the Force on the Surface is to the same if it had acted Perpen* 
dicularly^ as the Sine of Incidence is to Radius m 

Let ab express the direction and 

tJie absolute quantity of the oblique j,^^ ^ 

force on the plane de ; or let a given ^*p(;:" 
body A, moving with a certain velo- j >^,^^ 

city, impinge on the plane at b ; pj x 

then its force will be to the action ^^Wm ^^ a^ 

on the plane, as radius to the sine 

of the angle abd, or a^ ab to ad or bc, drawing ad and BC 

perpendicular, and AC parallel to de. 

For, by prop. 7, the force ab is equivalent to the two 
forces AC, cb ; of which the former ac does not act on the 
plane, because it is parallel to it. The plane is therefore 
only acted on by the direct force cb, which is to ab, as the 
sine of the angle bac, or abd, to radius. 

52. Corol. 1. If a body act on another, in any direction, 
and by any kind of force, the action of that force on the 
second body, is made only in a direction perpendicular to 
the surface on which it acts. For the force in ab acts on 
X5E only by the force cb, and in that direction. 

53. CoroL 2. If the plane de be not absolutely fixed, it 
^11 move, after the stroke, in the direction perpendicular 
tio its surface. For it is ia that direction that the force is 
exerted. 

phoposition 
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PROPOSITION X. ■ 

£4. If one Body A, strUe another Body B, which is either at Rest 
or moving towards the Body A, or moving from it, but^with a 
Uss Velocity than that of A ; then the Momenta, or Quantities 
of Motion, of the two Bodies, estifndted in any one Direction^ 
will be the very same after the Stroke that they were before it J 

For, because action and re-action are always cfqual, and 
in contrary directions, whatever momentum the one bodjr 
gains one way by the stroke, the other must just lose as much 
in that same direction ; and therefore the quantity of motion 
in that direction, resulting from the motions of both theJ 
bodies^ remains still the same as it was before the stroke. 

55. Thus, if A with a momentum 

of 10, strike B at rest, and corhmu- & :^ q 

hicate to it a momentum of 4, in the 

direction ab. Then A will have 

only a momentum of 6 m that direction ; which,- togethei* 

with the momentum of b, viz. 4, make up still the same 

momentum betwe^ them as before, namely 10. 

5^. If B were in motion before the stroke, With a mo- 
mentum of 5, in the same direction, and receive from A aii 
additional momentum of 2. Then the motion, of A after 
the stroke will be 8, and that of b, 7 j which between th^m 
make 15, the same as 10 and 5, the motions before the 
stroke. 

57. Lastly, if the bodies move in opposite directions, and 
meet one another, namely, A with a motion of 10, and b^ 
of 5 ; and a communicate to b a motion of G in the direc- 
tion ab of its motion. Then, before the stroke, the Whole 
motion: from both, in the direction of ab, is 10-^5 or 5. 
But, after the stroke, the motion of a is 4 in the direction 
ab, and the motion of b is 6 — 5 or 1 in the same directiori 
AB ; therefore the sum 4 + 1, or 5, is still the same motion 
from bothj as it was before. 



PROPOSITION xi^ 

68. The Motion of Bodies included in a Given Space, ;V fhe same 
with regard to each other, whether that Space be at Rest, ot 
move uniformly in a Right Line* 

For, if any force be equally impressed both on the* body 
and th^ line in which it moves^ this will cause no change in 

the 
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the motioii of the body along the right line. For the satine 
reason, the motions of all the other bodies, in their several 
directions, will still remain the same. Consequently their 
motions among themselves will continue the same^ whether 
the including space be at rest, or be moved uniformly for- 
ward. And therefore their mutual actions on one another, 
must also remain the same in both casej. 



PROPOSITION XII. 

• 

59. If a Hard and Fixed Platte be struck by either a Soft or a 

Hard Unelastic Body, the Body will adhere to it. But if the 

Plane be struck by a Perfectly Elastic Body, it will rebound 

from it again with the same Velocity with which it struck tb6 

Plane. 

For, since the parts which are struck, of the elastic body, 
suddenly yield and give way by the force of the blow, and as 
suddenly restore themselves again with a force eaual to the 
force which impressed them, by the definition of elastic bo- 
dies ; the intensity of the action of that restoring force on 
the plane, will be equal to the force or momentum with 
which the body struck the plane. And, as action and re- 
action are equal and contrary, the plane will act with the 
same force on the body, and so cause it to rebound or 
move back again with the same velocity as it had before the 
stroke. 

But hard or soft bodies, being devoid of elasticity, by the 
definition, having no restoring force to throw them offagain^ 
they must necessarily adhere to the plane struck. 

60. CoroL 1. The effect of the blow of the elastic body, 
on the pbne, is double to that of the unelastic one, the ve- 
locity and mass being equal in each. 

For the force of the blow from the unelastic body, is as 
itis mass and velocity, which is only destroyed by the resist- 
ance of the plane. But in the elastic body, that force is not 
only destroyed and sustained by the plane ; but another also 
equal to it is sustained by the plane, in consequence of the 
restoring force, and by virtue of which the body is thrown 
back again with an equal velocity. And therefore the in* 
tensity of the blow is doubled. 

61 . CoroL 2. Hence unelastic bodies lose, by their collisiofi, 
only half the motion lost by elastic bodies ; their mass and 
Velocities being equal. — For the latter communicate double 
the motion of the former4 

iTRO^OSXTXOlf 
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PROposmow xiir. 

€2. If an Elastic Body A impinge on a Firm Plane tE at th^ 
Point B, it will rehotmdfrom it in an Angle equal to that irt 
Huhich it struck it ; or the Angle of Incidence will be equal to 
the Angle of Reflexion ; namely^ the Angle ABD equal to the 
Angle FBE- 

LeT ab express the force o^ a -p 

the body a in the direction ab; ' Q- ••• •-9- 

which let be resolved into the \ \^ ; y 

two ACy CB, parallel and per- \ \^ 1 X 

pendicular to the plane. — Take ^±^Jz..^l-}^^^- .-^-^f B 
BE and cF equal to AC, and ^^^ 
draw BF. Now acri on and re-act lort being equal, the plantf 
will resist the direct force cb by another Bc equal to it, and 
in a contrary direction ; whereas the other AC, being pa-* 
rallel to the plane, is not acted on or diminished by it, 
but still continues as before. The body is therefore reflected 
from the plane by two forces bc, be, perpendicular and pa- 
rallel to the plane, and therefore moves in the diagonal bf 
by composition* But, because AC is equal to be 01^ cf, and 
that BC is common, the two triangles bca, bcf are mutually 
similar iand equj^l ; and consequently the angles at a and f 
are equal, as also their equal alternate angles abd, FBEy 
which are the angles of incidence and ref^octioft". 

PROPOSITION XIV. 

63, To determine the Motion of Non-elastic lixUeSy when they 
strike each other Directly, or in the Safiie Line of Direction. 

Let the non-elastrc body b^ mov- 
ing with the velocity v in the di- (^ • » ^ ^^ — - 
rection Bi, ^id the body b- with 1> 1/ ^ 

the velocity v, strike each other*' 

Then, because the momentum of any moving body Is as^ 
the mass into the velocity, bv = m is the momentum of 
the body b, and bv =3z m the momentum of the body by. 
which let be the less powerful of the two motions. Then,, 
by prop.. lOy the bodies will both move together as one 
mass in the direction bc after the stroke, whether before^ 
the stroke the body b moved towards g or towards b. 
Now, according as that motion of b was from or towards b„ 
thati is, whether the motions were in the same or contrary, 
ways, the momentum after the stroke, in direclion bc, will 

be 
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he the sum or difference of the momentums beforfe the 
stroke; namely, the momentum in direction bc will be 

Bv + hvi if the bodies moved the same Way, or 
Bv '-^ bvy if they moVed contrary ways, and , 
BV only, if the body if were'at rest. 

Then divide each momentum by the common mass of 
matter b + ^, and the quotient will he the common velocity 
after the stroke in the direction bc ; namely, the common 
velocity will be, 

y + ^ BV — iv BV 

g ^ ^ in the first case j -j. ^ in the 2nd, and b + i 

hi the third. 

64. For example, if the bodies, or weights, B and ^ be 
as 5 to S, and their velocities v- arid v, as 6 to 4, or as 3 to 
2, before the stroke ; then 1 5 and 6 will be as their momen- 
tums, and 8 the sum of their weights ; consequently after 
the stroke the common velocity will bfe as 

-— = — or 2i- m the first case, 

8 8' . 

= - or 1 j. in the second, and 



8 8 

■ 

8' 



. — or 1|^ in the third. 



PROPOSITION xv» 

%5. If two Perfectly £ldstk B^iis imfifigi on one anoth&r^ 
their Relative Velocity wilf be the same both Before and After 
the Impulse : that is^ they *iviU recede from each other ivith 
the Same Velocity with which they approached and met. 

For the compressing force is as the intensity of the stroke % 
^hich, ih given bodies, is as the relative velocity with whicbi 
they meet or strike. But perfectly elastic bodies restore 
themselves to their former figure by the same force by which 
they were compressed ; that is, the restoring force is equal to 
the compressing force, or to the force with which the bodies 
approach each other before the impulse. But the bodies are 
impelled from each other by this restoring force ; and there- 
fore this force, acting on the same bodies, will produce a 
irelative velocity equal to that which they had before ; or it 
^ill make the bodies recede from each other with, the same 

Vol* !!• ) L vriocity 
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velocity with which they before approached, or so as to he 
equally distant from one another at equal times before and 
after the impact. 

^%. Remark. It is not meant by this proposition, that each 
body will have the same velocity after the impulse as it had 
before j for that will be varied according to the relation of 
the masses of tl\e two bodies ; but that the velocity of the 
one will be, after the stroke, as much increased as that of 
the other is decreased, in one and the same direction. So if 
the elastic body b move with a velocity v, and overtake the 
elastic body b moving the same way with the velocity v ; thM 
their relative velocity, or that with which they strike, is 
V — V, and it is with this same velocity that they separate 
from each other after the stroke. But if they meet each 
Qther, or the body h move contrary to the body b; then they 
poeet and strike with the velocity v + i^, and it is with the 
same velocity that they separate and recede from each other 
after the stroke. But whether they move forward or back- 
ward after the impulse, and wjth what particular velocities^ 
are circumstances that depend on the various masses and ve- 
locities of the bodies bef6re the stroke, and which make the 
subject of the next proposition. 



PROPOSITION xvr. 

6^. To determine tk Motions of Elastic Bodies after Strildng each 

other directly* 



Let the elastic body B move in ^ 



the direction bc, with the vrfpcity B «' ^ 

V; and let the velocity of the other 

body ^ be V in the same line ; which latter velocity v will be 
positive if h move the same way as b, but negative if b move 
in the opposite direction to b. Then their relative velocity 
ill the direction bc is v — v / also the momenta before the 
stroke are bv and bvy the sum of which is V7 -{- bvia the 
direction bc. , 

Again, put x for the velocity of b, and y for that of bf. 
in the same direction bc, after the stroke ; then their rela- 
tive velocity h y — Xj and the sum <» their momenta 1^96 + by 
in the same direction. 

But the momenta before and after the collision, estimated 
in the same direction, are equal, by prop. IQ, as also the 
relative velocities, by the last prop. Whence arise these tw» 
equations : 

viai 
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VIZ. BV + ^ = Bt 4" by^ 
and V— V— J' — »^; 
the resolution of which e(}uations gives 

(b - b)v + ^2bv ^, 1 V r ^ 
^ -- ^ i — ! , the velocity of B^ 

B + 3 



y- 



_ — (b — 3) V + 2bv 



, the velocity of *, 



B + ^ 

both in the direction bc, when v and v are both positive, 
or the bodies both moved towards c before the collision. 
But if V be negative, or the body b moved in the contrary 
direction before collision, or towards b ; then^ changing the 
sign of V, the same theorems become 



X = 



_ (b - *) V - 2^ 



B + b 



, the velocity of b, 



y — i — — , the veloc. of i, in the direction bc. 

B + b 

And if b were at rest before the impact, making its velocity 
1; = 0, the same theorems give 

X = -V, and v = v, the velocities in this case, 

lA+b -^ b + A 

And, in this case, if the two bodies b and b be equal to 

2b 2b 

each other ; then 8 — ^=0* and = — = 1 ; which 

b + * 2b 
give AT = 0, and j> =: v ; that is, the body B will stand still, 
and the other body b will move on with the whole velocity 
of the former ; a thing which we someftmes see happen in 
playing at billiards ; and which woiUd happen much oftener 
if tfie balls were perfectly elastic. 



PROPOSITION XYII. 

65. If Bodies strike one another Obliquely ^ it is proposed to deter ^ 

filing their Motioni after the Stroke* 

Let the two bodies b, b, 
move in the oblique directions 
BA, ^A, and strike each other 
at A, with velocities which are 
. in proportion to the lines ba, 
^A ; to find their motions after 
the impact. Let cah repre- 
sent the plane in which the 
bodies touch in the point of 
concourse ; to which draw the perpendiculars BC> te, and 
complete the rectangles ce, df. Then the motion in b a is re- 

L 2 solved 
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solved Into the two Be, ca; and the motion in iA is resblveJ 
into the two in, da ; of which the antecedents bc, to, are 
the velocities with which they directly meet, and the conse-' 
quents ca, da, are parallel ; therefore, by these the bodies 
do not impinge on each other, and consequently the motions, 
according to these directions, will not be changed by the im- 
pulse ; so that the velocities with which the bodies meet, are 
as BC and to, or their equals ea and fa. The motions there- 
fore of the bodies b, A, directly striking each other with the 
velocities ea, fa, will be determined by prop. 16 or 14, ac- 
cording as the bodies are elastic or non-elastic ; which being 
done, let ag be the velocity, so determined, of one of them, 
as A ; and since there remains also in the body a force of 
moving in the direction parallel to be, with a velocity as be, 
make ah equal to be, and complete the rectangle ^h : then 
the two motions in ah and AG, or hi, are compounded into 
the diagonal Ai, which therefore will be the path and velocity 
of the body b after the stroke. And after the same manner 
is the motion of the other body b determined after the impact. 
If the elasticity of the bodies be imperfect in any given 
degree, then the quantity of the corresponding lines must be 
diminished in the same proportion. 



The laws of GRAVITY ; the DESCENT of HEAVY 
BODIES ; AND THE MOTION of PROJECTILES in 
FREE SPACE. 



proposition xviii. 



€9. jll/ the Properiiis of Motion delivered in Proposition VI^ 
its Corollaries and Scholium f for Constant Forces, are true in 
the Motions of Bodies freely descending by their own Gravity ; 
namely J that the Velocities are as the Times, and the Spaces as 
the Squares of the Times, or as the Squares of the Velocities* 

For, since the force of gravity is uniform, and constantly 
the same, at all places near the earth's surface, or at nearly 
the same distance from the centre of the earth ^ and since 
this is the force by which bodies descend to the surface \ 
they therefore descend by a force which acts constantly and 
equally ; consequently all the motions freely produced by 
gravity, are as above specified, by that proposition, &c. 



scholium. 



70 Now it has been found, by numberless experiments, 

that 



Of gravity, U9 

tliat gravity is a force of such a nature, that all bodies, whether 
light or heavy, fall perpendicularly through equal spaces in 
thes&me time, abstracting from the resistance of the air ; as 
lead or gold and a feather, which in an exhausted receiver 
fall from the top to the bottom in the same time. It is also 
found that the velocities acquired by descending, arc in the 
exact proportion of the times of desgent : and further, that 
the spaces descended are proportional to the squares of the 
times, and therefore to the squares of the velocities. Hence 
then it follows, that the weights, or 'gravities, of bodies 
near ^e surface if the earth, are proportional to th^ quan- 
tities of matter contained in them j and that the spaces, 
times, and velocities, generated by gravity, have the rela- 
tions contained in the three general proportions before laid 
down. Further, as it is found, by accurate experiments, 
that a body in the latitude of London, falls nearly 16^^ feet 
in the first second of time, and consequently that at the end 
of that time it has acquired a velocity double, or of 32-y feet 
by corol. 1, prop. 6; therefore, if g denote 16tV feet, the 
space fallen through in one second of time, or 2g the velocity 
generated in that time ; then, because the velocities are di* 
rectly proportional to the times, and the spaces to the squares 
of the times ; therefore it will be, 

as 1" :t'*::fg : 2^/ = v the velocity, 
and V : i^ :: g : gf^ = s the space. 
So that, for the descents of gravity, we have these general 
equations, namely, 

s = ^/» = ^ = 4/v. 
^g 

V = 2gt = — = ^\/^g^* 

t =J1 = !i = ^L 



2g V g 



V s v^ 



2/ r 4j 

Hencey because the times are as the velocities, and th© 
spaces as the squares of either, therefore, 

if the times be as the numbs. 1, 2, 3, 4, 5, &c, 
the velocities will also be as 1, 2, s, 4, ;5, 8cc, 
and the spaces as their squares 1, 4, 9, 16, 25, &c> 
and the space fqr each time as 1, 3, 5, 7, . 9, &c, 

namely, as the series of the odd numbers, which are the 
diffetences of the squares denoting the whole spaces. So 
that if the first seriek of natural numbers be seconds of time, 

namely^ 
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namely,^ the times in seconds l", 2", 3", 4", Scc^ 

the velocities in feet will be 32^, 64|, 96J, 128f, &c„ 

the spaces in the whole times 16-,^, 64.*., 1444, 257^ &c, 

and the space for each second 16^^ 48^ SO^v^, 112-^,&c« 

71. These relations, of the times, veloci- 
ties, and spaces, may be aptly represented by 
certain lines and geometrical figures. Thus^ 
if the line ab denote the time of anybody's 
descent, and Bc, at right angles to it, the ve- 
locity gained at the end of that time; byjoin^ 
ing AC, and dividing the time ab into any 
number of parts at the points a, b, c ; then 

shall ad, be, cf, parallel to bc, be the velocities at the pointi 
of time a, b, C, or at the ends of the times Aa, Ab, Ac ; 
because these latter lines, by similar triangles, are propor- 
tional to the former ad, be, cf, and the times are propor- 
tional to the velocities. Also, the area of the triangle abc 
will represent the space descended by the force of gravity in 
the time aBj in which it generates the velocity bc ; be- 
cause that area is equal to ^ab X bc, and the space descend- 
ed is j* = itv, or half the product of the time and the last 
velocity. And, for the same reagon, the less triangles Aad, 
Abe, Acf, will represent the several, spaces described in the 
corresponding times Aa, Ab, Ac, and velocities ad, be, cf ; 
those triangles or spaces being also as the squares of their like 
sides Aa, Ab, Ac, which represent the times, or of ad, be, cf^ 
which represent the velocities. 

72. But as areas are rather unnatural 
representations of the spaces passed over 
by a body in motion, which are lines, the 
relations may better be represented by 
the abscisses and ordinates of a parabola. 
Thus, if PQ^ be a parabola, pr its 
axis, and rq^ its ordinate ; and pa, pb, 
PC, &€, parallel to rq, represent the 
times from the beginning, or the velo- 
cities, then ae, bf, eg, &c, parallel to the axis PR, will re- 
present the spaces described by a falling body in those times ; 
for, in a parabola, the abscisses ph, pi, pk, &c, or ae, bf, cg^ 
&c* which are the spaces described, are as the squares of the 
ordinates he, if, kg, &c, or pa, pb, pc, &c, which represent 
the times or velocities. 
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73. And because the laws for the destruction of motion? 
- are 
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are the same as those for the generation of It, by equal 
forces, but acting in a contrary direction ; therefore, 

Ijtf A body thrown directly upward, with any velocity, 
will lose equal velocities in equal times. 

2rf, If a body be projected upward, with the velocity it 
acquired in any time by descending freely, it will lose all its 
velocity in an equal time, and will ascend just to the same 
height from which it fell, and will describe equal spaces in 
equal times, in rising and falling, but in an inverse order ; 
and it will have equd velocities at any one and the same point 
of the line described, both in ascending and descending. 

Sdy If bodies be projected upward, with any velocities, 
the height ascended to, will be as the squares of those velo- 
cities, or as the squares of the times of ascending, till they 
lose all their velocities. 

74. To yiustrate now the rules for the natural descent df 
bodies by a few examples, let it be required, 

ijf. To find the space descended by a body in 7 seconds 
of time, and the velocity acquired. 

Ans. 788^ space ; and 225^. velocity. 

2di To find the time of generating a velocity of 100 feet 
per second, and the whole space descended. 

Ans. 2"-iVj time; 155 ^^j space. 

Sd, To find the time of descending 400 feet, and the ve- 
locity at the end of that time. 

Ans. 4"ff^ time j and I60j^ velocity. 

PROPOSITION XIX. 

75. If a Body be projected in Free Space^ either Parallel to the 
Horizon^ or in an Oblique Direction^ by the Force of Gun^ 
Powder i or any other Impulse ; it %uill^ by this Motion^ in 
Conjunction with the Action of Gwuity, de^rihe the Cur^ 
Line of a Parabola. 




A. I 



Let the body be projected from the point A, in the di- 
rection AD, with any uniform velocity ; the% in any equat 

jJo|tion$ 



/' 



1 52 Of motion, FORCtS, &c. 

portions of time, it would, by prop. 4, describe the equd 
spaces AB, Bc, cD, &c, in ythe line ad, if it were not 
drawn continually down below that line by the action of 
gravity. Draw be, cf, dg, &c, in the direction of gra^ 
vity, or perpendicular to the horizon, and equal to the spaces 
through which ^he body would descend by its gravity in the 
game time in which it would uniformly pass x)ver the corre* 
sponding spaces ab, ac, ad, &c, by the projectile motion. 
Then, since by these two motions the body is carried over 
the space ab, in the same time as over the space be, and the 
3pace AC in the same time as the space cf, and the spacQ 
AD in fhe same time as the space dg, &c ; therefore, by 
the composition of motions, at the end of those times, the 
body will be found respectively in the points e, f, g, &c j 
and consequently the real path of the projectile will be the 
curve line aefg &c. But the spaces ab, ac, ad, &c, 
described by uniform motion, are as the times of description ; 
and the spaces be, cf, dg, &^, described in the same time^ 
by the accelerating force of gravity, are as the squares of the 
times ; consequently the perpendicular descents' are as the 
squares of the spaces in ad, that is BE, cf, dg,.&c, are re- 
spectively proportional to ab*, ac% ad% &c \ which is the 
property of the parabola by theor. 8, Con. Sect. Therefore 
the path of the projectile is the parabolic line aefg &c, to 
which AD is a tangent at the point a. ' 

76. Carol. 1. The horizontal velocity of a projectile, i$ 
always the same constant quantity, in every point" of. the 
curve ; because the horizontal motion is in a constant ratio 
to the motion in ad, which is the uniform projectile mo-» 
tion. And the projectile velocity is in proportion to the 
constant horizontal velocity, as radius to the cosine of th^ 
angle dah, or angle of elevation or depression of the piece 
above or below the horizontal line ah. 

77. Coral. 2, The velocity of the projectile in the direction 
of the curve, or of its tangent at any point A, is as the secant 
of its angle bai of direction above the horizon. For the 
motion in the horizontal direction ai is constant, and aj is 
to-AB, as radius to the secant of the angle a; therefore the 
motion at A, in ab, is everywhere as the secant of the 
;^ngle a, 

7&. Corol. S. The velocity in the direction dg of gravity, 
or perpendicular to the horizon, at any point G of the curve, 
ia to -the firs.t uniform projectile velocity at a, or point of 
contact of a tangent, as 2gd is to ad. For, the times in au 
^nd pG being 'equal, and the velocity acquired by freely 

descending 
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desceilding through do being such as would carry the body 
uniformly over twice dg in an equal time, and the spaces 
<iescribed with uniform motions being as the velocities, there- 
fore the space ad \s to the space 2dg, as the projectile 
^l^city at A, to the perpendicular velocity at g« 



PROPOSITION XX. 




79. The Velocity in the Direction of the Curve^ at ofiy Point tf 
it J as A, is equal to that which is generated by Gravity in 
freely descending through a Space nvhich is equal to One Fourth 
pf the Parameter of the Diameter of the Parabola at that 
Point. 

L^T PA or AB be the height 
due to the velocity of the projec- 
tile at any point a, in the direction 
of the curve or tangent ac, or 
the velocity acquired by falling 
through that height ; and com- 
plete the parallelogram acdb. 
Then is cd =;: ab or ap, thie 

height due to the velocity in the curve at A ; and CD is also 
the height due to the perpendicular velocity at d, which 
jnu§t be equal to the former ; but by the last corol. the velo- 
city at A is to the perpendicular velocity at D, as AC to 
2cD ; and as these velocities are equal, therefore AC or Bl> 
is equal to 2cd, or 2a3 ; and hence ab or ap is equal to 
4bd, or \ of the parameter of the diameter AB, by corol* to 
thcon 13 of the Parabola, 

80. CoroL 1. Hence, and from cor. 2, 
theor. 13 pf the Parabola, it appears 
that, if from the directrix of the para- 
bola which is 'the path of the projectiki 
several lines he be drawn perpen- 
dicular to the directrix^ or ' parallel to 
the axis ; then the velocity of the projectile in the direction 
of the curve, at any point e, is always equal to the velocity 
acquired by a body falling freely through the perpendicular 
iine HE. . 

81. CoroL 2. If a body, after felling through the height 
3>a (last ^g. but one), which is equal to ab, and when it ar- 
rives at A, have its course changed, by reflection from an 
clastic plane ai, or otherwise, into any direction Ac, without 
l^tering the velocity \ and if AC b^ tftken 7 2ap or 2ab, 

and 
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and the parallelogram be completed i then the body will de- 
scribe the parabola passing through the point D. 

82. Csrel. 3. Because ac = 2aq or 2cb or 2ap, there« 
fore *c' =s 2ap X 2cn or ap . ^cd ; and because all the 
perpendiculars lf, cd, gh -^re as af.', ac', ag'; tha»- 
fore also Ap . 4ef = ae", and ap . 4gh — ag^ &ci Hi, 
because the rectangle of the extremes is qqual to the rectangle,'* ^ 
of the means of four proportionals, therefore always 

it is AP : AE : : AE ; +i;f, 

and AP : AC : : ac : 4cr>, 

and Ap : AG : : AG : 4gii, 

and so oo. 



proposition XXI. 

SS. Having glwn the Direction, end tie Iinpetiii, or Altiiiide 
due to the Firtt Vehcily of a Projectile .■ to determine the ' 
Greatest Height to -which, it vjUl rue, and the Bat>dom or 
Horizontal Range, 

Let ap be the height due to the 
projectile velocity at a, ag the di- 
rection, and AH the horizon. On 
IG let _ fill the perpendicular pq, 
and on ap the perpendicular qr ; so 
shall AR be equal to the greatest alti- 
tude cv, and 4<yi equal to the hori- 
zontal range ah. Or, having drann 

pq^perp. to AG, take AG = 4Aa, and draw gh perp. to 
1 then AH is the range. 




For, by the last corollary, 
and, by similar triangles, 



liar t 



AC : 4gk % 

ACL • GH, 

: 4A(i^: 4gh} 
angles, ah = 4(yt. 



therefore ag = 4A«i and, by sim 

Also, if V be the vertex of the parabola, then ab or 4ag 
= 2Aa, or Aa = qb; conBequemly ar = by, which is 
= cv by the property of the parabola. 

84. Corel. 1 . Because the angle 
q_is a right angle, which is the angle 
in a semicircle, therefore if, on ap 
as a diameter, a semicircle be de-. 
scribed, it will pass through the 
point Q. 

85. Corel. 2. If the horizontal range 
and the projectile velocity be given, 

• the 
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the direction of the piece so as to hit the object H, will be 
thus easily found: Take ad = |^ah, draw dq^ perpendicular 
to AH, meeting the semicircle, described ob the diameter ap^ 
in <^and qj men AC^or Aq will be the direction of the 
pifice. And hence it appears, that there are two direc- 
tions ABj Ab, which, with the same projectile velocity, giv^ 
the very same horizontal range ah. And these two direc* 
tions make equal angles qAD, <^p with ah and ap, because 
the arc p<^= the arc Aq. 

86. CoroL 3. Or, if the range ah, and direction ab, be 
given ; to find the altitude and velocity or impetus. Take 
AD *= ^AH, and erect the perpendicular dq, meeting ab 
in Q ; so shall DQ^be equal to the greatest altitude cv. Also, 
erect ap perpendicular to ah, and qp to Aqj so shall 
jip be the height due to the velocity. 

87. CaroL 4. When the body is projected with the same 
Telocity, but in different directions : the horizontal ranges 
AH wiU be as the sines of double the angles of elevation. — 
Or, ,which is the saxiej as the rectangle of the sine and co- 
sine of elevation. For ad or rq, which is |^ah, is the 
sine of the arc aq, which measures double the angle <^t> 
of elevation. 

And when the direction is the same, but the velpcities 

different ; the horizontal ranges are as the square of the 

velocities, or as the height ap, which is as the square of the 

velocity ; for the sine ad or rq^ or ^ah. is as the radius 

^r as the diameter ap. 

Therefore, when both are different, the ranges are in the 
compound ratio of the squares of the velocities, and the sines 
of double the angles of eievation. 

88. CoroL 5. The greatest range is. when the angle of ele- 
vation is 45°, or half a right angle ; for the double of 4.5 is 
90J which has the greatest sinfi. Or the radius osj which 
is ^ of the range, is the greatest sine* 

And h^ce the greatest range, or that at an elevation of 
45°, is just double the altitude ap which i& due to the velo- 
city, or equal to 4vc. Consequently, in that case, c is the 
focus of the parabola, and ah its parameter. Also, the 
ranges are equal, at angles equally above and below 45*. 

89. Corol. 6. When the elevation is 15% the. double oi 
^hich, or 30°, has its sine equal to half the radius,; conse- 
quently then its range will be equal to ap, or half the greatest 
i^nge at thp elevation of 4-5° ; that is, the ralige at 15% is 
equal to the imp^us or h^^ight du^.tP.th/8 {rojectile velocity. 

^0. CoroJ. 7 
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90. CcroL 7. The greatest altitude cv, being equal tm 
AR, is as the versed sine of double the angle of elevation^ 
and also ac ap or the square of the velocity. Or as the 
square of the sine of elevation, ' and the square of the velo- 
city ; for the square of the sine is as the versed sine of the 
double angle. 

91.^ CoroL 8. The time of flight of the projectile, which is 
equal to the time of a body falling freely through gh or 
4cv, four times the altitude, is therefore as the square root 
of the altitude, or as the projectile velocity and sine of the 
elevation. 

SCHOLIUM. 

92. From the last proposition, and its corollaries, may be 
deduced the following set of theorems, for finding all the 
circumstances of projectiles on horizontal planes, having any 
two of them given. Thus, let /, r, / denote the sine, cosine, 
and tangent of elevation ; s, v the sine and versed sine of 
the double elevation ; r the horizontal range ; t the time of 
flight J v the projectile velocity ; h the greatest height of the 
projectile, g = 16-^ feet, and a the impetus, or the altitude 
due to the velocity v. Then, 

2g g f t . 

s sc s s 

g g i g^ g' 

■ 4tc ^g Sg 4f 

And from any of these, the angle of direction may be 
found. Also, in these theorems, g may, in many cases, be 
taken = 16^ without the small fraction -rx> which will be 
near enough for common use. 



PROPOSITION XXII. 

93. To determine the Range on an Oblique Plane ; having given 
the Impetus or Velocity^ and the Angle of Direction. 

Let ae be the oblique plane, at a given angle, either 
above or below the horizontal plane ah \ AG the direction 

of 
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f>{ tht {nece^ and ap the alti- 
tude due to the projectile velo- 
citT»at A. 

hj th^ last proposition^ find 
the horizontal range ah to the 
giycn velocity and direciionj 
draw HE perpendicular to ah, 
meeting the oblique plane in e ; 
draw EF parallel to AG, and 

Fi parallel to he ; so sliall the \ 

projectile pass through i, and the range on the oblique 
plane will be ai. As is evident by theor. 15 of the Para- 
bola, where it is proved, that if abT, Ai be any two lines 
terminated at the curve, and if, he parallel to the axis ; 
^en is EF pa!rallel to the tangent ag. 

94. Otherwisey without the Horizontal Range, 

Draw^pt^perp. to ag, and qd perp. to the horizontal 
plane af, meeting the inclined plane in k ; take ae = 4?ak, 
draw EF parallel to ag, and fi parallel to a? or dqj so shaU 
MS be the range on the oblique plane. For ah = 4 ad, 
therefore eh is parallel to fi, and so on, as above. 

Otherwise, 

95. Draw pq making the angle APQ^ = the angle GAi; 
then take ag = 4Aq, and draw gi perp. to ah. Or, draw 
qk perp. to ah, and take ai = 4Ak. Also kq will be equal 
to cv the greatest height above the plane. 

For, by cor. 2, prop. 20, ap : ag : : AG : 4gi ; 
and by sim. triangles, ap : ag : : Aq : Gi, 
or - - - AP : AG :: 4Aq : 4gi5 

therefore ag = 4Aq ; and by sim. triangles, Ai = 4Ak. 
Also, qk, or ^Gi, is •* to cv by theor. 13 of the Parabola. 
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96. CotqL 1. If Aobe drawn perp. to the plane Ai, and 

APbc 
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ip be bisected by the perpendicular sTo ; then \nth th« 
centre o describing a circle through A and p, the same will 
also pass through (|> because the angle GAi, formed by the 
tangent Ai and AG, is equal to the angle APq, which will 
therefore stand on the same arc Aq. 

97. Carol. 2. If there be given the range Ai and the ve- 
locity, or the impetus, the direction wdl hence be easily 
found thus : Take Ak = ^at, draw kq perp. to ah, meetine 
the circle described with the radius Ao in two points q and 
q ; then Aq or Aq will be the direction of the piece. And 
hence it appears that there are two directions, which, with 
the same impetus, give the very same range at. And these 
two directions make equal angles with ai and ap, because 
the arc rq is equal the arc Aq. They also make equal angles 
with a* line drawn from A through s, because the arc sq is 
equal the arc sq. 

98. CfiroL 3. Or, if there be given the range Ai, and the 
direction Aq ; to find the velocity or impetus. Take Ak = 
^Ai, and erect kq perp. to AH, meeting the line of direction 
in q ; then draw qp making the Z. Aqp = Z. Akq ; so shall 
AP be the impetus, or the altitude due to the projectile 
velocity. 

99. CoroL 4. The range on an oblique plane, with a given 
elevation, is directly proportional to the rectangle of the co- 
sine of the direction of the piece above the horizon, and the 
sine of the direction above the oblique plane, and reciprocally 
to the square of the cosine of the angle of the plane above 
or below the horizon. 

For, put s = sin. Z.qAI or APq, 

c = cos. Z.qAH or sin. PAq, 
c= COS. Z. I AH or sin. Akd or Akq or Aqp, 
Then, in the triangle APq, c : / : : ap : Aq ; 
and in the triangle Akq, c : r :: Aq : Ak; 
theref. by composition, c* : rx : : ap : Ak = ~ai. 

cs 



So that the oblique range At = — X 4ap. 



100. The range is the greatest when Ak is the greatest i 
that is, when kq touches the circle in the middle point s ; 
and then the line of direction passes through s, and bisects 
the angle formed by the oblique plane and the vertex. Also, 
the ranges are equal at equal angles above and below this di- 
rection for the maximum. 

101 • Corol. 5. The greatest height cv or kq of the projec- 
tile. 
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!|j|ej above the plane, is equal to — x ap« And therefore 

%0 

it is as the impetus and square of the sine of direction above 
the plane directly, and square of the cosine of the plane's 
inclination reciprocally. • 

For - c (sin. Aqp) : s (sin. APq) : : AP : Aq, 
and c (sin. Akq) : s (sin. kAq) : : Aq : kq, 
theref. by comp. c^ : / : : ap : kq. 
102. Corol. 6, The time of flight in the curve At?i is =■ 
2/ AP 

— ^^ — , where g = I6-i^ feet.* And therefore it is as 

the velocity and sine of direction above the plane directly^ 
and cosine of the plane's inclination reciprocally. For the 
time of describing the curve, is equal to the tkne of falling 

freely through gi or 4kq or -i x ap. Therefore, the 

time being as the square root of the distance, 

^g : .?£/AP : : r : — v^— , the time of flight, 
c c .^ 

SCHOLIUM. 

105. From the foregoing corollaries may be collected the 
following set of theorems, relating to projects made on any 
given inclined planes, either above or bdow the horizontal 
plane. . In which the letters d^ote as before, namely^ 

c = cos. of direction above the horizon, . 

c = cos. of inclination of the plane, 

s = sin. of direction above the plane, 

R the range on the oblique plane, 

T the time of flight, 

V the projectile velocity, 

H the greatest height above the plane, 

a the impetus, or alt. due to the velocity v, 

g = 16^ feet. Then, 

R = i^x4«=i:iv* =€iT^=ifH. 

c* c*^ s s 

^ J*V* JR Sr 

H = — a = = — . =s.T*. 

G 4gc* ^c 4 

cs s s 

_ 2x .fl _. £V _ yiR _.2 y H 

c ^ go gc g 

•A&d from any of these, the angle of direction may be found. 

PRAC- 



160 Of motion, forces, &tf- ^ 

PRACTICAL GUNNERY. 

• 104. THE two fc regoing propositions contain the wholtf 
theory of proj^ctilcb, with theorems for all the cases, regu- 
larly arranged for use, both for oblique and horizontal planes. 
But, before they can be applied to use in resolving the several 
cases in the practice of gunnery, it is necessary that some 
more data be laid down, « as derived from good experiments 
made with balls or shells discharged from cannon or mortar% 
by gunpowder, under different circumstances, For, without 
such experiments and data, those theorems can be, of very 
little use in real pra<;.tice, on account of the imperfections and 
irregularities in the firing of gunpowder, and the expulsion 
of balls from guns, but more especially on account of .the 
enormous resistance of the air to all projectiles that are made 
with any velocities that are considerable. As to the csises in 
which projectiles are made with small velocities, or such as 
do not exceed 200, or 300, or 400 feet per second of time, 
they may be resolved tolerably near the truth, especially for 
the larger shells, by the parabolic theory, laid down above. 
But, in cases of great projectile velocities, that theory is quite 
inadequate, without the aid of several data drawn from many 
jand. good experiments. For so great is the effect of the re- 
sistance of the air to projectiles of" considerable velocity, that 
some of those which in the air range only between ^ and 3 
miles at the most, would in vacuo range about ten times as 
far, or between 20 and 30 miles. 

The effects of this resistance are also various, according to 
the velocity, the diameter, and the weight of the projectile. 
So that the experiments made with one size of ball or shell, 
will not serve for another size, though the velocity should be 
the same; neither will the experiments made with one velocity, 
serve for other velocities, though the ball' be the same. And 
therefore it is plain that, to form proper rules for practical 
gunnery, we ought to have good experiments made with each 
size of mortar, and with every variety of charge, from the 
least to the greatest. And not only so, but these ought also 
to be repeated at many different angles of elevation, namely, 
for every single degree between 30° and 60*^ elevation, and at 
intervals of 5° above 60° and below 30°, from the vertical 
direction to point blank. By such a course of experiments 
it will be found, that the ^greatest range, instead of being 
constantly that at an elevation of 45°, as in the parabolic 
theory, will be at all intermediate degrees between ^ and 30j 

being 
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l>eing more or less, both according to the velocity and the 
^weight of the projectile ; the smaller velocities and larger 
shells ranging farthest when projected, almost at an elevation 
of 45** } while the greatest velocities, especially with the 
smaller shells, range rarthest with an elevation of about 30% 

105. There have, at different times, been made certain 
small par^s of such a coui'se of experiments as is hinted at 
above. Such ^s the experiments or practice carried on in 
the year 177S, on Woolwich Common } in which all the 
sizes of mortars were used, and a variety of small charges 
of powder. But they were all at the elevation of 45* j con- 
sequently these are defective in the higher charges, and in 
all the other angles of elevation. 

Other experiments were also carried on in the same place 
in the years 1784 and 1786, with various angles of elevatiotl 
indeed) but with only one size of mortar, and only one 
charge of powder, and that but a small one too : so that all 
those nearly agree with the parabolic theory. Other experi- 
ments have a}so been carried on with the ballistic pendulum, 
at different times ; from which have been obtained some of 
the laws for the quantity of powder, the weight and velocity 
of the ball, the length of the gun, &c. Namely, that the 
velocity of the ball varies as the square root of the charge 
directly, and as the square root of the weight of ball reci- 
procally ; and that, some rounds being fired with a medium 
length of one-pounder gun, at 15^ and 45* elevation, and 
with 2, 4, 8, and 12 ounces of powder, gave nearly the ve- 
locities, ranges, and times of flight, as they are here set down 
in the following Table. 



Powder. 


£levation 
of gun. 


Velocity 
of ball 


Range. 


Time of 
flight. 

* 


oz. 




' feet. 


feet. 




2 


15* 


8tk) 


4100 


9" 


4 


15 


1230 


5100 


■ 12 • 


8 


15 


l640 


(jO'JO 


141. 


12' 


15 


1080 


6700 


15i 


2 


45 


ado 


5100 


21 
_. 1 



106. But as we are npt yet provided with a sufficient 
Tiumber and variety of experiments, on which to establish 
true rules for pra$:tical gunnery, independent of the parabolic 
theory, we must at present coi^tent ourselves with the data of 

Vol. II. ■ ' M some 
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tome ofte c^ain experimented range and time of flight, at i 
given angle of elevation i and then by help of these, and th^ 
tules in tibe parabolic theoty, determifie the like circumstances 
for other elevations that are not greatly different from the 
former, assisted by the following practical rules.*— > 
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Some PRACTICAL RULES in GUNNERY. 

L Toj^nd tie Vehcitj of any Shot or Shell. 

Rule. Divide double the weij^ht of the charge of powder 
by the weight of the shot, both m lbs. Extract the square 
root of the quotient. Multiply that root by 1600, and th« 
product will be the velocity in feet, or the number of Ijeet 
the £(faot passes over per second. 

Or say — As the root of the weight of the shot, is to the 
root of double the weight of the powder, so is 1600 feet, to 
the velocity. 

IL Given the range at One Elevation ; to find the Rar^t ai 

Another Elevation* 

Rule. As the. sine of double the first elevation, is to it» 
range ; so is the sine of double another elevation, to its 
range. 

III. Given the Range for One Charge; to find the Range for 
Another Charge, or the Charge for Another Range* 

Rule. The ranges have the same proportion as t^ 
charges ; that is, as one range is to its charge, so is any other 
range to its charge : the elevation of the piece being the 
same in both cases. 

10^. Example L If a ball of 1 lb. acquire a velocity of 
1600 feet per second, when fired with 8 ounces of powder ^ 
it is required to find with what velocity each of the several 
kinds of shells will be discharged by the full charges of 
powder, viz.- 

Nature of the shells in inches 
vTheir weight in lbs 
Charge of fK>wder in lbs. 



13 

196 

9 


10 

90 

■ 4 

• 


8 

48 
2 


54 

r 

' 1 


8 

I 

T 


485^ 


477 


462 


56d 


sm 



Ans. The velocities are - 485 



108. Exam. 2. If a sheU hev&ufld to range 1000 yard^ 

trhen discharged at an devatioA c^ 45^V l^oxv far will it 

ranger 
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i'ange when the elevation is 80** 16*, the charge of powder 
being the same ? Ans. &12 feet^ or 87 1 yards* 

109. Exam. 3. The range of a shell, at 45° elevation, 
being found to be 3750 feet $ at what elevation must the 
piece be set, to strike an object at the distance of 2810 feet, 
with the same charge of powder i 

Ans. at 24'' lef^ or at es"" 44% 

110* Exam, 4. With what impetus, velocity, and charge 
of powder, must a 13-inch shell be fired, at an elevation of 
32 12« to strike an object at the distance of 3250 feet 7 

Ans. impetus 1802, veloC. 340, charge 41b. 7joz. 

• 

llh Exam^ 5. A shell being found to range 350O feet, 
vdien discharged at an elevation of 25° 12' \ how far" then 
will it range at an elevation of 36^ 15^ with the same charge 
of powder? Ansi 4332 feet. 

112. Exam. 6. !£, with a diafge of 9lb« of powder, ^ 
shell range 4000 feet ; what <tharge will suffice to thjcpw it 
3000 feet, the elevation being 45° in. both cases i 

Ans. ^ j-lb* of powden 

113. Exam. 7, What will be tixe time of flight for any 
given, riahgei at the elevation of 45" ? , 

Ans. the time in .seCs«| is ^ \}^e sq. rpQf of the range in feet*' 

114. Exam. S. In what tinie will a ^hell rang^ 3250 feet, 
at an elevation of 32* ? Ans* 1 1| sec. nearly* 

115. Exam. 9. How far will a sh6t range on a plane which 
ascends 8* 15', and an another which descends 8^ 15'; tb» 
impetus being 3000 feet, and the elevation of the piece 
32 30' ? Ans. 4S44 feet on the asceilt, 

and 6 745 feet on the descent; 

116. Exam. 10. How much pow4pr will throw a 13-ioch 
shell 4344 feet on an inclined plane, which ascends 8* I6'p 
the elevation of the mortar being 32** 30' ? 

Ans. 7*376Slb. or 7jb. 6p2. 

Il7« Exam. 11. At what elevation must a 13-inch mortar 
be pointed, to range 6745 feet, on a plane which descfinds 
8" 15' ; the charge 7|lb, of powder ? Ans. Si"" %^\ " 

118. Exam. 12. In what time will a rS-inch sheQ strike a 
plane which rises 8° 30^, whei^ elevated 45% and discharged 
with an impetus of 2304 feet ? Ans. 14|- seconds* 
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The descent or BODIES on INCLINED PLANES 
' AND CURVE SURFACES.— Thb MOTION of PEN- 
DULUMS. - 

PROPOSITION XXIIT. 

1 19. If a Weight W he Sustained on an Inclined Plane AB, by a 
Power p, acting in a Direction wp, Pxirallel to the Plane. Then 



The Length ab, 
Jhe Height Bc, atid 
Tha^^ase ACj -. 
of the Plane, 




Tie Weight of the Body^ w 
The Sustaining Power % P| and^ 
ThePressure on ikt P.laney p, • 
are respectively as 

FeUy draw cd perpendicplar 
to the plane* Now here are three 
forces, keeping one another in 
equilibrio; namely, the weight, 
or force of gravity, acting per- 
pendicular to AC, or parallel, to r^" 
BC \ the power acting parallel «t^ ' 
to DB ; and the pressmre perpen- 
dicular to AB, or parallel to nc : but when three forces keep 
one another in equilibrio,. th^y are proportional to the sides 
of the triangle' cbd> made by lines in the direction of those 
forces, by prop. 8 \ therefore those' forces are to one another 
as BC, BD^ cp. But the two triangles abc, cbd, are equian- 
gular, and have their like sides proportional \ therefore the 
three bc, bd, cd, are to one another respectively as the 
three ab, bc, ac ; which therefore are ds the three forces 

W,P,/. 

120. Corel. 1. Hence the weight w, power p, and pressure/, 
are respectively as radius, sine, and cosiiie, 
of the plane's elevation bag above the horizon. 

For, since the sides of triangles are as the sines of their 
opposhe angles, therefore the three ab, bc, ac, 
are respectively as - - sin. c, sin. a, sin. b, 
or as - * - - - radius, sine, cosine, 

'j'.- . ■ of the angle Aof elevation. 

^"Qf, tfie three -forces are as AC,, CD, ad; perpendicular to 
their directions. 

121. CoroL 2. The power or relative weight that urg^ a 
body w. down the inclined plane, is = — x w 5 or the 

' ■ • AB 

force 
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-Sorcc with which it descends, or endeavours t6 dcscertc% is 
sis the sine of the angle A- of inclination* ' -• 

- 122. Corol. 3* HehcC) if there be 

two planes of the same height , acid 

two bodies be laid on them which 

are proportional to the lengths of 

the planes ; they will have an equal 

tendency to descend down the planes. 

And consequently they will mutually sustain each other if 

tixey be connected by a string acting parallel to the planes. 

123. Corol. 4. In like manner» . 
when the power p acts in any 
other direction whatever, wp; by 
drawing cde perpendicular to the 
direction wp, the three forces in 
^uilibrio, namely, the weight w, 
the power p, and the pressure on 
the plane, will still be respectively 
as AC, CD, AD, drawn perpendicular 
to the direction of those forces. 




PROPOSITION XXIV* 

* 
124. Jfa Weight w on an Inclined Plame AB, be in Efuilibrio 

with another IVeight p hanging freely s then if they be set 
. a^movingf their Perpendicular Velocities^ in that Place^ vjill be 

Reciprocally as those Weights. 

Let the weight w descend a very 
small space, from w to a, along the 
plane, by which the string pfw will 
come into the position pfa. Draw 
WH perpendicular to the horizon ac, 
and WG perpendicular to af : then 
WH will be the space perpendicularly 
' descended by the weight w \ and ag, 
or the difference between fa and fw, 
will be the space perpendicularly ascended by the weight P ; 
and their perpendicular velocities are as those spaces wH 
and AG passed over in those directions, in the same time* 
Draw CDE perpendicular to af, and di perpendicular to ac. 

Then, 
in the siin. figs, agwh and aedx, 
and in the sim. tri. ae6, dic^ 
but, by cor. 4, prop, 23, 
ttierefore, by equaUty, •. 




AG ^ \WH : ; AE 


: Di; 


AC : CD. : : ab 


: DI 'j 


AC ' : CD : : w 


:• p j^ 


AG t WH :: w 


^>Bfl' 




That 
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That Uf tkeir perpendicular spaces^ or velodtieij are reci- 
procally a$ their weights or masses. 

125. Corol. I. Hence it follows, that if any two bodies be 
in equilibrio on two inclined planes, and if they be set a« 
moving, their perpendicular velocity will be reciprocally as 
their weights. Because the perpendicular weight which sus- 
tains the one, would also sustain the other. 

196. Carol. 2. And hence ako, if two bodies sustain eacli 
other in equilibrio, on any planes, and they be put in mo« 
tiph I then each body multiplied by its perpendicular velo- 
tkji will give equal products. 

FROFOSinON XXV. 

127. Tie. Vihcky acquired hv a Body descending freely do^n an 
Inclined Plane AB, is to the Velocity acquired by a Bodyfallmg 
Ferpendkularly^ in thesanu limes as the Height (f the Fleam 
BC, if to its Jacngth AB. 

For the force of gravity, both per- 
pendicularly and on the plane, is 
constant; and these two, bycoroL 2, 
prop. 23, are to each other as ab to 
BC. But, by art. 28, the velocities 
generated by any constant forces, in 
the same time, ar^ as those forces. Therefore the vek>city 
down BA is to the velocity down bc^ in the same time, as the 
force on ba to the force on BC : that is, asTBC to ba. 

128. Cord. 1. Hence, as the motion down an incUned 
plane is produced by a constant force, it will be a motion 
nniformly accelerated) and therefore the laws before laid 
down for accelerated motions in general, hold good for mo« 
tions on inclined planes ; such, for instance, as the foltawing: 
That the velocities are as the times of descending from rest; 
that the spaces descended are as the squares of the veIocities» 
or squares of the times ; and that if a body be thrown up an 
inclined plane, with the velocity it acquired in descending, it 
will lose all its motion, and ascend to the same height, in the 
same time, and will repass any point of the plane with the 
same velocity as it passed it in descending. 

129. Carol. 2. Hence also, the space descended down an 
inclined plane, is to the space descended perpendiculairiy, in 
the same time, as the height of the plane cb, to its length 
ABf or as the sine of indmation to xadius. For the spaces 

described 
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^eac^ied by mj fbrcei, in the same time, are as the forces, 
or as the velocities. 

130. Conf. S. Consequently the velocities and ^aces de- 
scended by bodies down dlfierent inclined planes, are at the 
sines of elevation of the planes. 

131. Carol, i. If CD be drawn perpendicular te ABt 
dien, while a body £Uls &eely throagh the perpendicular 
space BC, another body will, in the same time, descend down 
the part of the plane bd. For by ^milar triangles, 

Bc : BD : ; BA : BC, that Is, as the space descended, by 
foroL 2, 

Or, in any right-angled triangle bdc, 
having its hypothenuse bc perpendicular to 
the hOTizofl, a body wilj descend down any 
<of its three sides bd, bc, dc, in the same 
time. And therefore, if on the diameter 
BC a circle be described, the time of de- 
scending down any chords bd, be, bf, 
DC, EC, FC, fee, will be all equal, and each 
equal to the time of felling &eely through 
the perpendiciilar diameter bc. 



pROMsmaji xxTi. 

132. 7W Time ofdesetndme Jaum the Inclined p/ane BA, is to 
tkt Time ^/ailing thnu^ the Height if the Plane BC, oj the 
Lengfb ba it to the Height BC. 

Draw cd perpendicular to «b. 
Then the times of describing va and 
BC are equal, by the last corol. Call 
that tioW, and the time of describing 
BAcallT. 

Now, because the spaces described 
by cpnttant forces, are as the squares of the times { thcrcfbre 
f : T* :: BD : ba. 

But the three bo, bc, ba, are in continual proportion { 
therefore BD *. ba : ; bc* ; 




hence, by equality, r' : .1* : : bc* : 



1 93. CorJ. Hence the times of descendii^ down d 
planes, of the same height, are u one another u the length*' 
pf the planes. 

FROPOjmON" 
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PROPOSITION XXVII. 

I34« A Body acquires the Same Velocity in descending down any 
Inclined Plane BA, as by falling perpendicular through the 
Height of the Plane BC. 

For, the velocities generated by any constant forces, are 
in the comppund ratio of the forces and times of acting. 
But if We put 

F to denote the whole force of gravity in bc, 
ythe force oil the plane ab, 
/ the time of describing bc, and 
T the time of descending down ab ; 
then by art. 119, f :/ :: ba : bc;- 
and by art. 132, / : t :: bc : ba; 
theref. by comp. vt :/t:: 1 : 1. 

That is, the comjpound ratio of the forces and times, or the 
ratio of the velocities, is a ratio of equality. 

135. CoroL 1. Hence the velocities acquired, by bodies 
descending down any planes, from the same height, to the 
same horizontal line, are equal. 

136. Corel. 2. If the velocities be equal, to any two equal 
altitudes, d, e ; they will be equal at all other equal alti- 
tudes A, c. 

137. CoroL 3. Hence also, the velocities acquired by de- 
scending down any planes, are as the square roots of the 
heights. 

PROPOSITION XXVIII. 

< 
138. If a Body descend down any Number of Contiguous Planes^ 
ab, bc, CD \ it will at last acquire the Same Velocity y as a 
Body falling perpendicularly through the Same Height ED, 
supposing the Velocity not altered by changing from one Plane to 
another. 

Produce the planes dc, . cb, to 
meet the horizontal line ea pro- 
duced in F and g. Then, by 
art. 135, the velocity at B is the 
same, whether the' body descend 
through ab or fb. And therefore 
the velocity at c will be the same, 

whether the body descend through abc or through fc> 

which 
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wliich is also again, by art. 135j the same as by descending 
through GC. Consequently it will have the same velocity 
at D, by descending through the planes Ab, bc, cd, as by de- 
scending through the plane OD ; supposing no obstruction 
to the motion by the body impinging on the planes at B and 
c : and this again, is the same velocity as by descending 
through the same perpendicular height £D. 

139. CoroL 1. If the liniss abcd, &c, be supposed inde- 
finitely small, they will form a curve line, which will be the 
path of the body j from which it appears that a body ac^ 
quires also the same velocity in descending along any curve^ 
as in £dling perpendicularly through the same height. 

140. CoroL 2. Hence also, bodies acquire the same velo- 
city, by descending from the same height, whether they 
descend perpendicularly, or down any planes, or down any 
curve or curves. And if their velocities be ^ual, at any one 
height, they will be equal at all other equal heiglus. Inere- 
fore the velocity acquired by descending down any lines 6r 
curves, are as the square roots of the perpendicular heights. 

141*, Corol. 3. And a body, after its descent through any 
curve, will acquire a velocity which will carry it to the same 
l^eight through an equal ciurve, or through any other curve* 
either by running up the smooth concave side, or by being 
retained in the curve by a string, and vibrating like a pen- 
dulum : Also, the velocities will be equal, at all equal alti<? 
tildes ; and the ascent and descent will be performed in the 
same time^ if the curves be the same. 

PROPOSITION XXIX. 

142. The Times in which Bodies descend through Similar Parti 
ef Similar Curves^ ABC, abc, placed alike ^ are^ as the Square 
Roots of their Lengths. 

m 

That is, the time in ac is to the time in ac, as ^^ac 
to -v/ac. 

For, as the curves are similar, they may 
be considered as made up of an equal 
xiumber of corresponding parts, which are 
everywhere, each to each, proportional to 
the whole. And as they are placed alike, 
the corresponding small similar parts will 
also be parallel to each other. But the 
time of describing each of these pairs of corresponding pa- 
Tallel parts, by art. 128} are as the square roots of their 

lengths. 
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lengths^ which, by the supposition) are as v^AC to ^/ac^ thf 
roots of the whole pinres. Thoreforej the whole times arQ 
jn the «aine ratio of v^ac to ^ac. 

148. Carol. 1. Because the axes pc, Dc» of similar ctnres^ 
afe as the lengths of the similar parts ac, ac ; therefore th^ 
times of descent in the curves AC, ac, $ire as \/pt to v^DCy 
pr the square roots of their axes* 

144. CaroL 2. As it is the same th^ng, whether the bodies 
run down die smooth concave side of the curves, or be made 
to describe those curves by vibrating Hke a p<<ndulum, tho 
lengths beings DC, DC ; therefore the times of the vihratioq 
p{ pendulums, in similar arcs of any curves, are as the square 
f 9ot$ of the leijigths of the pendulums. 

SCHOLItTM* 

145. Having, in the last corollary^^ mentioned the peQr 
dulum, it may not b^ improper here to add sopip remarl^i 
^on^eming it. 

A pendulum consists of a ball, or A 

•ny other heavy body b, hung by i^ ^ 

£ne string or thread, moveable about 
t centre A, and describing the arc 
cbd; by which vibration the same 
motions happen to this heavy body, as 
would happen to any body descend- 
ing bv its gravity along the spherical 
superncies cbd, if that superficies were perfectly hard and 
;^nooth. If the pendulum be carried to the situation ac, 
9nd then let fall, the ball in descending will describe the arc 
CB ; and in the point b it will have that velocity which is 
acquired by descending through c^, or by a body falling 
freely through eb. This velocity will be sufficient to cause 
the baU to ascend through an equal arc pD, to th^ same 
height D from whence it fell at c : having there lost all its 
motion, it will again begin to descend by its own gravity ; 
5md in the lowest point B it will acquire the same velocity ^s 
before; which wiU cause it to re-ascend to c : and thus, by 
ascending and descending, it will perform continual vibrations 
in the circumference cbd. And if the m<^tions of pendu- 
lums met with no resistance from the air, and if there were 
no friction at the centre of motion a, the vibrations of pen- 
dulums would never cease. But from these obstructions, 
though smaU, it happens, that the velocity of the ball in the 
jpoint B is a little diminished in every vibration ; and conse- 
quently h does pot return precisely to the same points c or 

D, but 
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13 y but the arcs described continually become shorter and 
shorter, till at length they are insensibly ; unless the motion 
he as»sted by a mechanical contrivance, as in clocks, called 
a maintaining power* 

DEFINITION^ 

146. If the cir- 
cumferenceof a cir- 
cle be rolled on a 
right line, begin- 
ning at any point a, 
and continued till 
the same point a 
arrive at the line 

again, making just one revolution, and thereby measuring 
out a straight line aba equal to the circumference of the chw 
de, while the point a in the circumference traces out a curve 
line acaga % then this curve is called a cycloid ; and some 
of its properties are contained in the following lenunat 

LEMMA. 

147. If the generating or revolving circle be placed in ibm 
middle of the cycloid, its diameter coinciding with the axis 
/iB, and from any point there be drawn the tangent cp, the 
ordinate ode perp. to the axis, and the chord of tbfi circjl^ 
4D : Then the cmef properties are these : 

The right line cd = the circular arc ad ; 
The cytloidal arc ac =: double the chord ad ; 
The semi-cycloid aca = double the diameter aB| and 
The tangent CF is parallel to the chord AD. 

PROPOSITION XXX. 

148. Jf^irn a Pendulum vibrates in a Cycloid; the Time of one 
Vtbrationy is to the Time in which a Body falls through Ha^ 
the Length of the Pendulum ^ as the Circumference of a Circle U 
to its Diameter. 

Let ABa be the cycloid ; 
DB its axis, or the diameter 
of the generating semicircle 
.^EB ; CB = 2db the length 
of the pendulum, or radius 
of curvature at B. Let the 
l>all descend from f, and, in 
^vibrating, describe the arc 
^Bf. Divide fb into innu- 
merable small parts, one of 
^hich is Gg; draw rzL, 

OM| 
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GM, gm, perpendicular to db. On li describe thie* semi- 
circle LMB, whose centre is o ; draw Mp parallel to DB ^ 
also draw the chords be, bh, £H, and the radius cm. 

Now the triangles beh, bhk, are equiangular ; therefore 

bk : bh :: bh : be, or bh*= bk . be, or bh = -/bk . be. 
And the equiangular triangles Mmp, mon, give 
lip : Mm :: mn : Mo. Also, by the nature of the cy^ 
doid, Hh is equal to Gg. 

If another body descend down the chord eb, it will have 
the s&me velocity as the ball in the cycloid has at the same 
height. So that Kk and Gg are passed over with the same 
velocity, and consequently the time in passing them will be 
as their lengths Gg, Kk, or as Hh to Kk, or bh to bk by 

^milar triangles, or ^bk . be to bk, or v^be to V^^> ^^ 
\/bl to -v/bn by similar triangles. 

That is, the time ih Gg : time in Kk : : -v/bl : v^bn. 

Again, the time of describing any space with a uniform 
motion, is directly as the space, and reciprocally as the ve- 
locity •, also, the velocity in k or Kk, is to the velocity at b, 
as \/BK to \/eb, or as v'ln to -v/lb ; and the uniform velo- 
city for EB is equal to half that at the point b, therefore the 

time in Kk : time in eb : : r : — !L- : ; (by 3im. tri.) 



tan LB 
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:: Nn or Mp : 2-v/bl . ln. 



That is, the time in Kk : time in eb : : Mp : 2v^bl . ln. 
But it was, time in Gg : time in Kk :: V^bl : ^/BN; theref. 

by comp. time in Gg : time in eb : : Mp : 2^bn . NLor2NM. 
But, by sim. tri. Mni : 2om or bl : : Mp : 2nh. 
Thpref. time in eg : time in eb : : Mm : bl. 

Consequently the sum of all the times ,in all the Gg^s, is to 
the time in eb, or the time in db, which is the same thing, 
as the sum of all the Mm's, is to lb ; 
that is, the time in Fg : time in db : : Lm : lb, 
and the time in fb : time in db : : lmb : lb, 
or the time in Ffif : time in db : : 2lmb : lb. 

That is^ the time of one whole vibration, 

is to the time of falling through half CB, 
as the circumference of any circle, 
is to its diameter. ' 

149. CcroL 1. Hence all the vibrations of a pendulum in 
a cycloid, whether great or small, are performed in the same 
time^ which time is to the time of falling through the axis, 

or 
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or Iialf the length of the pendulum, as3*1416tol, the ratio 
of the circumference to its diameter ; and hence that time 
is eo^y found thus. ^Put^ = 3*1416, and / the length of 
the pendulum, also g the space fallen by a heavy body in 1" 
of time. 

then x^g : a/IJ :: V : a/ — the time of falling throujgh •{/> 

theref. I : p :: -/ — : p^/ — , which therefore is the time 
of one vibration of the pendulum. 

150. And if the pendulum vibrate in a small arc of a circle ; 

because that small arc nearly coincides with the small cycloidal 

arc at the vertex b ; therefore the time of vibration in the 

small arc of a circle, is neanly equal to the time of vibration 

in the cycloidal arc ; consequently the time of vibration m 

/ 
a small circular arc, is equal top^ — , where / is the radius 

% 
of the circle. 

151. So that, if one of these, ^ or /, be found by expe- 
riment, this theorem will give the other. Thus, if ^, or the 
space fallen through by a heavy body in 1" of time, be founds 
then this theorem will give the length of the second penduf 
lum. Or, if the length of the sftcond pendulum be ob- 
served by experiment, which is the easier way, this theorem 
will give g the descent of gravity in 1 ". Now, in the lati- 
tude of London, the length of a pendulum which vibrates 
seconds, has been found to be SD-^- inches ; and this being 

written for / in the theorem, it gives py/ — 1= I" : hence 

is founds = ^// = 4-^* X 394 = 193-07 inches = 16,V 
feet, for the descent of gravity in 1'' ; which it has also 
been found to be, very nearly, by niany accurate experi- 
ments. 

, SCHOLIUM. 

i52. Hence is found the length of a pendulum that shall 
make any number of vibrations in. a given time. Or, the 
number of vibrations that shall be made by a penduluni^of 
a given length. Thus, suppose it were required to find the ^ 
length of a half-seconds pendulum, or a quarter-seconds 
pendulum ; that is, a pendulum to vibrate twice in a second, 
or 4? times in a second* Then, since the time of vibration 
is as the square root of the length, 

therefore 
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Aerefore 1 : J. :: i/39j. : ^//, 

or - - 1 : 4. :: S9i : ??i = 9} inches nearly^ tbe^ 

length of the half-seconds pendulum. 

Again 1 :^:: 391 : 2^ niches, the l^gth of the qmaUr* 
seconds pendulum* 

Again, if it were required to find how many vibrations at 
pendulum of 80 inches long will make in a minute. .H^e 

^80 : x/^H :: 60" or 1' : eOv'^Sl =» 7i^3V^ ^ ^ -* 

41*95987, or almost 42 vibrations in a minute*. 

153. In these propositions, the thread is supposed to be* 
very fine, or of no sensible weight, and the hm very slaaU^ 
or all the matter united in one point ; also, the length of 
the pendulum, is the distance from the point of suspcxision^ 
or centre of motion, to this point, or centre of the small 
ball. But if the ball be large, or the string veiy thick, or 
the vibrating body be of any other figure ; then the length 
of the pendulum is difierent, and is measured, firom the 
centre of motion^ not to the centre of magnitude of the 
body^f but to such a point, as that if all the matter of the 
pendulum were collected into it, it wovld then vibrate in 
the same time as the compound pendulum ; and this point i« 
called the Centre of Oscillation ^ a point wmch wiiti hfi treated 
of in what follows* 



The MECHANICAL POWikSi &c. 

154. WEIGHT and Power, when opposed to each oiher^ 
s^ify the body to be moved^ and the body that tnoves it 9 
or the patient and agents The power is the agent, which 
moves, or endeavours to move, the patient or weight. 

155^ Equilibrium; is an equality of action or force, be« 
tween two or more powers ox weights, acting against each 
other, by which they desti^ es^ch other^s effects, and remain 
at reit. 

156. Machine, or Engine, is any meehanieal instrument 
contrived to move bodies* And it is composed of the me- 
chanical powers. 

157. Mechanical Powers^ are certain simple instru- 
ments, commonly toiployed for raising greater weights^ 
or overcoming greater resistances, than could be effected by 
the natural strength without them. These are usually ac« 

counted 
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^m 



counted six in number^ viz. ^e Lever, thi^ Wlieel and Azle^ 
the Pulley^ the Inclined Plane, the Wedge, and the Screw^ 

158. Mechanics, is the science of forces, and the effects 
they produce, when applied to machines, in the motion of 
txxiies. ' 

159. Statics, is the science of weights, especially ,whea 
considered in a state of equilibrium. 

160. Centre of Motion, is the fix,ed point about which a 
body moves. And the Axis of Motion, is the fixed line 
about which it moves. 

161. Centre of Gravity, is a certain point, on which a 
body being freely suspended, it will rest in any position.' ' 



Ov THE LEVER. 

162. A L£VER is any inflexible rod, bar, or beami which 
serves to raise weightis, while it is supported at a point by a 
fulcrum or prop, which is the centre of motion. The lever 
is supposed to be void of gravity or weight, to render the 
demonstrations easier and simpler. There are three kinds 
of levers. 



163. A Lever of the First yf £. 

Kind has the prop c be* ' ^ 
tween the weight w and 
the power p. And of this 
kind are balances, scales, 
crows, hand'-spikes, scissors, 
pinchers, &c. 



-U^^ 



* 
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164. A Lever of the Se- 
cond Kind has the weight 
between the power and the 
prop. Such as oars, rud- 
ders, cutting knives that are 
fixed at one end, &c. 

165. A Level" of the 
Third Slind has the power 
between the Weight and 
the prop. Such as tongs, 
the bones and muscles of 
animals, a man rearing a 
ladder, <cc« 
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16S. A Fourth Kind is some- 

times addedj called the Bended W ^y^ 

Lever. As a hammer drawing W \ jL ^ — ••jp 

mnaiL 9 

167. In all these instruments the power may be represented 
by a weight, which is its most natural measure, acting dbwii- 
ward : but having its direction changed, when necessary, by 
means of a fixed pulley. 

PROPOSITION xxii. 

168. When the Weight and Power keep the Lever in EqniBiri^ 
they are to each other Reciprocally as the Distances of their 
Lines of Direction from the Prop. That iSfV : w : : cD : ce ; 
nuhere CD and C£ are perpendicular to wo and Ao^ the 
Directions of the two Weights^ or the Weight and Power 
w and A. 

For, draw C7 parallel to ao, and 
CB parallel to wo: Also, join cO, 
which will be the direction of the 
pressure on the propc ; for there can- 
not be an equilibrium unless the di- 
rections of the three forces all meet 
in, or tend to, the same pointy as o. 
Then, because these three forces 
keepeach other in equilibrio, they are 
proportional to the sides of the tri- 
^gle cBo or ero, drawn in the 
direction of those forces ; there- • 

fore - - - - P : w : : CF : ED or CB. 

But, because of the parallels, the 
two triangles cdf» cbb are equi- 
angular, therefore - - CD : CE : : cf : CB. 
Hence, by equality, - - p : w : : cd : ce. 

That is, each force is reciprocally proportional to the 
distance of its direction from the fulcrum. 

And it will be found that this demonstration will serve for 
all the other kinds of levers, by drawing the lines as directed. 

169. CoroL K When the angle a is = the angle w, then 
is CD : CE : : cw : CA : : p : w. Or when the two forces act 
perpendicularly on the lever, as two weights, &c ; then, in 
case of an equilibrium, d coincides with w, and B with 
p; consequently then the above proportion becomes also 
p : w :: cw : CA, or the distances of the two forces from 
the fulcrum, taken on the lever, arc reciprocally propor- 
tional to those forces. 

170. Corol. 
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no. Corol.2, If any force p be applied to a lever at 'a ^ 
its effect on the lever, to turn jt about the centre of mo- 
tion c, is as the length of the l^ver ca, and the sine of the 
angle of direction cae. For the perp. ce is as ca x s. Z. a. 

171. Corol, 3. Because the product of the extremes is 
equal to the product of the means, therefore the product of 
the power by the distance of its direction, is equal to th^ 
product of the weight by the distance of its direction. 

' That is, p X CE = w X CD. 

172. CoroL 4. If the lever, with the weight and power 
fixed to it, be made to move about the centre c ; the mo- 
mentum of the power will be equal to the momentum of the 
weight ; and their velocities will be in reciprocal proportion 
to each other. For the weight and power will describe 
circles whose radii are the distances CD, cE ; and since the 
circumferences or spaces described, are as the radii, and also 
as the velocities, therefore the velocities are as the radii CDi 
CE ; and the momenta, which are as the masses and velo- 
cities, are as the masses and radii ; that is^ as p x CE and 
w X CD, which are equal by cor. S. 

173. Corol. 5. In a straight lever, kept in equilibrio by a 
weight and power acting perpendicularly ; then, of these 
three, the power, weight, and pressure on the prop, any one 
is as the distance of the other two. 

174'. CoroL 6. If se- .^^^ j^ q j) ^ 
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veral weights p, q, r, 

s, act on a straight 

lever, and keep it in 

equilibrio ; then the 

sum of the products 

on one side of the 

prop, will be equal to 

the sum on the other side, made by multiplying each weighj 

by its distance ; namely, 

P X AC 4- Q^X BC =s R X DC + S X EC. 

. For, the effect of each weight to turn the lever, is as the 
"weight multiplied by its distance ; and in the case qf an 
equilibrium, the sums of the effects^ op of the products pn 
both sides, are equal. 

175. CoroL 7. Because, when p C 

two weights (^ and R are in f ' iS 
equilibrio, Q^ : R :: CD : cBj ^ ^ 

therefore, by composition^ a + R : <i 

and, a 4* B. : r 
. yoL. II. N Tliat 
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Tiiat is, the sttm of the weights is to either of them, as 
the sum of their distances is to the distance of the other. 



SCHOLIUM. 

176. On the foregoing prin- 
ciples, depends the nature of 
scales and beams, for weigh- 
ing all sorts of goods. For, 
if the weights be equal, then ^ 
wU the distances be equal A, 
also J which gives the construe- / 
tion of the common scales, / 
which ought to have these ^ 
properties : ^gseri/ s:.^ma^ 

Isty That the points of suspension of the scales and the 
centre of motion of the beam, a, b, c, should be in a 
straight line : 2^, That the arms ab, bc, be of an equal 
length : 3^, That the centre of gravity be in the centra of 
motion e, or a little below it : 4/A, That they be in equilibrio 
when empty : 5/>^, That there be as little friction as possible 
at the centre B. A defect in any of these properties, makes 
the scales either imperfect or false. But it often happens that 
the onfe side bf the beam is made shorter than the other, and 
the defect covered by making that scale the heavier, by wluch 
means the scales hang in equilibrio when empty j but when 
they are charged with any weights, so as to be still in equili- 
brio, those weights are not equal ; but the deceit will be de- 
tected by changing the weights to the contrary sides, for then 
the equilibrium \vill be immediately destroyed. 

177. To find the true weight of any body by such a false 
balance :-r— First weigh the body in one scale, and afterwards 
weigh it in the other; then the mean proportional between 
these two weights, will be the true weight required. For, if 
any body b weigh w pounds or ounces in the scale d, and 
only lu pounds or ounces in the scale E : then we have these 
j:wo equations, namely, ab . ^ = bc . w. 

and BC . ^ = AB . 7(; ; 
the product of the two is A B . bc . ^* = ab . cc . ww; 
hence then - - - ^* = ww, 

and - - - ^ = ^ww, 

the mean proportional, which is the true weight of the body i. 

178. The Roman Statera, or Steelyard, is also a lever, but 
of unequal brachia or arms, so contrived, that one weight 
only may serve to weigh a great many, by sliding it back- 
ward 
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vrard and forward , to different distances, on the loilger arm 
of the lever ; and it is thus constructed : 




Let AB be the steelyard, and C its centre of motion, 
whence the divisions must commence if the two arms just 
balance each other : if not, slide the constant moveable weight 
I along from B towards c, till it just balance the other end 
without a weight, and there make a notch in the beam, 
marking it with a cipher 0. Then hang on at A a weight w 
equal to i, and slide i back towards b till they balance each 
other J there notch the beam, and mark it with !• Then 
make the weight w double of i, and sliding i back to balance 
it, there mark it with 2. Do the same at 3, 4, 5, &C| . by 
making w equal to 3, 4, 5, &:c, times i ; and the beam is 
finished. Then, to find the weight of any body b by the 
steelyard ; take off the weight w, and hang on the body i 
at A ; then slide the weight i backward and forward till it 
just balance the body h, which suppose to be at the number 
5 ; then is b equal to 5 times the weight of i. So, if I be 
one pound, then ^ is 5 pounds ; but if i be 2 pounds, then • 
Hs 10 pounds ^ and so on. 



Of the wheel and AXLE. . 

PROPOSITION XXXII. 

X79. In the WheeUand-Axle ; the Weight and Power ivill h 

in £qqi/ibriOf when the Power p is to the Weight w, Reci-^ 

procally as the Radii of the Circles where they act ; that is, as 

the Radius of the Axle CA, where the Weight hangs, to the 

Radius of the Wheel CB, where the Power acts. That is. 



w 






CA : CB. 



HERE the goni, by whichiji^ powi»r p dcfsrS<% about 

N2 ' ^ \W 
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the circumference of the wheel, while 
that of the weight w goes rouod its 
axle, or another smaller wheel, attach- 
ed to the larger, and having the same 
axis or centre c. So that BA is a lever 
moveable about the point c, the power 
r aaing always at the distance BC, 
and the weight w at the distance ci ; 
dierefore p : w : : ci : cb. 

180. CWw/. 1. If the wheel be put 
in motion; then, the spaces moved 

being as the circumferences, or as the radii, the velocity of 
w will be to the velocity of f, as CA to CB ; that is, the 
weight is moved as much slower, as it is heavier than the 
power -, so that what is gained in power, is lost in time. 
And this is the universal property of all machines and 
engines. 

181. Conl. 2. If the power do not act at right angles to 
the radius cb, but obliquely { draw cd perpendicular to 
the direction of the power ; then, by the nature of the lever, ' 




183. To this power be- 
long all turning or wheel 
machines , of di^r ent radii. 
Thus, in the roller turning 
on the axis or spindls ce, 
by the handle cm; the 
power applied at b is to 
the weight w on the roller, 
as the radius of the roller 
is to the radius cb of the handle. 

183. And the same for all cranes, capstans, windlasses, and 
sych like ; the power being to the weight, always as the ra- 
dius or lever at Which the weight acts, to that at which the 
power acts ; so that they are always in the reciprocal ratio 
of their velocities. And to the same principle may be re- 
ferred the gimblet and augur for boring holes. 

' 184. But ail this, however, is on supposition that the ropes 
or cords, sustaining the weights, are of no sensible thickness. 
For, if the. thickit^t be considerable, or if there be several 
folds of them, over one another, en the roller or barret ; then 
^ Wjeinustipeaf^rptp^j^uddleef'Uieooitteniosl:. u^&'for' 
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the radius of the roller; or, to the radius of the roller w* 
must add half the thickness of the cord, when there is but 
one fold. 

IS5. The wheel-and-axle has a great adrantagc over the 
nmple lever, in prant of convenience. For a weight can be 
rused but a little way by the lever ; whereas, by the conti- 
nual turning of the wheel and roller, the weight may be 
raised to any height, or from any depth. 

186. By increasing the number of wheels too, the power 
may be multiplied to any extent, making always the less 
wheels to turn greater ones, as far as we please : and this ij 
commonly called Tooth and Pinion Work, the teeth of one 
circumference working in the rounds or pinions of another, 
to turn the wheel. And then, in case of an equilibrium, the 
power is to the weight, as the continual product of the radii 
of all the axtes, to uiat of all the wheels. So, if the power r 




torn the wheel «, and this turn the small wheel or axle r, 
and this turn the wheel s, and this turn the axle t, and 
thu turn the wheel v, and this turn the axle s., which raises 
the weight w ; then p : w : : CB . de . FG : ao . BD . £F. 
And in the same proportion is the velocity of w slower than 
that of p. Thus, if each wheel be to its axle, as 10 to 1 ; 
then p : w :: P : 10^ oras 1 to 1000. So that a power 
of one pound will balance a weight of 1000 pounds; but 
then, when put in motion, the power will move lOOO times 
faster than tlie weight. 

Of 
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Of the pulley. 

1 871 A Pulley is a small wheel, commonly made of wood 
or brass, which turns about an iron axis passing through the 
centra, and fixed in a block, by means of 'a cord passed 
round its circumference, which serves to draw up any 
weight. The pulley is either single, or combined together, 
to increase the power. It is also either fixed or moveable, 
according as it is fixed to one place, oj- moves up and 4own 
with the weight and power. 



PROPOSITION XXXIII. 

^88. If a Power sustain a Weight hy mefins of a Fixed PuHiy : 

the Power and Weight are Equal. 

For through the centre c of the pulley 
draw the horizontal diameter ab : then 
will AB represent a lever of the first kind, 
its prop being the fixed centre c ; from 
which thp points a and b, where the 
power and wpight act, being equally 
distant, the power p is ponsequpntly equaj 
to the w.eight w. 

1 89. Coroh Hence> if the pulley be put 
in motion, the power p will descend as 
fast as the weight w ascends. So that 
the power }s not increased hy the use of 
the fixed pulley, even though the rope go over several .of 
them. It ig, however, of great service in the raising of 
weights, both by changing the directipn of the: force, for 
the convenience of acting, and by enabling a person to raise 
a weight to any height without moving from his* place, and 
also by permitting a great many persons at once to exert 
their force on the rope at P, which they could not do to the 
weight itself; as is evident in raising the hammer or weight 
of a pile-driver, as welj a§ on mapy pthe^ occasions. 



PROPOSITION XXXIV. 

190. If a Ponver sustain a JFeight by means ef One Moveable 
Pulley ; the Power is but Half the Weight. 

For, here ab mav be considered as a lever of the second 

kmu. 




The inclined PLANE. 

kind, the power acting at A, 
the weight ate, and the prop, 
or fixed point at B ^ and be- 
cause p : w : : CB : ab, 
and CB = 4ab, therefore 
p = jW, or w = 2p. 

191. Cord. 1. Hence it is 
evident, that, when the pul- 
ley is put in motion, the ve- 
locity of the power will be 
double the velocity of the 
weight, as the point p moves 
twice asifast as the po.iiit c and weight w rises. It is also 
evident, that the iixed pulley f makes no ditference in the 
power p, but is only used to change the direction of it, from 
upwards to downwards. '' 

192. Ccnl. 2. Hence wemay estimatethceffect of acomDi^ 
tlationofany numberof fixedand moveable pulleys ; by wh!^ 
we shall find that every cord going over a moveable piulgy 
always adds 2 to the powers; since each moveable pulley's roji^ 
bears an equal share of the weight; while each rope that is 
fixed to a pulley, only increases the power by unity. ' , 





Of the inclined PLANE. 
193. THE Imcliked Plane, is a plane inclined to th« 
horizon, or making an angle with it. It is often reckoned 
one of the simple mechanic powers ; and the double inclined 
plane makes the wedge. It is employed to advwitage in 
raising heavy bodies in certain situations, diminishing their 
Weights bv laying them on the inclined planes. 

PROPOSITION 
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PROPOSITIOli XXXV* 




19lf. The Power gained by the Inclined Plane^ is in Properihn 

4/ the Length of the Plane is to its Height, That isj when a 

Weight w is sustained on an Inclined Plane BC, by a Powir 

>, acting in the Diredtion DW, parallel to the Planes then the 

^Weight w, 1/ in proportion to the Power p, as the Length of 

ike Plane is to its Height; that /J| w : P : : bc : A9» 

Fo», draw AE pcrp. to 

the plane bc^ or to trvr. 

Thehw^are to considerthat 

the \odj w is sustained by 

three forces, viz. Ist, its 

oWn weight or the force of 

gfzvitji actin? perp. to ac, or pairallel to ba^ 2d,^ by th^ 
power p, acting in the direction wd, parallel to bc> or 
BE \ and 3dly, by the re-action of the plane, peip. tO: its 
face, or parallel to th^e line ea. But when a body is l^'ept 
in equilibrio by the action of three forces, it has been.prpv^d, 
that the intensities of these forces are proportional to the sides 
6f the triangle, abe, made by lines drawn in the directiona 
of their actions^ therefore those forces are to one another 7» 
the three lines - - - - ab, be, aej that is, 
the weight of the body w is as the line ab, 
the power p is as the line - - be, 
and the pressure on the plane as the line ae. 
But the two triangles abe, abC are equiangularj and have 
therefore their like sides proportional; that is, 
the three lines - _ - - ab, be, ae, 
are to each other respectively as the three bc, ab, ac, 
OP also as the three - . - - bc, ae, ce, 

which therefore are as the three forces w, p, py 
where p denotes the pressure on the plane. That is, 
W : P : : BC : Ab, or the weight is to the power, as the 
length of the plane is to its height. ^ 

See more on the Inclined Plane, at p. 164, &c. 

t9S. Scholium. The inclined plane comes into use iA some 
situations in which the other xQechanical powers cannot be 
conveniently applied, or in combination with them. As, in 
sliding heavy weights either up or down a plank or other 
plane laid 'sloping: or letting largte casks down into a cellar, 
or drawing them out of it. Also, in removing earth from a 
lower situation to a higher by mean* of wheel-barrows, or 
otherwise, as in making fortifications, &c; inclined planes, 
niade of bo^ds^ laid aslope, serve for the barrows to run 
upon. 

Of 



Tub wedge. isS. 

Of all the various directions of drawing bodies up an in- 
clined plane, or sustaining them on it, the most ^vourable 
is where it is pandlel to the plane bc, and [nssieg'tjlmigh 
the centre of the weight; a direction which is sasily given 
to it, by fixing a pulley at D»' so that a cord pasui^ over it* 
and fixed to the weight, may act or draw parallelto tlM.piane. 
In every other position, it would require a greater power to 
support the body on the plane, or to -draw It ujj. Tor if one 
end of the line be fix«d at W, and the other end incline doMk 
towards a, below the direction WD, the body would be-drawA 
down against the plane, and the pdwer must be increased ih 
proportion to the greater difficulty of the traction. And, on 
the other hand, if the line were duried above the direction 
of the plane, the power must be also increased; but here only 
in proportion as it endeavours to lift the body off the plane. 
If the length bc of the plane be equal to any itumber of 
times its ptrp. height as, as suppose S tinges; then a power 
p of 1 pound, hanging freely, will balance a weight w of S 
pounds, laid on the plane; and a power p of 2 pounds, will 
' balance a weight w of 6 pounds; and so on, always 3 times 
as much. But then if they be set a-moving, the perp. descent 
of the power p, will be equal to 3 times as much as the perp. 
-ascent of the weight w. For, though the weight w 
ascends up th« direction of the oblique plane bc, just as fast 
as the power p descends perpendicularly, yet the weight rises 
only the perp. height ab, while It ascends up the whole 
lengHi of the plane BC, which is 3 times as much ; that b> 
for every foot of the perp. rise of the weight, it ascends 3 feet 
up in the direction of the plaite, and the power P descends 
just as much, or 3 feet. 



Or THE WEDGE. 



196. THE Wedck i» a piece of 
Wood or metal, in form of half a rec- 
tangular prism. iFOTBcisthebreadth 
of its hack; Ce its height; gc, BC its 
sides I and its end Gfic is composed of 
two equal inclined planes gcb> bce. 




PROPOSITIDN 



MECHANICS. 



PROPOSITION XXXVI. 




187; Whtn a WeJgt it in Equilihrio : tSt Prnxr acting against 
the Back, ii le the Ftrce acting Perpendicularly against cither 
Sidft as the Breadth of tht Back aB, is to the Length of the 
Sideic «r BC. ' 

. For, any tbr«e forces, which sustain one 
another in. fquUibrioi are as the corre- 
qmndinE sides of a triangle drawn per- 
pendicular to the directions in which they 
act. But AB is perp. to the force acting 
on the back, to urge the wedge forward ; 
and the sides AC, Bc are perp. to the 
forces acting on them ; therefore the three 
forces are as ab, ac, bc. 

198. Com/. The forceonthebacfc, (ab, 
Its effect in direct, perp. to ac, 5ac, 
And its effect parallel to abj 1 pc, 

are as the three lines > ' wbichareper.tothem. 

And therefore the thinner a wedge is, the greater is its 
effect, in splitting any body, or in overcoming any resistance 
against the sides of the wedge. 



109. But it must be observed, that the resistance, or the 
forces above-mentioned, re-^pect one side of the wedge only. 
For if those against both sides be taken in, then, in the fore- 
going proportions, we must take only half the back AB, or 
else we must take double the line ac or dc. 

In the wedge, the friction against the sides is very great, at 
least equal to the force to bc overcome, because the wedge 
retains any position to which it is driven ; and therefore the 
resistance is doubled by the friction. But then the wedge has 
a great advantage over all the other powers, arising from tlie 
force of percussion or blow with which the back is struck, 
which is a force incomparably greater than any dead weijfchi 
or pressure, such as is employed in other machines. And ac- 
cordingly we find it produces effects vastly superior to those 
of any other powers such as the splitting and raising the 
largest and hardest rocks, the raising and lifting the largest 
ship, by driving a wedge below it, which a man can do by 
the blow of a mallet : and thus it appears that the small 
blow of a hammer, on the back of a wedge, is incomparably 
greater tlian any mere pessure, and will overcome it. 

Of 



The screw. It? 



Of the screw. 

200. THE Screw is one of the six mechanical powers, 
chiefly used in pressing or squeezing bodies close^ though 
sometimes also in raising weights. 

The screw is a spiral thread or groove cut round a cy- 
linder, and everywhere making the same angle with the 
length of it. So that if the surface of the cylinder, with 
this spiral thread on it, were unfolded and stretched into a 
{dane, the spiral thread would form a straight inclined plane, 
whose length would be to its height, as the circumference of 
the cylinder, is to the distance between two threads of the 
screw: as is evident by considering that, in making one 
round, the spiral rises along the cylinder the distance be- 
tween the two threads. 

PROPOSITION XXXVII. 

201. The Force of a Power applied to turn a Srew rounds is 
to the Force with which it presses upward or downward^ 
setting aside the Friction^ as the Distance between two Threads^ 
is to the Circumference where the Power is applied. 

The screw being an inclined plane, or half wedge, whose 
height is the distance between two threads, and its base the 
circumference of the screw ; and the force in the horizcHital 
direction, being to that in the vertical one, as the lines per- 
pendicular to theni, namely, as the height of the plane, or 
distance of the two threads, is to the base of the plane, or cir- 
cumference of the screw; therefore the power is to the pres- 
sure, as the distance of two threads is to that circumference.' 
But, by means of a handle or lever, the gain in power is in- 
creased in the proportion of the radius of the screw to the 
radius of the power, or length of the handle, or as their cir- 
cuTtifcrences. Therefore, finally, the power is to the pressure, 
as the distance of the threads, is to the circumference de- 
scribed by the power. 

202. Corol, When the screw is put in motion; then the 
power is to the weight which would keep it in equilibrio, as 
the velocity of the latter is to that of the former ; and hence 
their two momenta are equal, which are produced by mul- 
tiplying each weight or power by its own velocity. So that 
this is a general property in all the mechanical powers, 
namely, that the momentum of a power is equal to that of 
the weight which would balance it in equilibrio ; or that 
each of them is reciprocally proportional to its Velocity. 

SCHCfLlUM. 



MECHANICS. 




203. Hence we can easilj 
compute tbe force of any ma- 
chine turned by a screw. Let 
the .annexed figure represent a 
press driven by a screw, whose 
threads are each a quarter of 
an inch asunder ; and let the 
screw be turned by a handle 
of i feet long, from a to b ; 
then, if the natural force of 
a man, by which he can lift) 
pull, or draw, be 1 50 pounds ; and it be required to deter- 
mine with what force the screw will press on the board at D, 
when the man turns the handle at a and b, with his whole 
force. Then the diameter ass of the power being 4 feet, or 
48 inchfts, its circumference is 48 X 3-14:16 or 150| nearly ; 
and the distance of the threads being j- of an inch"; there- 
fore the power is to the pressure, as 1 to 603-j. ; but the 
power is equal to 1501bi theref. as 1 : SOS| :: lAO : 90480; 
and consequently the pressure at D is equal to a weight of 
90*80 pounds, independent of friction. 

• 20*. Again, if the end- 
less screw AB be turned 

by a handle AC of 20 

inches, the threads of 

the screw being distant 

half an inch each ; and 
*the screw turns a tooth- 
ed wheel £, whose pinion 

I. tnms another wheel f, 

and the pinion m of this 

another wheel G, to the 

pinion or barrel of which 

is hung a weight w; it is 

required to determine what 

wdght the man will be able 

to raise, working at the 

handle c; supposing the 

diameters of the wheels to 

be 18 inches, and those of 

the pinions and barrel 2 

inches ; the teeth and pi- 

uigns being all of a size. 
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Here 20xS*HI$x23: 125'66i, is the circuii^erence 
of the power. 

And 125-664 to i, or 251 328 tp 1, Is the force of the 
screw alone. * 

AlsOj 18 to 2, or 9 to 1, being the proportion of the 
wheels to the pinions; and as there are three of th^m, 
therefore 9^ to P, or 729 to 1, is tie power gained by the 
wheels. 

Consequently 251-328 x 729 to 1, or l832iaj.to 1 nearly, 
is the ratio of the power to tlie weight, arising from the ad- 
vantage both of the screw and the wheels. 

But the power is 1501b; therefore 150 x 183218^, or 
274*827 16 pounds^ is the weight the man can su$tain> which 
is equal to 12269 tons weight. 

But the power has to overcome, not only the weight, but 
also the friction of the screw, which is very great, in some 
cases equal to the weight itself, since it is sometimes sufficient 
to sustain the weight, when the power is taken offl 



On the centre of GRAVITY. 

205. THE Centre of Gravity of a body, is a certain 
point within it, on which the body being freely suspended^ 
it will rest in any p>osition ; and it will always descend to the 
lowest place to which it can get, in other positions. 



PROPOSITION XXXVIII. 

206. If a Perpendicular to the Horizon^ from the Centre of 
Gravity of any Body^ fall Within the Base of the Body^ it 
ivill rest in that Position ; but if the Perpendicular faU 
Without the Base, the Body will not rest in that Paition^ 
but will tumble down. 

For, if cb, be the perp. 
from the centre of gravity c, 
withinthebase: thenthebody 
cannot fall over towards A ; 
because, in turning on the 
point A, the centre of gravity 
c would describe an arc which 
would rise from c to e ; con- 
trary to the nature of that centre, which only rests when in 
the lowest place. For the same reason, the body will not 
fall towards o. And therefore it will stand in that position. 

But 




IM^ 



STATICS. 



•^ But if the perpendicular fall without the base} as cb^ 
then the body] will tumble over on that side : because, in 
turning on the point ^ the centre c descends by describing 
the descending arc ce* 

207. Corol. 1. If a perpendicular, drawn from the centre 
of gravity, fall just on tne extremity of the base j the body 
may stand ; but any the least force will cause it to fall that 
way. And the nearer the perpendicular is to, any side, Cr 
the narrower the base is, the easier it will be made to fall, 
or be pushed over that way ; because the centre of gravity 
bas the Ic;^ height to rise : which is the reason that a globe 
is made to roll on a smooth plane by any the least rorce. 
But the nearer the perpendicular is to the middle of the 
base, or the broader the base is, the firmer the body stands. 

208. CoroL 2. Hence if the centre of gravity of a body 
be supported, the whole body is supported. And the place 
of the centre of gravity must be accounted the place of the 
body ; for intp that point the whole matter of the body may 
be supposed to be collected, and therefore all the force also 
with which it endeavours to descend. 



1 

209. Corol. 3. From the property which 

the centre of gravity has, of always de- 
scending to the lowest point, is derived 
an easy mechanical method of finding that 
centre. 

Thus, if the body be hung up by any 
point A, and a plumb line ab be hung by 
the same point, it will pass through the 
centre of gravity ; because that centre is 
not in the lowest point till it fall in the 
plumb line. Mark the line ab on it. 
Then hang the body up by any other 
point D, with a plumb line re, which 
will also pass through tlie centre of gra- 
vity, for the same reason as before j and 
therefore that centre must be at c where 
the two plumb lines cross each other. 

210. Or, if the body be suspended by 
two or more cords gf, gh, &:c, then 
a plumb line from the point G will cut 
th^ body ill its centre of eravity c. 






211. Like- 
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211. Likewise, because a bod^ rests when.its centre of gra- 
vity is supported^ but not else ; we hence derive another easy 
method of finding that centre mechanically. For, if the 
body be laid on the edge of a prism, or over one side of a 
table, and moved backward and forward till it rest, or balance 
itself; then is the centre of gravity just over the line of the 
edge. And if the body be then shifted into another position^ 
and balanced on the edge again, this line will also pa$s hf 
the centre of gravity ; and consequently the intersection of 
the two will give the centre itself. 

PROPORTION XXXIX. 

212. The common Centre of Gravity c of any two Bodits A, B» . 
divides the Line joining their Centres^ into two Parts, wMct 
are Reciprocally as the Bodies. 

That is, AC : BC : : B : a. 

For, if the centre of gravity c be supported, the two 
bodies a and b will be supported, < ^ 
and will rest in equilibrio. But, ^~^ d 9 

by the nature of the lever, when ^ 
two bodies are in equilibrio about a fixed point c, they are 
reciprocally as their distances from that point ; therefore 

A • B ! I CB I CA. 

213. Corol. 1. Hence, AB : ac : : A + B : b ; or, the 
whole distance between the two bodies, is to the distance of 
either of them from the common centre, as the sum of the 
bodies is to the other body. 

' 2li. Corol. 2. Hencp also, CA . A ~ CB . B ; or the twp 
products are equal, which are made by multiplying each. 
body by its distance from the centre of gravity. 

215. CoroL ,3. As the centre c is pressed with a force equal 
to both the weights A and B, while the points a and b are 
each pressed with the respective weights A and B. There- 
fore, if the two bodies be both united in thefr common 
centre c, and only the ends a and B of the line ab be 
supp.orteJ, each will still bear, or be pressed by the same 
weights a and b as before. So that, if a weight of IQOlb. 
be laid on a bar at c, support;ed by two men at a and b> 
distant from c, the one 4 feet, and the other 6 feet ; then 
the nearer will bear the weight of 6t)lb, and the farther only 
40lb, weight. 




\99 STATICS 

2ie- CarcL 4, Since the ^ Q ;> ' ^-^M 
^^ pf any body to turn W ^ C ^^X^ 
ai kver about the fixed -^ 
point c, is as that body 

aind afi its distance from that point ;^ therefore, if c be the 
common centre of gravity of 'all the bodies A, b, d, e, f, 
placed in the straight lii\c af ; then is ca • a + cB . B = 
to •• D + CE . E + OF . Fj or, the sum of the products 
on one side* equal to the sum of the products on the other, 
made by multiplying each body by its distance from that 
centre. And if several bodies be in equilibrium on any 
straight lever, then the prop is in the centre of gravity, 

217. CorpI, 5. And though 
the bodies be not situated in a 
straight linet but scattered about 
in any promiscuous manner, the 
same property as in the last co- 
rollary still holds true, if per- 
pendiculars to any line whatever 
af be drawn through the several 

bpdies, and their common centre of gravity, namely, that 
ca . A + cb . B = cd . D + ce . e + cf . f. For the bo- 
dies have the same effect on the line af, to turn it about the 
point c, whether they are placed at the points a, b, d, e, f, 
or in any part of the perpendiculars Aa, fib, cd,- £e, pf. 



PROPOSITION XL. 

218. y there be three or more Bodies^ and if a Line be drawn 

from any one Body D to the Centre of Gravity of the rest C ; 

then the Common Centre of Gravity e of all the Bodies ^ divider 

the Une CD into tw6 Parts in e, which are Reciprocally Pro' 

portional as the Body d to the Sum of all the other Bodies. 

That is, CE : ED : : D : A + B &c. 

For, suppose the bodies a and b Q *C (J 

to be collected into the common A \ Jii 

centre of gravity c, and let their sum \ 

be called s. Then, by the last prop. I/vJ 

CE : sp : : D : s or A + B &c. 

219. CoroL Hence we have a method of finding the com — - 
mon centre of gravity of any number of bodies ; namely, by 
first finding the centre of any two of them, then the centra 
of that centre and a third, and so on for a fourth, or fifth, 
Jcc. 



PROPOSITION 
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PROPOSITION XLI. 

220. If there he taken any Point p, in the Line passing through 
the Centres of two Bodies: ihen the Sum of the two Products ^ 
9f each Body multiplied hy its Distance from that Pointy is equal 
to the Product of the Sum of the Bodies multiplied by the Di" 
stance of their Common Centre of Gravity c from the same 
jPoint P. 



That IS, PI • A + PB . B = PC • A + B, 

For, by the 38th, ca . a = cb . b. 



that is, PA — PC . A = PC — PB . B ; (^ ^ — ^ 

therefore, by adding, -A 

PA . A + PB . B = PC • A + B* 

221. Corol, 1. Hence, the two bodies A and b have the 
same force to turn the lever about the point p, as if they 
were both placed in c their common centre of gravity. 

Or, if the line, with the bodies, mov6 about the point p ; 
the sum of the momenta of a and B, is equal to the mo- 
mentum of the sum s or A + b placed at the centre c. 

222. CoroL 2. The same is also true of any number of 
bodies whatever, as will appear by cor. 4, pro p. 39, nam ely, 

PA . A + PB . B + PD . D &C. = PC . A + B + D &C, 

where p is in any point whatever in the line Ac. 

And, by cor. 5, prop. 39, the same thing is true when the 
bodies are not placed in that lihe, but any where in the per- 
pendiculars passing through the points a, b, d, &c ; namely^ 

Pa . A + Pb . B + Pd . D &C. = PC . A + B + p &c. 

223. Corol. 3. And if a plane pass through the point p per- 
pendicular to the line CP ; then the distance of th6 common 
centre of gravity from that plane, is 

^ pa . A + pb . B + pd . D &c t . • t 1 ^ • 

**c = 1-- , that IS, equal to thd 

A +B + D &c ^ 

sum of all the forces divided by the sum of all the. bodies. 
Or, if A, B, D, &c, be the several particles of one mass or * 
compound body ; then the distance of the centre of gravity 
<Df the body, below any given point p, is equal to the forces' 
of all the particles divided by the whole mass or body, that 
is, equal to all the pa .A, pb . », pd . n, &c, divided by the 
body or sum of particles A, b, d, &c. 

VfOL. II. O PROPOSITifON , 



PROPOSITION XLII. 

SSi. Tofnd the Centrt of Gravity eftmyBadst i 
o/Bodiei. 

THmoDCH any point p draw 
a plane, and let pa, pb, pd, &c, 
be the distance of the bodies 
A, B, D, &c, from the plane ; 
then, by the last cor. the di- 
stance of the common centre of 
gravity from the plane, will be 
_ pa . A + pb . fl + pd • D &c 



' ^atiy System 



^A #D ™ 



A + B + D &C 



225. Or, if J be any body, and qpk any plane ; draw 

PAS &C| perpendicular to qR, and through A, B> &c, 

draw innumerable sections of the body q p it 

b parallel to the plane QR. Let / denote 

any of these sections, and d = pa, or 

F8, &c, its distance from the plane Qjt. 

Then will the distance of the centre of 

gravity of the body from the plane be 

sum of all the ds * j -r .l 
PC = And if the 

distance be thus found for two tnter- 
sectine planes, they will give the point 
in ii4uch the centre is placed. 

226. But the distance Irom one plane is sufficient (or any 




ident that, in such a figure, the 
or line passing through the 



regular body, because it is evi 
centre of gravity is in the axi 
centres orall the parallel sections. 

Thus, if the jBgure be a parallelogram, or a 
cylinder, or any prism whatever; then the axis 
or line, or plane ps, which bisects all the sec- 
tions parallel to QR, will pass through the 
coitre of gravity of all those sections, and 
consequently through that of the whole figure 
C. Then, alt the sections s being equal, and 
the body i = ps . /, the distance of the centre 
wiUbePC = 

>A ./-fpB . f + &:C _ PA + P» + ^'D&C- _ PA-t-PB-f-&C 



— fl— 

— B- 
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But PA + PB + &c, is the sum of an arithmetical pro- 
gression, beginning at 0, and increasing to the greatest term 
PS, the number of the terms being Uso equal to ps ; 
therefore the sum pa + pb + &c = 4p$ . Psj and con- 
sequently PC =: ^^^ ' ^.^ =s ivs'f that isy the centre of 

PS 

gravity is in the middle of the axis of any figure whose pa« 
rallel sections are equal. 

227. In other figures, whose parallel sections are not equals 
but varying according to some general law, it will not be 
easy to find the sum of all the pa . /, pb . /, pd . /, &c» 
except by the general method of Fluxions; which case 
therefore will be best reserved, till we come to treat of that 
doctrine. It will be proper however to add here some ex- 
amples of another method of finding the centre of gravity of 
a triangle, or any other right-^lined plane figure. 



PROPOSITION XUII. 

228. To find the Centre of Gravity of a Triangle. 

From any two of the angles draw 
lines AD, C£, to bisect the opposite 
sides ; so will their intersection g be 
the centre of gravity of the triangle. 

For, because ad bisects bc, it bi- 
sects also all its parallels, namely, all 
We parallel sections of the figure; y 
therefore ad passes through the centres 
of gravity of all the parallel sections or 
component parts of the figure ; and consequently the centre 
of gravity of the whole figure lies in the liiie ad. For the 
same reason, it also lies in the line ce. Consequently it is 
Jn their common point of intersection G* 

229. Carol. The distance of th^ point G, is AG = f ad^ 
and CG =s §CE : pr ag = 2gd, and cg = 2g£. 

For, draw bf parallel to ad, and produce C£ to meet 
it in F. Then the triangles a£g, B£F are similar, and also 
equal, because ae = be ; consequently AG = bf. But 
the triangles cdg, cbp are also equiangular, and cb being 
= 2cD, therefore bf =c 2gd. But bf is also :== ag ; 
consequently AG =: 2gp or |ad. In like manner, CG =: 
2g£. or |CE. 

O 2 PROPOSITION 





PROPOSITION XLIV. 

350. To find the Cintre tf Gravity of a Trapezium. 

Divide the trapezium abcd into 
two triangles, by the diagonal bd, and 
find E, F, the centres of gravity of these 
tiro triangles ; then shall the centre of 
gravity of the trapezium lie in the line 
EP connecting them. And therefore 
if EF be divided, in g, in the alternate 
ratio of the two triangles, namely, 
EG : GF : : triangle bcd : triangle Abd, then G will be the 
centre of gravity of the trapezium. 

231. C>, having found the two points e, f, if the trape- 
zium be divided into two other triangles bac, dac, by the 
other diagonal Ac, and the centres of gravity h and I of 
these two triangles be also found ; then die centre of gravity 
of the trapezium will also lie in the line hi. 

So that, lying in both the lines, ef, hi, it must necessarily 
lie In their intersection c. 

232. And thus we are to proceed for a figure of any 
greater number of sides, finding the centres of their com- 
ponent triangles and trapeziums, and then finding the com- 
mon centre of every two of these, till they be ^ reduced 
Into one only. 

Of the use of the place of the centre of gravity, and the 
nature offerees, the following practical problems are added^ 
to find the force of a bank of earth pressing against a wall, 
and the force of the wall to support ic^ also the push of ao^ 
arch, with the thickness of the piers necessary to support it. 

PBOFOSITION XLV. 

ass. To determine the Force tuiih which a Bank cf Earth, or 
such Hie, presses against n Wall, and the Dimetuietii ef tbt . 
Wall necessary to Support it. 

Lit acde be a vertical section of a 
bank of earth, and suppose that if it 
were not supported, a triangular part of 
it, as ABE, would slide down, leaving 
it at what is called the natural slope be ; 
biit that, by means of a wall aefg, it 
issupported, and kept in tts place- — It 
is required to find the force of ahej 
[aad the dimensions of the wall aefc. 
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Let H be the centre of gravity of the triangle abe, 
through which draw KHi parallel to the slope face of the 
earth be. Now the centre of gravity h may be accounted 
the place of the triangle abe, or the poiilt into which it is 
all collected ; and it is sustained by three forces, namely, 
its, weight acting at K in the direction ae, the resistance 
of the plane be in the direction perp. to be, and the re- 
sistance of the plane ae in the direction ab ; and these three 
forces, sustaining the body in equilibrio, are as the three 
lines perpendicular to their directions, namely, as the three' 
line^, AB, BE, AE y therefore the weight of the body ABEy 
is to its pressure against k, as ab is to ab. But ^ab . ab* 
is the area of the triangle abe ) and if m be the sped£k: 
gravity of the earth, then 4-ae . ab . f/i is as its weight. 
Therefore as ab : ae : : -j-ae • ab . m : -j-ae^ . m, the 
force or pressure against K : which therefore is proportional 
to the square of the altitude ae, whatever be the breadth, 
AB, or the angle of the slope aeb. And the eflFect of thi§ 
pressure to overturn the wall, is also as the length of th^ 
lever ke or -J-ae * : consequently its eflFect is -yAfi* . w . JaEj 

or 



-r^ 



* The principle now employed in the solution of this 45th 
problem, is a little different from that formerly used ; viz. by 
consideringthe triangle of earth A be as acting bylines ik, &c, 
parallel to the face of the slope be, instead of acting in directions 
parallel to the horizon ab ; an alteration which gives the length 
of the lever ek, only the half of what it was in the former way, 
viz, v^K — yAE instead of -|ae: but every thing else remaining 
the same as before. Indeed this problem has formerly been 
treated on a variety of different hypotheses, by Mr, MuUer, &c, 
in this country, and by many French and other autliors in other 
countries. And this has been chiefly owing to the uncertain 
way in which loose earth may be supposed to act in such a case ; 
which on account of its various circumstances of tenacity, friction, 
&c. will not perhaps admit of a strict mechanical certainty. On 
these accounts it seems probable that it is to good experiments 
only, made on different kinds of earth and walls, that we may 
probably hope for a just and satisfactory solution of the problem, 
in this way then I have great expectations from Mr. Wm. 
Cowper, clerk of the works in the Koyal Engineer department 
at Hull, on whose suggestion it was that the above alteration is 
made in the solution, who states that he has made some con^ 
siderable experiments on this business, which may probably be 
attended with vejy beneficial effects in real practice. 

The 
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or iki? • m. Which must be balanced by the counter re« 
sistance of the wall^ in order that it may at least be supn 
ported. 

Now» if M be the centre of gravity of the wall, inta 
which its whole matter may be supposed to be collected, and 
acting in the direction mnw, its effect will be the same as 
if a weight w were suspended from the point n of tiie 
lever fn. Hence, if a be put for the area of the wall 
AEFG, and ft its specific gravity ; then a . n will be equal 
to the weight w, and a . n . fn its effect on the lever to 
prevent it from turning about the point f. And as thit 
effort must be equal to that of the triangle of earth, that it 
may just support it, which was before found equal to 
•yAE^ . /»; therefore a . /z . fk =s ^^e^ . »i, in case of aa 
equilibrium, 

. 234. But now, both the breadth of the wall fe, and the 
lever fn, or place of the centre of gravity m, will depend 
on the figure of the wall. If the wall be rectangular, 
or as broad at top as bottom i then fn = {f£, and the 
area a = ae . fe j consequently the effo: t of the wall 
A . « . FN is = 4fe* . ae . « i which must be = -yAE^ . m, 
the effort of the earth. And the resolution of this equation 

gives the breadth of the wall fe = af-v/ — • So that the 

3/1 

breadth of the wall is always proportional to its height, and 
is always the same at the same height, whatever the slopo 
may be. But the breadth must be made a little more than 
the above value of it, that it may be more than a bare ba- 
lance to the earth. 

235. If the wall be of brick, its specific gravity is about 
2000, and that of earth about 1984; namely, /w to « as 

1984 to 2000 : then v^— = '575 = ^ very nearly; and 

Sn 

hence fe = ^ae nearly. That is, whenever a brick rectangular 

wall ismade to support earth, its thickness must be at least 



The above solution is given only in the most simple case of the 
fM-oblem. But the same principle may easily be extended to any 
other case that may be required, either in theory or practice, 
either with walls or banks of earth of cUifeyent figures, and in 
different situ^tic^* - , 
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f of its hei^t. But if the wall be of sttme, vhose ^ecific 

gravityis about 2520i then v"— = "SIW ^ |4- nearly: that 

is, when the rectangular wall is ofstonJe, the tweadth matt 
be at least ^ of its height. 

S36. But if the figure of the wall 
be a triangle, the outer side tapering 
to a point at top. Then the lever 
FN ^ 4^^) ^"^^ ^^ ^^^ ^ ~ 
'^FB . AE ; consequently its effort 

A . n . FN is =yFE' . AE'.«; which 

being put = ^ab' . m, the equation 

mves FE = AEv' — fof tli« breadth 

■ 2w 

of the wall at the bottom, for an equilibrium in this case 
also. Where again fe is as A£. And when this w^, it 
of brick, then fe =: '704'AE = i^^^ nearly. But when it 
is of stone; then ^— = *627 — i nearly: that is, the 

triangular stone wall must have its thickness at bottom equal 
to -f- of its height. 

And in like manner) for other figiu^s of the wall and also 
ibr other figures of the earth. 




PROPOSITION XLVI. 



f 37. To detemune the Jhiciness of a Pier, necetsary t9 mppai a 
Ghm Arch, 

Let abcd be half the 
arcli, and defg the pier, 
Fromthccentre of gravity 
jCofthe half arch draw 
KL perpendicular to the 
horizon. Then the weight, 
of the arch in direction 
SL will be to the hori- 
zontal push at A in di- 
rection LA, as KL to LA : 
for the weight of the arch 
in direction kl, the hori- 
zontal push or lateral pressure in direcdon LA> aiid the pu^ 
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in direction ka, will be as the three sides kl, la, ka. 
So that if A denote the weight or area of the arch ; then 

— .A will be its force at A in the direction la; and 
KL 

— « AG . A its effect on the lever ga to overset the pier, 

KL 

or to turn it about the point f. 

Again, the weight or area of the pier, is as ef . fg } antf 
therefore ef . fg . ^fg, or 4ef . fg% is its effect on the 
lever -J-fg, to prevent the pier from being overset ; supposing 
the length of the pier, from point to point, to be no more 
'than the thickness of the arch* 

But that the pier and arch be in equilibrio, these two ef- 
fects must be equal. Therefore we have 4^^ • f'G* = 

AL « f j/SAG • AL 

— .AG .A; and consequently fg = v ^ A 

KL EF '. KL 

is the thickness of the pier as required. 

Example 1. . Suppose the arc abm to be a semicircle ; and 
that DC or aq or OB = 45, bc = 6, and ag = 18 feet. 
Then kl will be found =^ 40, al =? 15 nearly, and ef = 
69 } also the area abcd or a = 704^. Therefore fg =; 
^2a^^_AL ^.^^^.36. 15 ^ YQ^ ^ j^ ^^ , ^j^^j^ 

EF . KL 69 . 49 ^ 

is the thickness of the pier. 

Example 2. Suppose, in the segment abm, am = 100, 
OB = 414^, BC =6J, and AG = 10. Then ef = 58, kl = 
S5, AL = 15 nearly, "and abcd or a = 842. Therefore 

FG rry^^^^ J ^^ . a =x^/^^ ' '^ . 842 = 1 linearly, is 

EF . KL 5S , 35 

the thickness of the pi^r in this case. 

On 



Note, As it ■ is commonly a troublesome thing to calculate 
the place of the centre of gravity K of the half arch adcb, it 
may be easily, and sufficiently near, found mechanically in the 
mariner described hi art. 211, thus: Construct that space adcb 
accurately by a scale to the given dimensions, on a plate of any 
tmiforra flat substance, or even card paper ; then cut it nicely 
out by the extreme lines, and balance it over any edge or the 
side of a table in two positions, and the intersection of the two 
places will give tiie situation of the point K 5 then the distances 
KL, LA may be measured by (he scale. 



CENTRES OF PERCUSSION, &c. 



Oh thk centres of PERCUSSION, OSCILLATION, 
AND GYRATION. 

238. THE Centre of Percdssion of a bodj, or a syi. 
stem of bodie5> revolving about a point, or axis> is that ptunt^ 
which striking an immoveable object, the whole mass.sh^ 
not incline to either side, but rest as it were in eq^tiilibrio, 
without acting on the centre of suspension. 

239- The Centre of Oscillation is that point, in a body vi- 
brating by its gravity, in which if any body be placed, or if 
the whole mass be collected, it will perform its vibrations in 
the same time, and with the same angular velocity, as the 
whole body, about the same point or axis of suspension. 

2+0. The Centre of Gyration, is that point, in which if 
the whole mass be collected, the same angular velocity will 
be generated in the same time, by a given force acting at 
any place, as in the body or system itself. 

241. The angular motion of a body,' or system of bodiesi 
ts the motion of a line connecting any point and the centre 
or axis of motion ; and is the same in all parts of the same 
revolving body. And in different nncoimected bodies, each 
revolving about a centre, the angular velocity is as the abso- 
lute velocity directly, and as the distance from the centre 
inversely; so that, if their absolute velocities be as th^ 
radii or distances, the angular velocities will be equaL 



PROPOSITION XLVII. 

242. To find the Centre of Prrcuttkn of a Bod 



• System gf 



Let the body revolve about an axis 
passing through any point s in the line 
SCO, passing through the centres of gra- 
vity and percussion, g and o. Let mn 
be the section of the body, or the plane 
in which the axis SGO moves. And 
conceive all the particles of the body ta 
be reduced to this plane, by perpendi- 
culars let fall from them to the plane : a 
supposition which will not affect the 
centres g, o, nor the angular motion of 
the body. 
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as Mf revolves altogether about the axis at s, the absolute 

ydbcities of the points a and s, or of the bodies a and o^ 

win be as the radii sa, sp, of the circles described by them* 

Here then we have two bodies a and o^ which being iirged 

sp 
directly by the forces / and —/» acquire velocities which 

SA 

are as sp and sa. And since the motive forces of bodies 
are as their, mass and velocity : therefcre' ' . • — 

— / : / : : A . SA : Q • sp, and sp* : sa* : : A : a =— -a^ 
SA - ^ ^ ' . . sp* 

w^iich therefore expresses the mass of matter which, being 
placed at p^ would receive the same angular motion from the 
action of any £:>rce at P, as the body a receives. So that the 
resistance of any body a, to a force acting at any point p, is 
directly as the square of its distance sA from the axis of mo- 
tion, and reciprocally as the square of the distance sp of the 
point where the force acts. 



< . 




i24&, Corel, li Hence the force which accelerates the point 

f . sp* 
T, is to the force of gravity, as ^^—^ — j to 1, or as^^ • sp' 

A • SA 
to A . SA\ 

249. Cord. 2. If any number of bodies 
A, B, c, be put in motion, about a fixed 
axis passing through s, Tjy a force act- 
ing at p ; the point p will be accele- 
rated in the same manner, and conse- 
quently the whole system will have the 
same angular velocity, if instead of the bodies Aj b, €, placed 
at the distances si, sb, se, there be substituted the bodies 

S A* SB* SC* 

— Af — -B, cj these being collected into the point p. And 

«p* sp* sp* 

hence) the moving force beingj^ and the matter moved being 

A . SA* + B . SB* + C . so* , c f • SP* 

-.-^ — 5 therei. -^ 

SP^ A . SA* + B • SB* + C .SC^ 

is the accelerating f®rce ; which therefore is to the accele- 
rating force of gravity, as / • sp* to A . sa* + b . sb* + 
c . sc^. 

?50. CoroL 3. The angular velocity of the whole system 

of bodies, is as -^ -L-LJI , — , Por the ^ibso- 

A . SA* + B , SB* 4- c . sc^ 

lute 
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lute velocity of the point f, is as the acceleratiijg forcC) or 
directly 9s the motive force ft and inversely as ihd rous 

— I '■ — : but th« angular velocity is as the absolute Tdo> 



city directly, and the radius sp inversely ; therefore the an- 
gular velocity of p, or of the whole system, which is the same 

thing, is as - 



SA' + B . Sb'' + C . SC^ 



PKOPOStTION XLIX. 



2S1. To determine the Centre'^ Osc'tllation tfany Campeurtd Mais 
or Eody Mn, or efany System of BadUi A, b, c, ts'c. 



Let mn be the plane of vibration, to which let aU the 
matter be reduced, by letting fall perpendiculars &oin everf 
particle, to tHs plane. Let 
G be the centre of gravity, 
and o the centre of oscilla- 
tion; through the axis s 
draw SCO, and the hori- 
zontal line s^; then from 
every particle a, b, c, &c, 
let fall perpendiculairs Aa, 
Afi, B^, Bj, cc, cr, to these 
two lines ; and join si, sB, 
sc; also, draw Gm, on, 
perpendicular to sq.' Now 
the forces of the weights 
A, B, c, to turn the body 

about the axis, are a . sp, ■■ - 

B,.sq, — c .$rj therefore, by cor. 3, prop. 48, the angulai 




motion generated by all these forces isJ 



■ s^ + B . sg — c . sr. 



. SA'-t- B.SB'+C. sc* 

Also, the angular veloc. any particle /, placed in o, gene- 
rates in the system,^ by its weight, hf ' ''"or^, or —i^_, 
p . so* so' sc . so 
because of the similar triangles sGm, sow. But, by 
the problem, the vibrations are perforrned alike in. both ' 
cases, and therefore these two expressions must be equal to 
each other, that is -~- = * - ^ + b .. sg - 



..sA*-^-fl .,s^' + c;; 



and 
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and hence so =: !^ x * -a^' + B . sg* -fc. sc« 

SG A . Sj^ + B . s^ — c . sr • 

Butf by cor. 2, pn 41, the sum a .s^ + b . sq^ c .sra 
(a + B + c) . s/»; therefore the distance so = - - - 

4 . SA* + B . SB* + C . SC* _ A . SA* + B . SB^ + C * SO* 
SG . (a 4" B + C) A . SiJ 4- B . si + C . S^ 

by prop. 42, which is the distance of the centre of oscillatioii 
o, below the axis of suspension ; where any of the products 
A . aof B . sij must be negative, when a, b, &c, lie on 
the other side of s. So that this is the same expression as 
that for the distance of the centre of percussion, found in 
prop. 47. 

Hence it appears, that the centres of percussion and of 
osciUiation, are in the very same point. And therefore the 
properties in all the corollaries there found for the former, 
are to be here understood of the latter. 

252. CoroL 1. If ^ be any particle of ^ body i, and rfits 
distance from the axis of motion s ; also G, o the centres of 
gravity and oscillation. Then the distance of the centre of 
oscillation of the body, from the axis of motion^ is - ^ - 

- sum of all the tnP' 

so == \ r^£ • 

. SG X the body b 

* 

* ■ . . 

253. CoroL 2. If i denote the matter in any compotmd 
body, whose centres of gravity and oscillation are g and o ; 
the Dody p, which being placed at p, where the force acts as 
in the last proposition, and which, receives the same motion 

from that force as the compound body i, is p = — 1 — . i. 

sp* 

For, by corol. 2, prop. 47, this body p is = - - - 

A . SA* + B . SB* + C . so* XI .. u„ ^^ i i a^ 

T ■ . i^But, by corol. 1, prop. 46, 

SP* 

scS . s6 . * = A . SA^ + B . SB* + c . ic* ; therefore 
. _ SG . sp f- 

P SS .»■■ ■ i a^ P. 

"SP 
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254. By the method of Fluxions, the centre of oscillation, 
for a regular body, will be found from cor. 1. But for an 
irregular one ; suspend it at the given point ; atid hang up 
also a siniple pendulum of such a length, that m^ng them 
both vibrate} they may keep time together* Then the length 

of 
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of the simple pendulum, is equal to the distance of the 
centre of oscillation of tke hodj^ below the point of sus- 
pension. 

255. Or it will be stiQ better found thus : Suspend the 
body very ifreely by the given pointy and make it vibrate ini 
small aicS| counting the number of vibrations it makes in 
any time, as a minute, by a good stop watch ; and let that 
number of vibrations made in a minute be called n : Then 

shall the distance of the centre of oscillation, be so =: 

inches. FcM", the length of the pendulum vibrating seconds, 
or 60 times in a minute, being 39-g- inches ; and the lengths 
of pendnlums being reciprocally as the square of the number 
of vihratiotis made in the same time ^ therefore - - . 

«« : ey . : 39| j-^li^I = 11^^: the length of the 

nn n n 

pendulum which vibrates n times in a minute, or the distance 

of the centre of oscillation below the axis of motion* 

25S^ The foregoing determination of the point, into which 
all the matter of a body being collected, it shall oscillate in 
the same manner as before^ only respects the case in which 
the body is put in motion by the gravity of its own particles, 
and the point is the centre of oscillation : but when the body 
is put in motion by some other extraneous force, instead of 
its gravity, then the point is different from the former, and 
is called the Centre of Gyration ; which is determined in the 
foil6wing manner : 



PROPOSITION L. 



257. Tor determine the Centre of Gyration df a Compound Body or 

of a System of Bodies* 

Let r be the centre of gyration, or 
the point into which all the particles*A, 
B, c, &c, being collected, it shall receive 
the same angular motion from a force^ 
acting at ?, as the whole system re- 
ceives. 

Now, by cor. 3, pr. ^7, the angular 
Velocity generated in the system by the 

forcey,1s as / * — .; arid 



A . SA* + B . sjj* &c* 




by 



208 STATICS. 

by the ssune^ the angular velocity of the system placed in r^ 
is -^ * ; : then, by makinc: these two ex- 

(A + B -f- C «CC) . SR* ^ ^ 

pressions equal to each other» the equation gives - . • 

sa ss V' — • — -^ — ' -^ — • — > for the distance of the 

A + B + c 

centre of gyration below the axis of motion. 

258. CoroL 1. Because A . sa* + b . sb* &c = sg . so • i^ 
where G is the centre of gravity, o the centre of oscillation, 
and B the body a + b -f- c &c ; therefore sr* =r sg • so ; 
that is, the distance of the centre of gyration, is a mean pro- 
portional between those of gravity and oscillation. 

259. CoroL2, Up denote any particle of a body tf^td di- 
stance from the axis of motion ; then sR* = sum of all the /^^ 

body b 

PROPOSITION LI. 

^60* To determine the Velocity with which a Ball movesp which 
being shot against a Ballistic Pendulum^ causes it to vibrate 
through a given Angle, 

The Ballistic Pendulum is a heavy block |S 

of wood MN, suspended vertically by a strong 
horizontally iron axis at s, to which it is 
connected by a firm iron stem. This pro- 
blem is the application of the last proposi- 
tion, or of prop. 47, and was invented by the 
very ingenious Mr. Robins, to determine 
the initial velocities of military projectiles j 
a circumstance very useful in that science ; 
and it is the best method yet known for 
determining them with any degree of accuracy* 

Let G, R, o be the centres of gravity, gyration, and oscil-^ 
lation, as determined by the foregoing propositions ; and let 
p be the point where the ball strikes the face of the pendu* 
lum ; the momentum of which, or the product of its weight 
and velocity, is expressed by the force^ acting at p, in the 
foregoing propositions. Now, 

Put p = the whole weight of the pendulum, 
b =» the weight of the ball, 
g s=i SG the dist. of the centre of gravity, 
p = so the dist. of the centre of oscillation, 
r = sR = a/ go the dist. of the centre of gyration^ 
i = sp the distance of the point of impact, ^ 

V 3= th^ 
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V =c the velocity of the ball, 

// = the velocity of the point of impact p, 

c = chord of the arc described by the point o. 

By prop. 49, if the mass p be placed all at R, the pen- 
dulum will receive the same .motioh from the blow in the 

point p : and as sp* : sr* :: p : — . p or — ^ or S-^, 

(prop. 4«7}, the mass which being placed at p, the pendulum 
will still receive the same motion as before. Here then are 

two quantities of matter, namely, b and i^p, the former 

moving with the velocity v, and striking the latter at rest j to 
determine their common velocity «, with which they will 
jointly prodeed forward together after the stroke. In whicU ' 
case, by the law of the impact of non-elastic bodies, we have 

€^ + t : i :: V : u. and therefore v = JLJiS$u the 
St bit 

velocity of the ball in terms of //, the velocity of the point p, 

and the known dimensions and weights of the bodies. 

But now to determine the value of «, we must have re- 
course to the angle through which the pendulum vibrates ; 
for 'when the pendulum descends down again to the vertical 
position, it will have acquired the same velocity with which 
it began to ascend, and, by the laws of falling bodies, the 
velocity of the centre of oscillation is such, as a heavy body 
would acquire by freely falling through the versed sine of the 
arc described by the same centre o. But the chord of that 
arc is r, and its radius is o ; and, by the nature of the circle, 
the chord i^ a mean proportional between the versed sine and 

diameter, therefore 2o : c :: c : — , the versed sine of the 
arc described by o. Then, by the laws of falling bodies, 

-v/16iV • \/— •' 32|. : c\/ — , the velocity acquired by the 
2o 

point o in descending through the arc whose chord is r, 
where a = 16-,^ feet : and therefore ^ liiic ^ — : — y/ — , 

Q 

tvhich is the velocity «, of the point P. 

Then, by substituting this value for «, the velocity of the 

ball, before found, becomes v = — -r—^ x cj^ — . So 

bto 

that the velocity of the ball is directly as the chord of the 

^ixc described by the pendulum in its vibration. 

Vol. II. P scHotiuM. 
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SCkOLIUM. 

261. In the foregoing solution, the change in th^ centre 
of oscillation is omitted, which is caused by the ball lodging 
in the point p. But the allowance for that small change, 
and that of some other small quantities, may be seen in my 
Tracts, where all the circumstances of this method are treated 
at full length. 

262. For an example in numbers of this method, suppose 
the weights and dimensions to be as follow : namely. 



/ = 5701b, 
b = 18oz ll^dr 

= l-1311b, 
g = 784- |nc. 
= 84|- inc. 

= 7-065 feet 
.; = 94,^0 i"c. 
c = 18*'73 inc. 



Then 

Hi ^^op _ 1-131 X 94-3'^ + V8-J- X84| X 570 



bio 1-131 X 94^ X 84f. 

18-73 
X —4- = 656-56. 
12 

. J ,2/1 , 324- ' 193 
And -v/— =5 -v/z— — = \/t-— = 2-1337. 
^ ^ 7-065 ^ 42-39 

Therefore 65656 x 2-1337, or 1401 feet, is the velocity, 

per second, with which the ball moved when it struck the 

pendulum. 



Of HYDROSTATICS. 

263. Hydrostatics is the science which treats of the 
pressure, or weight, and equilibrium of water and other 
fluids,, especially those that are non-elastic. 

264. A fluid is elastic, when it can be reduced into a less 
volume by compression, and which restores itself to its former 
bulk again when the pressure is removed ; as air. And it is 
non-elastic, when it is not compressible by such force; as 
water, &c. 

PROPOSITION LIT. 

265. If any Part of a Fluid he raised higher -than the rest^ by 
any Force , and then left to itself; the higher Parts iviit descend 
to the loiver P laces y and the Fluid will not resty till its Surface 
be quite even and level. 

For, the parts of a fluid being easily moveable every way> 
the higher parts will descend by their superior gravity, and 
raise the lower parts, till the whole come to rest in adevel or 
horizontal plane. .. • 

26Q. jffdra/. 



PRESSURE OF FLUroS. 



dii 



266. Coral. 1. Hence> water that com- 
municates with other water^ by means of 
a close canal or pipe> wiii stand at the 
same height in both places. Like aa water 
in the two legs of a syphon. 

267. Carol. 2. For the same reason, ff a 
fluid gravitate towards a centre ; k wi!l dis- 
pose itself into a spherical figure, the centre 
of which is the centre of rorce. Like as 
the sea in respect of the earth. 




PROPOSITION till. 

26S* When a Fluid is nt Rest m a Vessel^ the Bare oftvhtch rs 
Farallel to the Horizon ; Equal Paris of the Base an Equally 
Pressed by the Fluid, 

For, on every equal part of the base there is an eqoal 
column of the fluid si|pported by it. And as all the columns 
are of equal height, by the last proposition they are of equal 
weight, and therefore they press the base equally ; that is^ 
equal parts of the base sustain an equal pressure. 

^ 269. Corol. I. All parts of the fluid press equally at the 
same depth. For, if a plane parallel to the horizon be con^ 
ceived to be drawn at that depth j then the pressure being 
the same' in any part of that plane, by the proposition, 
therefore the parts of the fluid, instead of the plane, sustain 
the same pressure at the same depth. 

270. CoroL 2. The pressure of the fluid at any depth, is 
as the depth of the fluid. For the pressure is as the weight, 
Vid the weight is as the height of the fluid. 

271. Corol. 3. The pressure of the fluid on any hori»>ntal 
Jurface or plane, is equal to the weight of a column of the 
fluid, whose base is equal to that plane, and altitude is its 
depth below the upper surface of the fluid. 
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272. Whma FkiditPreisedbyitiovm TfaghtyOrbjaBjeiher 
Force; at any Feint it Presses E^uaify, in aN Directioits vMbat' 

Tms arises from the nature of fluidity, by whicb it yields 
to any force in any direction. If it cannot recede from any 
force applied, it will press against other parts of the flnid io 
the direction of that force. And the pressure in all direc- 
tions will be the same : for if it were less in any part, the 
fluid would move that way, tiil the pressure be equal every 
way, 

273. ConJ, 1. In a vessel containing a fluid; the pressure 

is the same afjainst the bottom, as agamst the sides, or even 
upwards at the same depth. 

27*. Coro/. 2. Hence, and from A B 

the last proposition, if abcd be a 
vessel of water, and there be taken, 
in the base produced, de, to repre- 
sent the pressure at the bottom ; 
joining AE, and drawing any pa- 
rallels to the base, as fc, ^i ; then 
shall FG represent the pressure at 

the depth AG, and hi the pressure at the depth Ai, and so 
on ; because the parallels - fg, hi, ED, 
by sim. triangles, are as the depths AG, ai, ad i 
which are as the pressures, by the proposition. 

And hence the sum of all the fg, fli, fcc, or area of the 
triangle aoe, is as the pressure against all the points G, i, 
Sic, that is, against the line ad. But as every point in the 
line CD is pressed with a force as de, and that thence the 
pressure on the whole line cd is as the rectangle ed . DC, 
while that against the side is as the triangle ade or 4^ad . D£ ; 
therefore the pressure on the horizontal line do, is to the 

Eressure against the vertical line da, as dc to ^da. And 
ence, if the vessel be an upright rectangular one, the pressure 
on the bottom, or whole weight ofthc fluid, is to the pressure 
against one side, as the base is to half that side. There* 
fore the weight of the fluid is to the pressure against all the 
four upright sides, as the base is to half the upright surface. 
And the same holds true also in any upright vessel, whatever 
the sides be, or in a cylindrical vessel. Or, in the cylinder, 
the weight of the fluid, is to the pressure against the upright 
surface, as the ra4ius of th? base is to double the altitude. 

Also, 
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AlsOj when the rectangular prism becomes 4 cube, it 
appears that the weight of the fluid on the base, is double 
the pressure against one of the upright sides, or half the 
pressure against the whole upright surrace. 

275. CoroL 3. The pressure of a fluid against any upright 
surface, as the gate or a sluice or canal, is equal to half the 
weight of a column of the fluid whose base is equal to the 
suriace pressed, and its altitude the same as the altitude of 
that surface. For the pressure on a horizontal base equal 
to the upright surface, is equal to that colunm ; and the 
pressure on the upright surface is but half that on the base^ 
of the same area. 

So that, if b denote the breadth, and d the depth of such a 
gate or upright surface ; then the pressure against it, is equal 
to the weight of the fluid whose magnitude is ibd^ = 
^AB . AJ>K Hence, if the fluid be water, a cubic foot of 
which weighs 1000 ounces, or 624^ pounds; and if the 
depth AD be 12 feet, the breadth ab 20 feet; then the 
content, or ^ab . ad^ is 1440 feet ; and the pressure is 
1440000 ounces, or 90000 pounds, or 404- tons weight 
nearly. 

I 

PROPOSITION LV. 

276. The pressure of a Fluid on a Surface any how immersed in 
itf either Perpendicular, or Horizontal, or Oblique ; is Equal to 
the Weight of a Column of the Fluid, whose Base is equal to 
the Surface pressed, and its Altitude equal to the Depth of the 
Centre of Gravity of the Surface pressed below the Top or Sur-- 
face of the Fluid, 

For, conceive the surface pressed to be divided into innu- 
merable sections parallel to the horizon ; and let s denote 
any one of those horizontal sections, also d its distance or 
depth below the top surface of the fluid. Then, by art. 271, 
the pressure of the fluid on the section is equal to the weight 
of ds ; consequently the total pressure on the whole surface is 
equal to all the weights ds. But, if b denote the whole sur- 
face pressed, and g the depth of its centre of gravity below the 
top of the fluid ; then, by art. 218 or 221, i>^ is equal to the 
sum of all the ds. Consequently the whole pressure of the 
fluid on the body or surface b, is equal to the weight of the 
bulk bg of the fluid, that is, of the column whose base is the 
given surface b, and its height is g tly depth of the centre of 
gravity in the fluid. 

PROPOSITION 
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277. The Pressure ^a Fluid, en the Base if the Vestet in vJaeb 
it u cofilaitied, it as the Base and PtrpemilcuJar jUiitude; 
■ nJiat-evtr he the Figure cflhe Vessel that eontalns it. 

If the ddes of the base be upright, so that 
it be a fvlsm of a unitbrm width through- 
oot; then the case is evident ; for then the 
base rapports the ^vhole fluid, and the pressure 
is just equal to the weight of the fluid. 

Jiut if^the vessel be wider at top than bot- 
tom; then the bottom sustains, or is pressed 
by, only tlie part coraained within the up- - 
right lines ac, bu; because the parts ACa, 
Bob stre supported by the sides ac, bd^ 
and those parts have no other effect on the 
part abitc tlian keeping it in its position, by 
the lateral jiressure against ac and bo, which 
does not alter \a perpendicular pressure 
downwards. And thus the pressure on the bottom is lea* 
than the weight of the contained fluid. 

And if the vessel be widest at bottom ; then a AR....^ 
the bottom is still pressed with a weight which I tl 
is equal to that of the whole upright column | M \ 
aboc^ FoT) as the parts of the fluid are tn | ^^k i 
cfpiiGbrio, all the parts have xa equal pressure i/^^^J 
at die same depth % so that the parts within ce C '^ <1 1» 
and do press equally as those in cd, and there- 
fore equally the same as if the sides of the vessel had gone 
ufffight to a and b, the defect of fluid in the parts ACa and 
Bni being exactly compensated by the downward pressure 
or resistance of the sides ac and Bo against the contigumB 
fluid. And thus the pressure on the base may be made to 
exceed tliA' weight of the contained fluid, in any propoition 
whatever. 

So that, in general, be the vessels of any figure whatever, 
regular or irregular, upright or sloping, or variously wide 
and narro^v in different parts, if the bases and perpendicular 
Altitudes be but equal, the bases aUvays sustain the same 
pressing. And as that pressiu'c, in the regular upright vessel, 
is the whole column of the fluid, which is as the base and 
attitude ; therefore the pressure in all flgures is in that samt 
ratio. 

27S. Corel. I. Ilencsj when the heights are equal, the 
pressures 
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pressures are as the bases. And when the bases are equal> 
the pressure is as the heights. But when both the heights 
and bases are etjual, the pressures are equal in all, though 
their contents be ever so different. 

279. C»r/)l. 2, The pressure on the base of any vessel, is 
the same as on that of a cylinder, ef an equal base and 
height. 

280. Cord. 3. Iftherebean inverted sy- 
phon, or bent tube, abc, containing two dif- 
ferent fluids CD, ABD, that balance each 
other, or rest in equilibrio ; then their heights 
in the two legs, ae, cd, above the point of 
meeting, will be reciprocally as (heir densities. 

For if they do not meet at the bottom, 
the part bd balances the part bb, and there- 
fore the part cd balances the part ae ; that 
is, the weight of cd is equal to the weight 
of AE. And as the surface at d is the same, 
where they act against each other, therefore 
AE : CD :: density of cd : density of ae. 

So, if CD be water, and ae quicksilver, which Is near 14- 
times heavier; then cd will be = 14ae; that is, if ae be 1 
inch, CD will be 14 inches ; if ae be 2 inches, cD will be 28 
inches ; and so on. 

FROPOSITION LTII. 

281. If a Body be Iimnerted in a Fluid of the Same Denjity or 
Specific Gravity ; it ivill Rett m any Place •where it it put. 
But a Body if Greater Dertiity ivill Sink i and ane of a Leu 
Density will Rije to tie Ttf, and Floal, 

The body, being of the same density, or of the same 
weight with the like bulk of the fluid, will press the fluid 
under it, just as much as if its space > i 

was filled with the fluid itself. , The X 1 

pressure then all around it will be /|^ | 

the same as if the fluid were in its r" , j 

place } consequently there is no ^ ' ■ 

Force, neither upward nor down- t ' i ! 

ward, to put the body out of its place- ' ' ' i 

And therefore it wiU remain where- t- :"! 

ever it is pu^ \ ■■ : ■ ;J 

But if the body be lighter; its \ _' jim/ 

pressure downward will be less than W-—-z9.^ :-- -^ -jT 
befcre, and lees than the water up- 
ward 
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ward at thi same depth ; therefore the greater force will 
overcome the less, and push the body upward to a. 

And if the body be heavier than the fluid, the pressure 
downward will be greater than the fluid at the same depth $ 
therefore the greater force will prevail, and carry the body 
down to the bottom at c. 

282. CoroL 1. A body immersed in a fluid, loses as much 
weight, as an equal bulk of the fluid weighs. And the fluid 
gains the same weight. Thus, if the body be of equal den- 
sity with the fluid, it loses all its weighty and so requires no 
force but the fluid to sustain it. If it be heavier, its weight in 
the water will be only the diflference between its own weight 
and the weight of. the same bulk of water ; and it requires a 
force to sustain it just equal to that difference. But if it be 
lighter, it requires a force equal to the same difference of 
weights to keep it from rising up in the fluid. , 

283. CoroL 2. The weights lost, by immerging the same 
body in different fluids, are as the specific gravities of the 
fluids. And bodies of equal weight, but different bulk, losej 
in the same fluid, weights which are reciprocally as the spe- 
cific gravities of the b^ies, or directly as their bulks. 

284. Corol. 3. The whole weight of a body which .will 
float in a fluid, is equal to as much of the fluid, .as the im« 
mersed part of the body takes up, when it floats. For the 
pressure under the floating body, is just the same as so much 
of the fluid as is equal to the immersed part i and therefore 
the weights are the same. 

^85, Corol, 4. Hence the magnitude of the whole body^ 
is to the magnitude of the part immersed, as the specific gra- 
vity of the fluid, is to that of the body. For, in bodies of 
equal weight, the densities, or specific gravities, are reci- 
procally as their magnitudes. 

286. Cor^L 5. And because, when the weight of a body 
taken in a fluid, is subtracted from its weight out of the 
fluid, the difference is the weight of an equal bulk of the 
fluid ; this therefore is to its weight in the air, as the specific 
gravity of the fluid, is to that of body. 

Therefore, if w be the weight of a body in air, 

nv its weight in water, or any fluid, 
s the specific gravity of the body, and 
/ the specific gravity of the fluid ; 
then w ~ w : fi^r : : X : s, which proportion will give either 
of those specific gravities, the one from the other. 

Thus 
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Thus s = /, the specific gravity of the body; 

w — w 

and J* = s^ the specific gravity of the fluid* 

So that the specific gravities of bodies, are as their weights 
in the air directly, and tiieir loss in the same fluid inversely. 

287. CoroL 6. And hence, for two bodies connected to- 
gether, or mixed together into one compound, of different 
^edfic gravities, we have the following equations, denoting 
their weights and specific gravities* as below, viz. . 

H =? weight of the heavier body in- air, ) it-sTjec gnivitrt 
J) = weight of the same in water, ) ^ ®^ ^ 

L = weight of the lighter body in air, I ^ .^^ eravitr; 

/ = weight of the same in water, ) ^^ ° ^ 

c = weight of the compound in air, \ ^j mLvitri 

c = weight of the same in water, ) "^ r^ • 6 i* 

10 = the specific gravity of water. Then, 
1st, (h — A) s=s Hfc;, From which equations may be 
2d. (l — l)s=:hWf found any of the above -qaantities» 
fki, (c — ^)y= cw, in terms of the rest. 
4th, H + L == c, j Thus, from one of the first three 

equations, is found th^ specific gra- 

vityofanybody,as. = J:^^by 

dividitig the absolute weight of the 
body by its loss in water, and multiplying by the specific 
gravity of water. 

But if the body l be lighter, than water ; then / wiH be 
negative, and we must divide by L H- / histead of l — /, and 
to find /we must have recourse to the compouna mass c ; and 

because, from the 4th and 5th equations, l — /=c — r — 



5th, b + t = c, 
^ ^ f 



"LW 



H- Ai therefore / = . _ ^ _ .^ _ a ; that ^ is, ^divide 

the absolute weight of the light body, by the diSerence be- 
tween the losses in water, of the compound and heavier 
body, and multiply by the specific gravity of vvater. Or 

tfeus, s = ^ -, as found from the last equation. 

cs — h/^ 

Also, if it were required to find the quantities of two 

ingredients mixed in a compound) the 4th and 6th equations. 

ironld give their values as follows, viz. 

« c= y ——c, and L = — — '^y.-Tfit 
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the quantities of the two ingredients h and L, m the com'* 
pound c. And so for any other demand. 

PROPOSITION Lviir. 
To find the Specific Gravity of a Body. 

288. Case i. — When ihe body is heavier than water: weigh 
It both in water and out of water, and take the difference, 
which will be the weight lost in water. Then, by corol. 6, 

prop. 57, / = 7, where B is the weight of the body 

out of water, b its weight in water, s its specific gravity, and 
w the specific gravity of watfer. That is. 

As the weight lost in water, 
Is to the whole or absolute weight, ;.. 
So is the specific gravity of water. 
To the specific gravity of the body. 

Example. If a piece of stone weigh 101b, but in water 
cmly $f lb, required its specific gravity, that of water being 
leOO ? Ans. 3077, 

289. Case li.-^When the body is lighter than water^ so that 
it will not sink: annex to it a piece of another body, heavier 
than water, so that the mass compounded of the two may 
sink together. Weigh the denser body arid the compound 
mass, separately, both in water, and out of it \ then find how 
much each loses in water, by subtracting its weight in water 
from its weight in air \ and substract the less of these re- 
maipders from the greater. Then say, by proportion, 

it 

As the last remainder. 
Is to the weight of the light body In air. 
So is the specific gravity of water, 
To the specific gravity of the body. 

' That Is, the specific gravity is j\a=:- r- ; --, 

(c - r) - (h - A) 

by cor. 6, prop. 57. 

Example. Suppose a piece of elm weighs 151b In air; 
and that a piece of copper, which weighs 181b in air and 
161b in water, is affixed to^ it, and that the compound weighs 
6 lb in water ; required the specific gravity of the elm ? 

' Ans. 600. 

290. Case hi. — For a fiuid of any sort, — Take a piece of 
a body of known specific gravity ; weigh it both in and out 

of 
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of tlie fluid, finding the loss of weight by taking the diffier- 
eiv:e of the two ; then say, 

« • 

As the whole or absolute weight, . :; 
Is to the loss of weight. 

So is the specific gravity of the solid, \ ,. [ .. ^ 

To the specific gravity of the fluid. • . • , 

That Isj the spec. grav« qd = ^x,T>y cor. 6^pr.S3i 

B *" ~ . - .. 

•^ . ■... ,- - " ''. 

. Example. A piece of cast iron weighed 3.5 iVo om^ces i^ 
a fluid) ahd 40 ounces out of it ; of what specific gravity ii 
?that fluid? . Ans.'ixm, 

FROPOSITION LIX; ' - . ' 

•■'•...- ^ .- • 

1291. To find the Quantities of Two Ingredients In a'Ghoem ' 

ComJ>ound» - - ' 



n 



Take the thi^e-diSerenccs of every pair of the three spiS 
cific gravities, namely^ the specific gravities of the compoiBid 
and each ingredient j: and multiply each specific gravity by 
the difference of the other two. Then say, by proporrioiii 

As the. greatest product, . .' 

Is to the whole, weight of the coiuppund, /. , t 

So is each of the other two prodijcts, '* r ™:/. • . 
To the weights of the two ingredients. ■■ ^ ^^ 

f A ■"* /) s ■..•'■ 

That is,yth« one h = Y- ^^^c j and the other ^ -r 

L = ^ :Li— .c, by cor. 6, prop. 57. - 

(s-j-)/ • 

ExAMPLt. A composition of 1 121b being made of tin and 
copper, whose specific gravity is found to be 87S4 f .required 
the quantity of each ingredient, the specific gravity* of tin' 
being 7320, and that of copper 9000? • :., . 
Answer, there is 100 lb of copper, ) - ^t. 

andconsequendy 12lb of tin, [''' ^« composition. 

SCHOLIUM. V 

292. The specific gravities of several sorts of matter; is 
found from experiments, are expressed by the numbers an- 
nexed to their names in tlie folloi?^fing Table ; 

J'TM 
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ji Table of Specific Gravities of Bodies^ 



Platina (pure) - - 23000 

Fine gold • - - 19400 

Standard gold - - J 7724 

Quicksilver (pure) 14000 

luicksilver (common) 13600 

£ead 11325 

Fine silver - - - 11091 

Standard silver * - 10535 

Cbpper - - - - 9000 

Capper halfpence - 8915 

Cun metal * - - 8784 

Cast brass ... 8000 

Steel ...--- 7850 

Iron 7645 

Cast iron - * . 7425 

Tin .... 7320 

Clear crystal glass - 3150 

Ciranite ... - 9006 

Abrble and hard stone 2700 

Common green glass 2600 

Flint . . - . ^ 2570 

Conmion stone -^ - 2520 



Clay - . . ^ - 2\%0 

Brick ..... 2000 

Common earth . - 1984 

Nitre .... 1900 

Ivory .... 1825 

Brimstone ... 1810 

Solid gmipowder - 1745 

Sand .... 1520 

Coal 1250 

Box-wood ... 1030 

Sea-water ... 1030 

Common-water - 1000 

Oak 925 

Gunpowder, close shaken 937 

DittOj in a loose heap 836 

Ash ..... 80O 

Maple ... - 755 

Elm 600 

Fir ..... 550 
Charcoal . . - 

Cork .... 240 

Air at ^ mean state 1|^ 

293* Note. The several sorts of wood are supposed to be 
dry* Also, as a cubic foot of water weighs just 1000 ounces 
avoirdupois, the numbers in this table express, not only the 
specific gravities of the several bodies, but also the weight of 
a cubic toot of each, in avoirdupois ounces ; and therefore^ 
by proportion, the weight of any other quantity, or the 
quantity of any other weight, may be known» as in the next 
two propositions. 
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294. To find the Magnitude of any Body, from its Weights 

As the tabular specific gravity of the body^ 
Is to its weight m avoirdupois ounces, 
So is one cubic foot, or 1 728 cubic inches. 
To its content in feet, or inches, respectively. 

Example 1 . Required the content of an irregular block of 
.common stone, which weighs Icwt, or 1121b ? 

Ans. 12284|4|. cubic inches? 

Example 2. How many cubic inches of gunpowder are 
there in 1 lb. weight ? Ans. 29^ cubic inches nearly. 

Example 3. 
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Examples. How many cqImc feet ai« there in a tcm ineiriit 
of diy oak ? Am. 384|f cuUc fSit. 

PROPOSITION LXI. 

S95. Tojlftd the Weight cf a Bodjfrtm its Magnituii* 

As one cubic foot, or 1728 cubic incheSf 
Is to tbe content of the body. 
So is its tabular specific gravity. 
To the weight of the body. 

Example 1. Required the weight of a Mock of marUet 
whose length is 63 feet, and breadth and thickness each 
12 feet ; being the dimensions of one of the stones in the 
walls of Balbeck ? 

Ans. 683-,% ton, which is nearly equal to the burden of 
an East-India ship. 

Example 2. What is the weight of 1 pint, ale measure, of 
gunpowder? Ans. 19 oz. nearly* 

Example 3. What is the weight of a block of dry oak> 
which measures 10 feet in length, S feet broad, and ^i feet 
deep or thick ? Ans. 4335^4 ^ 



Of hydraulics. 

^96. Hydraulics is the science which treats of the 
motion of fluids, and the forces with which they act JSfOa 
bodies. 

PROPOSITION LXII. 

297. If a Fluid Run through a Canal or River^ or Pipe of 
various Widths^ always filling it ; the Felocity of the Fmd in 
different Parts ofit^ AB, CD, nvill be reciprocally as the Trons* 
verse Sections in those Parts* 

That is, veloc/ at a : veloc. 
at c : : CD : AB ; where ab and _ 
CD denote, not the diameters at ^^ 
A and B, but the areas or sections 
there. 

For, as the channel is always equally full, the quantity of 
water running through ab is equal to the quantity running 
through CD, in tlie same time ; that is, the column through 

AB 
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M»j» eqod to die ceJuRU through cd> in the same tkne; 
ar.jiB X length of its column '= CD x length of its 
fcfomn ; therefore Ab : cD :: length of column through 
CT> : lemth of column through ab. But the unifonn ve* 
locity ofthe water, is as the space run over, or length of 
ihe^ptVQiDf; therefore ab ; cd :: velocity throu^ CD : 
fdoctty through AB. 

298. Carol. Hence, by ohserving the velocity at any place 
MBy the quantity of water discharged in a second, or any 
other time, will be found, namely, by multiplying the section 
tO-by the velocity there. 

But if the channel he not a close pipe or tmmef, kept 
always full, but an open canal or river i then the velocity id 
all parts of the section will not be the same, because the 
vdocity towards the bottom and sides will be diminished by 
the friction against the bed or channel ; and therefore a me- 
diuiA among the three ought to be taken. So, if the velo- 
city ^t the top be - 100 feet per minute, 
that at tha bottom - 60 
and that at the ddes - 50 

' S)210sum} 

dvkting their sum by 3, gives 70 for the mean velocity, 
vriuch is to be multiplied by the section, to ^ve thequanr 
tity discharged in a n^inut^. 

PROPOSITION LSin. 

299. lie Velocity tuith -which a Fluid Runs oiit hj a Hale in the 
Bettem or Sidea/ a Vessel, ii Equal to that which is GeturaUd 
iy Gravity through the Height ef the Water ainv the Hale; 
that is, the Velocity of a Heavy Body acquired by Falling freely 
tkr.ou^h the Height ab. 

DiviBE the altitude ab into a great 
number ofvery small parts, each being I, ^ f^^ _ ] 

their number a, or a = the altitude ab, ' "" ~"" 

Now, by prop. 54, the pressure ofthe 
iluid against the hole S, by which the ■ 
motion is generated, is equal to the 
wei^t of the column of fluid above it, 
[hat is the column whose height is ab 
or «, and base the area of the hole B. Therefore' the 
pressure on the hole, or small part ofthe fluid 1, is to its 
weight, or the natural force of gravity> . as < to 1. But, by 
art. S8, the velocities generated in the' same body in any 
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time^ are as those forces ; and because gravity generates the 
velocity 2 in descending through the small space l, therefore 
1 : A : : 2 : 2^9 the velocity generated by the pressure of 
the column of fluid in the same time. But 2a is also, hj 
coroL 1. prop. 6, the velocity generated by gravity in de- , 
scending through a or A3. That is, the. velocity of the 
issuing water, is equal to that which is acquiredhy a body in 
falling through the height ab. 

The same otherwise. 

Because the momenta, or quantities of motion, generated 
in two given bodies, by the same force, acting during the 
samp or an equal time, are equal. And as the force in this 
case, is the weight of the superincumbent column of the 
fluid over the hole. Let the one body to be moved, be 
that column itself, expressed by ah^ where a denotes the al- 
titude AB, and h the area of the hole ; and the other body is 
the colunm of the fluid that runs out uniformly in one . 
second suppose, with the middle or medium velocity of that 
interval of time, which is ^hv^ if v be the whole velocity re- 
quired. Then the mass -J^v, with the velocity v, gives the 
quantity of motion \hv x v, or \hv^y generated in one 
second, in the spouting water : also 2r, or 32-^ feet, is the 
velocity generated in the mass ah, during the same internal 
of one second ; consequently ah x ?^, or 2ahgf is the mo- 
tion generated in the column ah in the same time of one 
second. But as these two momenta must be equal, this 
gives 4^t;* = 2ahg: hence then v* = 4flg, and v = 2v^fl^, 
ff^r the value of the velocity sought ; which therefore is 
j^ictly the same as the velocity generated by the gravityia 
^„f ng through the space ay or the whole height of the fluid. 
For example, if the fluid were air, of the whole height of 
the atmosphere, supposed uniform, 'which is about 5-^ miles, 
or 27720 feet = a. Then 24/ag = 2>v/ 27720 x 16-,^== 
1335 feet = v the velocity, that is, the velocity with which 
common air would rush into a vacuum. 

300. CoroL I. The velocity, and quantity run out, at dif- 
ferent depths, are as the square roots of the depths. For the 
velocity acquired in falling through ab, is as y^AB. 

SOL Coroi, 2. Tiie fluid spouts out with the same velo- 
city, whether it be downward, or upward, or sideways; 
because the pressure of fluids is the same in all directions, at 
the same depth. And therefore, if an adjutage be tiuned 
upward, the jet will ascend to the height of the surface of 
the water in the vessel. And this is confirmed by experience, 
by which it is found that jets really ascend nearly to the 

height 
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height of the reservoir, abating a small quantity only, fortlie 
friction against the sides, and some resistsmce from the air 
juid from the oblique motion of the fluid in the hole* 

302. Corel. 3. The quantity run out in any time, is equal 
to a column or prism, whose base is the area of the hole, 
and its length the space described in that time by the velocity 
acquired by falling through the ahitude of the fluid. And 
the quantity is the same, whatever be the figure of the ori- 
fice, if it is of the same area. 

Therefoi'e, if ^ denote the altitude of the fluid, 
and h the area of the orifice, 
also g 5s 16^^ feet, or 193 inches ; 
then ^h^/ag will be the quantity of water discharged in a 
second of time ; or nearly S-^l/a cubic feet, when a and h 
are taken in feet. 

So, for example, if the height a he 25 inches, and th# 
orifice yJ = 1 square inch ; then 2h^ag = 2-^/25 x 193 = 
139 cubic inches, which is the quantity that would be dis- 
charged per second. 

SCHOLIUM. 

303. When the orifice is in the side of the vessel, then the 
velocity is different in the different parts of the hole, being 
less in the upper parts of it than in the lower. However, 
when the hole is but small, the difference is inconsiderable, 
and the altitude may be estimated from the centre of the 
Jiole, to obtain the mean velocity. But when the orifice is 
pretty large, then the mean velocity is to be more accurately 
computed by other principles, given in the next propositipn. 

304. It is not to be expected that experiments, as to^^e 
quantity of water run out, will exactly agree with~3is 
theory, both on account of the resistance of the air, the re- 
sistance of the water against the sides of the orifiee, and the 
oblique motion of the particles of the water in entering it. 
For, It is not merely the particles situated immediately in the 
column o(ver the hole, which enter it and issue forth, as if 
that column only were in motion \ but also particles from all 
the surrounding parts of the fluid, which is in a commotion 
quite around \ and the particles thus entering the hole in all 
directions, strike against each other, and impede one an- 
other's motion : from which it happens, that it is the particles 
in the centre of the hole only that issue out with the who^e 
velocity due to the entire height ot the fluid, while the other 
particles towards the sides of the orifices pass out with de- 
creased velocities \ and hence the medium velocity through 
the orifice, is somewhat less than that of a single body only, 
urged with the same pressure of the superincumbent 

column 
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Column of the thiid. And e^tperiments on the ouantity 
of water discharged through apertures, show tliat die 

rtntity must be diiuinislied , by those ciiuses, rather more 
n th« fourth part, wliea the orifice U small, or stich am 
to make the mean velocity nearly equal to that in a body 
falling through 4 the height of the fluid above the orifice, 

305. Experiments have also been made on the extent to 
which the spout of water ranges on a horizontal plane, and 
compared with the theory, by calculating it as a prqiec- 
tile discharged with tlic velocity acquired by descending 
through the height of the fluid. For, when the aperturft is 
in the side of the vessel, the fluid spouts out horizontally 
with a uniform velocity, which, combined witb the perpen- 
dicular velocity from the action of gravity, causes iJie jet 
to form the curve of a parabola. , 

Then the distances to which tlie jet k i 

vi)l spout on the horizontal plane y'' — gHHWJ 

BO, will be as the roots of the rect- ^""P''TBKBBk 

f^igles of the segments AC . cB, ,( /^ . IsBmB 

AD . DB, AE . EB. For the spuceis /^^^^^^^""^gB/B^M 

PF, BG, are as the times and iiori- y^ji^^^^^^jBH^M 
zoDtal velocities j but the velocity /k^-- J WBBJi 
is as V'ac ; and the time of the "■ *^ ^ 

fall, which is the same as the time 

of moving , is as ^^cb; therefore t he dist ance bf is at 
v'AC . CB ; and the distance bg as ^'ad . db. And hence^ 
if two holes are made equidistant from the top and bot- 
tom, they will project the water to the same distance ; for 
if AC = EB, then the rectangle ac . cB is equal the rect- 
angle AE . EB : which makes ef the same for both. Or, 
if OQ the diameter ab a semicircle be described ; then, 
becaase the squares of the ordinates ch, di, ek are equal 
to the rectangles ac . cb, &c, ; therefore the distances 
BF, bg are as the ordinates ch, di. And hence also it 
follows, that the projection frtan the middle point d will 
be farthest, for di is the greatest ordinate. 

These are the proportions of the distances: but'for th« 
absolute distances, it will be thus. The velocity through 
any hole c, is such as will carry the water horizontally , 
through a space equal to 2 ac in the time «)f filing through 
AC : but, after quitting the hole, it describes a parabola, 
and comes to f in the time a body will fall through cb ; and 
to find this distance, since the times are as the roots of the 
•paces, therefore t/^c : V^cb : : 2ac ; Sy'AoTci = 
Vol. ir. Q 2c 
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2cH K BF, thfi space ran^d on the horizontal plane. Ani 
the greatest mnije bo ='2di, or 2ad, or equal to ab. 

AjiiI as these ranges answer very ejCactly to the experi- 
ments, this confirmsthetheoryias to the velocity assigned. 

PROPOSITION txiv. 

306. ^ a Natch or Slit eh mformofaParaUdogram, 
be cut in the Side of a Vessel, Full of JVater, ad ; fAa 
Quantity of Water flovivg through it., jeili ba ^ of the 

. 2uantiiuftov>iJig through . an Equal Orifice, placed at tie 
JV/wle Depth eg, or at. the Base gh, in the Same Times 
it being supposed that the ■f''cssel is al-aiays keptJuU. 

- For the velocity at CH is to the velo- 
city at iL,- as ^EG to v'Ei ; that is, as 
GH or I L to IK, the ordinate of a para- 
Hola EKH, whose axis is eg. Therefore 
the sum of tiie velocities at all the points 
I, is to as many times the velocity at g, 
as the sum of all the ordlnates IK, to tlie 
tium of all the il's ; namely, as the area 
of the parabola e^h, is to the area eghe; that is, the 
quantity running through the notch eh, is to the quanli^ 
running through an equal horizontal area placea at gh, 
as EGKKE, to EGHF, or as 2 to 3 J the area of a parabola 
being j of its circu'rtiscribing parallelogram. 
■ 307. Carol: I. The mean velocity of the water in the 
iiotch,'is equal to f of that at gh. 

308. Corol. 2. The quantity flowing through the hole 
IGML, is to that which would fiow through an equal orifice 
placed as low as gh, as the parabolic frustrum ighk, is to 
the rectangle iciiL. ' As appears fro^ the demonstratioD, 
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309. PNEUMATICS is the science which treats of the 
properties of-alr, or elastic fluids. 

PROPOSITION LXV. . 

SlO. J4ir is a Ilcazy Fluid Body; and it Surrmnds the 
Eitrth, and Gravitates on al/ Farts of its SurJ'ace. 

■ : Thkse properties of air are proved by eKperience.— 

That it ib u ihiid, is e ^ident from its easily yielding to any 

' , the 
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the least JForce iriipressed on it, without making a scnsble 
resistance. 

But when it is moved briskly, by any means, as by a fan 
or a pair of bellows ; or when any body is moved very 
briskly through it j in . these cases we become sensible of 
it as a bod}", by the resistance it makes in such motions^ 
and also by' its impelling or blowing away any light sub- 
stances. So that^ being capable of resisting, or moving 
other bodies by its impulse, it must itself be a bodyj and 
be heavy, like all other bodies^ in proportion to the matter 
it contains ; and therefore it will press on all bodies that 
are placed under it» 

Also, as it is a fluid, it spreads itself all Over on the 
earth ; and, like other fluids^ it gravitates and presses 
everywhere on the earth's surface^ 

311. The gravity and pressure of the air 
in also, evident from ma;ny experiments. 
Thus, for instance, if water, or quicksilver^ 
be poured into the tube ace, and the air be 
suffered to press on it, in both ends of the 
tube, the fluid will rest at the same height in 
both legs : biit if the air be drawn out of one 
end as £, by any means ; then the air press* 
ing on the other end a, will press down the 
fluid in this leg at b, and raise it up in the other to d, as 
much higher than at.B, as the pressure of the air is equal, 
to. From which it appears, not only that the air does 
really press, but also how nauch the intensity of that 
pressure is equal to. And this is the principle pf the. 
barometer. 

l>ROtOSltlOK LXVI* 

312. The Air is also an Elastic Fluid, being Condensible, 
and Expansible. And the Law it observes is this, that^ its 
Dennty and Elasticity are proportional to the Force or 
Weight which Compresses it. 

This property of the air is proved by many experi- 
ments. Thus, if the handle of a syringe be puslied inward, 
it will condense tlie inclosed air into less space, thereby 
showing its condensibility. But the included air, thus' 
condensed, is felt to act strongly against the^iatid, resist- 
ijig the fprce compressing it more and more;' and, on 
lyithdrawing the hand, the handle is pushed back again 
to where it was at first. Which shows that the air is 
elastic. • ^•- • • - - •' 

'; . Qi2 313. Again, 
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3 1 3. Again , fill a stron g bottle half full of 
water ; tHen insert a small glass tube into 
it, putting its lower end '^own near to tbe 
bottom, and cementing it very close round 
the moutb of the botUe. Then, if air be 
strongly injected through the pipe, as by- 
blowing with the mouui or otherwise, it %f 
will pass through the water from the lower 
end, ascending into the parts before occu- 
pied with air at b, and the whoTe mass of 
ur become there condensed, -because the 
water is not compressible into a less space. But, on re- 
moving theforce which injected the air at a, the w^ter will 
begin to rise from thence ma jet, being pushed up the pipe 
by the increased elasticity of the air B, by which it presses 
on the surface of the water, and forces it through the pipe, 
till as much be expellsd as there was air forced in ; when 
the air at b will be reduced to the same density as at first, 
and, the balance being restored, the jet will cease. 

314. Likewise, if into ajar of water 
AB,be inverted an empty glass tumbler 
CD, or sucb-like, the mouth downward ; 
the water will enter it, and partly fill 
it, but not near so high as the water in 
the jar, compressing and condensiijg 
the air into a less space in the upper 
6arts c, and causing the gkss to make a 
sensible resistance to the hand in push- 
ing it down. Then, on removing the handj the elasticity 
of tbe internal condensed air throws the glass'up a^in. 
All these showing that the air is condeasible and elastic 

315. Again, to show the rate or proportion 
of the elasticny to the condensadon : take a 
longcroolLedg{asstabe,eciuallywidethrqiigh- 
out, or at least in the part bd, and open at a, 
but close at the other end B. Pour in a little 
quicksilver at a, just to cover the bottom to 
Uie bend at cD, and to stop tbe communica- 
tion between the external air and tbe air in 
tp. Then pour in nme quicksilver, and 
mark the corresponding heights at which it 
stands in tbe two legs': so, whan it rises to 
B ill the open 1^ Ac, let it rise to £ in the 
close one, reducing its included air from the 
D&turaLbulk. bd to tbe contracted space be. 
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by tbe pressure of the column He ; and when the quick- 
Kilver stands at i and K, in the open ieg, let it rise to f 
and b in tlie other, reducing the air to the respective 
spaces BF, BC, by the weignts of the columns if. Kg. 
Then it is ahvays found, that the condensations apd elas- 
ticities are as the compressing weights or columns of the 
quicksilver, and the atmosphere together. So, if the na- 
tural bulk of the air bd be compressed into.the spaces be, 
BF, BG, which are ^, ^, ^ of bd, or as the numbers 3, 2, 1 ; 
then the atmosphere, together with the corresponding co- 
lumns He, if. Kg, are also found to be in the same propor- 
tion reciprocally, viz. as ^, ^, ^, or as the numbers i!, 3, 6. 
And then He = -^a, i/ = a, and Kg = 3a ; where a is the 
weight of the atmosphere. Which shows, that the con- 
densations are directly as the compressing forcos. And 
the elasticities are in the same ratio, since the columns in 
AC are sustained by the elasticities in bd. 

From the foregoing principles may be deduced many 
useful remarks, as in the following corollaries, viz. 

316. Corol. 1, The space which 
any quantity of air is confined in, | g T ( ' 

is reciprocally as the force that i^^t iAY * 

bompresses it. So, the forces which 1 1 \ 

confine a quantity of air in the cy- ^J 3jj — ^^ 

iindrical spaces ag, bo, cg, are SW ^^- -^'^t,,^ 

reciprocally as the same, or reci- fi^r^jj-— ^ 

procally as the heights AD, BD, CD. 
And therefore if to the two per- 
pendicular lines DA, DH, as asymptotes, the hyperbola IKL 
be described, and the ordinates ai, fiK,cL beHrawn; then 
the forces whirfi confine the air in the spaces aq, bo, cc, 
will be directly as the corresponding ordinates ai, bk, cl, 
ance these are reciprocally as the abscisses ad, bd, en, 
by the nature of the liyperbola. 

3 n. Corol. 2. All the air near the eartli is in a state of 
compression, by the weight of the incumbent atmospbere* 

318. Corol. 3. The air is denser near the earth, than in 
high places; or denser at the foot of a mountain, than at 
the top of it. And the higher above the earth, the less 
dense it is. 

319. Corifl. 4. The spring or elasticity of the aii-, is 
equal to the weight of the atmosphere above it; and they 
-will produce the same effects : since they always sustaig 
and balance each other. 

320. Corol. 5, 
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320. CaroL 5. If the density of the air be increased^ 
preserving the same heat or temperature, its spring ojr 
elasticity is also increased, and in the same proportion. 

321. Corol. 6. By the pressure and gravity of the atmo-* 
sphere, on the surface of fluids, the fluids are made to rise 
in any pipes or vessels, when the spring or pressure within 
is decreased or taken off, 



PROPOSITION LXVII, 

53^2 f Heat Increases the Elasticity of the Air^ and CoMDimi^ 
nishes it, Ofy Heat Expands ^ and Cold Condenses the jiir. 

This property is also proved by experience. 

323. Thus, tic a bladder very close with some air in it ; 
and lay it before the fire : then as it warms, it will more and 
more distend the bladder, and at last burst it, if the heat be 
continued, and increased high enough. But if the bladd^ 
be reirioved from the fire, as it cools it will contract again, 
as before. And it was on this principle that the first air- 
balloons were made by Montgolner : for, by heating the air 
within them, by ^ fire underneath, the hot air distends them 
to a size which occupies a space in the atmosphere, whose 
weight of common air exceeds that of the balloon. 

• 

^ 324. Also, if a cup or glass, with a little ?iir in it, be in- 
verted into a vessel of water ; and the whole be heated over 
the fire, or otherwise; the ;iir in the top will expand till it 
fill the glass, and expel the water out of it ; and part of the 
^ir itseff wil) follow, by continuing or increasing the heat, 
M^ny other experiments, to the same eflfect, might be 
adduced, all p^roving the properties mentioned in the pr(H 
position. 

SCHOLIUM. 

325. So that, when the force of tlie elp-sticity of air isk 
considered, regard must be had to its heat or temperature ^ 
the same quantity of air being more or less elastic, as itss 
beat is more or less. And it has been found, by experi — - 
ihent, that the elasticity is increased by the 435th part, b^ 
each degree of heat, of which there are 180 between the 
frci^izing and boiling heat of water. 

326. N, B. Water expands about the ^og^q part, witli 
each degree of heat, (Sir Geo. Shuckburgh, Philos. Tran^- 
1777, p. 560, &c.) 

Also, 
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Also, the 
Spec.grav.ofair 1'201 or 14^ when the barbm. is '29*5, 

water 1000 >and thethermom.'is SS"" 
mercury 1 3592 3 whichare their mean heights 

in this country. ; 

Or thus, air 1-222 or U) 1, ^u 1 • or. 

water 1000 C ^'*!f " ^''^ ^''''''^' '' l^> 
mercury 13600$^"^ thermometer 55, 
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327. The Weight or Pressure of the Atmosphere^ on any 
Base at the EartlCs Surface ^ is Equal to the Weight of a 
Column of Quicksilver, of the Same Base, and the Heiglii 
if which is between 28 and 31 inches. 

This is proved by the barometer, an instrument which 
measures the pressure of the air, and which is described 
below. For, at some seasons, and in some places, the air 
sustains and balances a column of mercury, of about 28 
inches : but at other times it balances a column of 29, or 

30, or near 3 1 inches high ; seldom in the extremes 28 or 

31, but commonly about the means 29 or 30. A variation 
which depends partly on the different degrees of heat in 
the air near the surface of the earth, ahci partly on the 
commotions and changes in the atmosphere, from winds 
and other causes, by which it is accumulated in some 
places, and depressed in others, being thereby rendered 
denser and heavier, or rarer and lighter ; which changes in 
its state are almost continually happening in any one place. 
But the medium state is commonly about 29^ or 30 inches. 

328. Corol, 1. Hence the pressure of the atmosphere on 
every square inch at the earth's surface, at a medium, is 
very near 15 pounds avoirdupois, or rather 14|^ pounds. 
For, a cubic foot of mercury weighing 13600 ounces 
nearly, an inch of it will weigh 7*866 or almost 8 ounces, 
or near half a pound, which is the weight of tlie atmo- 
sphere for every inch of the barometer on a base of a 
square inch; and therefore 30 inches, or the medium 
height, weighs very near 14^ pounds. 

329. Corol, 2. Hence also the weight or pressure of the 
atmosphere, is equal to that of a column of water from 32 
to 35 feet high, or on a medium 33 or 34 feet high. For, 
water and quicksilver arc in weight nearly as 1 to 13*6 ; 

so 
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so that the atmosphere will balance a^ column of water 
13;6 times as high as one of quicksilver; consequently 

13'6 times 28 inches = 381 inches, or 31^ feet, 
13*6 times 99 inches = 394 inches, or 32^ feet, 
13'6 times 30 inchv»s = 408 inches, or 34 feet, 
13*6 times 31 inches = 422 inches, or 35^ feet. 

And hence a common sucking pump will not raise water 
higher than about 33 or 34 feet. And a siphon will not 
run, if the j)cr|)enciicular height of the top of it be more 
than about 33 or 34 feet. 

330. Corol. 3. If the air were of the same uniform den- 
sity at every height up to the top of the atmosphere, as at 
the surface of the earth ; its height would be about 54 
miles at a medium. For, the weights of the same bulk of 
air and water, are nearly as 1*222 to 1000; therefore as 
1-222 : 1000 :: 33J feet : 2760Q feet, or 5^ miles nearly. 
And so high the atmosphere would be, if it were all of 
uniform density, like water. But, instead of that, from 
Its expansive and elastic quality, it becomes continually 
more and more rare, the farther above the earth, in a cer- 
tain proportion, which will be treated of below, as also the 
method of measuring heights by the barometer, which 
depends on it. ' 

331. Corol 4. From this proposition and the last it foU 
lows, that, the height is always the same, of an uniform 
atmosphere above any place, which shall be all of the uni« 
form density with the air there, and of equal weight or 
pressure with the real height of the atmosphere above that 
place, whether it be at the same place, at different times^ 
or at any different places or heights above the earth ; and 
that height is always about 5^ miles, or 27600 feet, as 
above found. For, as the density varies in exact propor- 
tion to the weight of the column, therefore it requires a 
column of the same height in all cases, to make the re^ 
spective weights or pressures. Thus, if w and w be the 
weights of atmosphere above any places, d and d their 
densities, and h and A the heights of the uniform columnsjj^ 
of the same densities and weights ; Then h x d = w, and 

w w f . 

h X d = w; therefore — or H is equal to -^ or //. The 

temperature being the same. 
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PROPOSITION hXlX. 

I 

332. The Density of the Atmosphere^ at Different Heights 
aboroe the Earthy Decreases in such Sort, that when the 
Heights Increase in Arithmetical Progression^ the Den^ 

sities Decrease in Geometrical Progression. 

* 

Let the indefinite perpendicular line ap, 
erected on the earth, be conceived to be divided • 
into a great number of very small equal parts, 
A, B, c, D, &e, forming so many thin strata 
of air in the atmosphere, all of different density, , 
gradually decreasing from the greatest at a : 
then the density of the several strata a, b, c, 
D, &c, will be in geometrical progression de- 
creasing. 

For, as the strata a, b, c, &c, are all of equal 
thickness, the quantity of matter in each of them, is as the 
density there ; but the density in anyone, being as the com- 
pressing force, is as the weight or quantity of all the matter ' 
from that place upward to the top of the atmosphere ; thertv 
fore the quantity of matter in each stratum, is also as the 
whole quantity from that place upward. Now, if from the 
whole weight at any place as B, the weight or quantity in the 
stratum b Be subtracted, the remainder is the weight at the 
next stratum c ; that is, from each weight subtracting a part 
which is proportional to itself, leaves the next weight ; or, 
which is the same thing, from each density subtracting a 
p?irt which is proportional to itself, leaves the next den- 
sitty. But when any quantities are continually diminish- 
eA by parts which are proportional to themselves, the re- 
mainders form a series of continued proportionals : con- 
sequently these densities are in geometrical progression. 

Thus, if the first density be d, and from eacn be taken 

itsTzth part: there will then remain its part, or the — 

^ n '^ n 

part, putting m f or » — 1 ; and therefore the series of den- 

7n fn^ 7ti^ fn^ 
sities will be D, — d, — d, — d, — -d, &c, the common ratio 

^ n n" n^ n"^ 

of the series being that of n to m. 

SCHOLIUM. 

333. Because the terms of an arithmetical series, are pro^ 
portional to the lo^ritlims of the terms of a geometrical 
series -, therefore oiifer^t altitudes above the earth'a sur- 

face^ 
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face^ are as the logarithms of the densities, or of the weights 
of air» at those altitudes. 

So that, if D denote the density at the altitude A, . 
and d - the density at the altitude a ; 
then A being as the log. of d, and a as the log. of ^, 

the dif . of alt. a — a will be as the log. d — log. d or log. ~. 

And if A=0, or D the density at the surface of the earth; 

then any alt. above the surface. a, is as the log. of--^. 

Or, in general, the log. of — is as the altitude of the 

one place above the other, whether the lower place be at 
the surface of the earth, or any where else. 

And from this property is derived the method of deter- 
mining tlie heights of mountains and other eminences, by 
the barometer, which *is an instrument that measures the 
fnressure or density of the air at any place. For, by taking, 
witli this instrument, the pressure or density,' at the foot of 
a hill for instance, and ai^ain at the top of it, the differ- 
ence of the logarithms o^ these two pressures, or the lo- 
garithm of 'their quotient, will be as the difference of al- 
titude, or as the height of the hill ; supposing the tempe- 
ratures of the air to oe the sanie at botli places, and the 
gravity of air not altered by the different distances from 
the earth's centre. 

334. But as tliisformulaexpresses only the relations be- 
tween different altitudes with respect to their densities, re- 
course must be had to some experiment, to obtain the real 
altitude which corresponds to any given density, or the den- 
sity which corresponds to a given altitude. And there are 
various experiments by which this may be done. The first, 
and most natural, is that which results from the known spe- 
cific gravity of air, with respect to the whole pressure of the 
atmosphere on the surface of the earth. Now, as the alti- 
tude a is ahvays as log. — ; assume h so that a=^h x log. --, 

where hvn\\ be of one constant value for all altitudes ; and to 
determine that value, let acase be taken in which we know the 
al t it udefl cor responding to ak no wn density^; as for instance^ 
takefl = 1 foot, or 1 inch, or some such small altitude; then^ 
because the density d may be measured by tl>e pressure of th& 
atmosphere, or the uniform column of 27600 feet, when the 
temperature is 55"* ; therefore 27600 feet will denote the 

density 
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density d at the lower place, and 27599 the less dendtydat 

I foot above it ; consequently I = A x log. ■ ' ■» ■■■ ' ■• ; which, 

•45(42944.S 
by the nature of logarithms, is nearly :=: A x —- f— • 

h 

nearly ; and hence A = 6355 1 feet ; which gives. 



63551 
for any altitude in general, this theorem, viz. a = 63551 X 

W. — , or = 63551 x loff. — feet, or 10592 x loor. — 

fathoms ; where m is the column of mercury which is equal 
to the pressure or weight of the atmosphere at the bottom, 
€ind m that at the top of the altitude a; and where m and m 
may be taken in any measure, either feet or inches, &c. 

335. Not6, that this formula is adapted to the mean tem*- 
perature of the air 55*. But, for every degree of tempe- 
rature different from this, in the medium between the 
temperatures at the top and bottom of the altitude a, that 
altitude will vary by its 435th part ; which must be added, 
when that medium exceeds 55""^ otherwise substracted. 

336. Note, also, that a column of 30 inches of mercury 
varies its length by about the -^ part of an inch for every 
degree of heat, or rather ^/op of the whole volume. 

337. But the formula may be rendered much more con- 
venient for use, by reducing the factor 10592 to 10000, by 
changing the temperature proportionally from 55** ; thus, 
as the diff. 592 is the 18th part of the whole factor 10592 ; 
and as 18 is the 24th part of 435; therefore the corr^ 
sponding change of temperature is 24% which reduces the 

55"* to 31°. So that the formula is, a = 10000 x log. — 

fathoms, when the temperature is 3 1 degrees ; and for 
every degree above that, the result is to be increased by 
so many times its 435th part. 

338. Exam. 1. To find the height of a hill when the 
pressure of the atmosphere is equal to 29*68 inches of mer- 
cury at the bottom, and 25*28 at the top ; the mean tem- 
perature being 50° ? Ans. 4378 feet, or 730 fathoms. 

339. Exam. 2. To find the height of a hill when the 
atmosphere weighs 29*45 inches of mercury at the bottom, 
^nd 26*82 at the top, the mean temperature being 33° ? 

Ans. 2385 feet, or 397^ tathoms; 

340. Exam. 3. 



SS« The SIPHON". 

340. Exam. 3. At what altitude is the density of the at- 
mosphere only the 4th part of what it is at the f>artb's sur- 
face ? Ans. 6020 fatlioms. 

By .the' weight and pressure of the atmosphere, thfc 
effect and operiitions ol pneumatic engines may be ac- 
counted for, and expliuned ; such as siphons, pumps, ba- 
rometei's, &c ; of which it may not be improper here to 
give a brief description. 



JL 



Of the siphon. 

SH . The Siphon, or Syphon, is any 
bent tube, having its two legs either of 
equal or of unequal length. 

If it be filled with water, and then 
inverted, with the two open ends 
' downward, and held level in that po- 
sition ; the water will remain suspend- 
ed m it, if the two legs be equal. For 
the atmosphere will press equally on j 
the surface of the water in each end, ( 
and support them, if they are not more than 34 feet high ; 
and the legs being equal, the water ;n them is an exact 
counterpoise by their equal weights ; so that the one has 
no power to move more than the otht^r ; and they ace both 
supported by the atmosphere. 

But if now the siphon be a little inclined to one side, so 
Aat the orifice of one end be lower than that of the other ; 
or if theJegsKe of onequal length, which is the same thing; 
then the equilibrium is destroyed, and the water wil! all de- 
scend out by the lower end, and rise up in the higher. For, 
the air pressing equally, but the iwo ends weighing un- 
equally, a motion must commence where the power isgreat- 
est, and so continue till all the water has run out ny the 
lower end. And if the shorter leg be immersed into a vessel 
of water, and the siphon be set a running as above, it will 
' continue to run till all the water be exhausted out of the 
vessseljor at leastaslowasthatendof the siphon. Or, it may 
be set a running without fiirmg tliesiphou as above, \>y only 
inTertingit,Aviihits9horterleg into the vessel of water; then, 
with the mouth applied to the lower orifice a, suck the air 
out ; and the water will presently follow, being forced up 
-into the siphon by the pressure of the air on the water in the 
Tessei. 

Or, 
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Of the pump. 




S42, There are three sorts 
of Pumps ; the Sucking, the 
Lifting, and the Forcing Pump, 
By the first, water can be raised 
only to about 34 feet, viz. by 
the pressure of the atmosphere ; 
l>itt by the others, to any height ; 
but then they require more ap- 
paratus and power. 

Theannexcd figure represents 
acoQimon sucking pump, ab 
is the barrel of the pump, being. 
a hollow cyhnder, made of me- 
tal, and smooth within, or of 
wood for very common pur- 
poses> CD is the handle, move- 
able about the pin e, by moving 
the end c up and down, df 
an iron rod turning about a pin 
D, which connects it to the 
end of the liandle. This rod is fixed to the piston, bucket^ 
or sucker, vg, by which this is moved up and down witbin 
thebarrel, which it must fit very tight and close, thfAnoair 
or water may pass between the piston and the sides of the 
barrel ; and for tlus purpose it is commonly armed with 
leather. The piston is made hollow^or it.bas a perforatioH 
through it, the orifice of which is covered by a valve H ' 
opening upwards, i is a plug fifmly fixed in the.lo«er part 
of the barrel, also perforated, .and covered by a valve k. 
opening upwards. 

343. when the pumpisfirsttobeworked,aDdtbevrater 
is below tite plug i ^ raise the end c of the handle, then the 
piston descending, compresses the air in Hi, which by its 
spring shuts fast ttie valve K, and pushes up the valve h, 
and so enters into the barr«l above the piston. Then put- , 
ting the end c of the handle down, again, raisei the piston 
or Slicker, which lifts up with it the column of air above it, 
the external atmosphere by ita pressure keeping the valve h 
shut : the air in the barrel being thus exhausted, or rare^ed, 
is no longer a counterpoise to that which oresse^ an the surp 
face of the water in the well , this is forced upi tbe'pip^ and 
through the valve K, into the barrel of the pump. Tbep 
pushing the pistQn dowt^ 3^UA into this water, now in tt^ 

bari^l. 
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barrelyits weight shuts the lower valve K, and its resistance 
forces up the valve of the piston, and enters the upper part 
of the barrel) above the piston. Then, the bucket being 
raised, lifts up with it the water which had passed above its 
valve, and it runs out by the cock l ; and taking off the 
weight below it, the pressure of the external atmosphere on 
the water iu the well again forces it up through the pipe and 
lower valve^qlose to the piston, all the way as it ascends, 
thus keeping the barrel always full of water. And thus, by 
repeating the strokes of the piston, a continued discharge 
is made at the cock l. 



O^ THE AIR-PUMP. 

344. Nearly on the same principles as the Water-pump, 
is the invention of the Air-pump^ by which the air is drawn 
out of any vessel, like as water is drawn out by the former* 
Abrass barrel is bored and polished truly cylindrical, and ex^ 
actly fitted with a turned piston, so that no air can pass by 
the sides of it, and furnished with a proper valve opening 
upward. Then, by lifting up the piston, the air in the close 
vessel below it follows the piston, and fills the barrel ; and 
being thus diffused through a larger apace than before, when 
it occupied the vessel or receiver only, but not the barrel, 
it is made rarer than it was before, in proportion as the ca- 
pacity of the barrel and receiver together, exceeds the re- 
ceiver alone. Another stroke of the piston exhausts andther 
barrel of this now rarer air, which again rarefies it in the 
same proportion as before. And so on, for any number of 
strokes of the piston, still exhausting in the same geometrical 
progression, of which the ratio is that which the capacity of 
the receiver and barrel together exceeds thereceiver,tillthitf 
is exhausted to any proposed degree, or as far as the natpre 
of the machine is capable of performing ; which happens 
when the elasticity of the included air is so far diminished. 
by rarefying, that it is too feeble to push up the valve ot 
the piston, and escape. 

345. From the nature of this exhausting, in geometrical 
progression, we may easily find how much the air iu the re- 
ceiver is rarefied by any number of strokes of the piston ; or 
what number of such strokes is necessary, to exhaust the re^ 
ceiver to any given degree. Thus, if thecapacity of the re- 
ceiver and barrel together, be to that of the receiver alone, 

as 
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as c to r, and 1 denote the natural, density of the air at 
6rst; then 

c : r :: I :—, the density after 1 stroke of the piston, 

■ c : r : - — : -^9 the density after 2 strokes^ 
' c c^ 

c : r :' : — : — , the density after 3 strokes^ 

&c, and — , the density after n strokes, i 

So, if the barrel be equal to \ of the receiver; ihen c : r 

: : 5 : 4 : and — = O'S"* is = t/ the density after n turns* 

And if n be 20, then 0*8^ = '0115 is the density of the 
included air after 20 strokes of the piston ; which being 
the Se^Zy part of 1 , or the first density, it follows that the 
air is ^^-h times rarefied by the 20 strokes. 

346. Or, if it were required to find the number of 
strokes necessary to rarefy the air any number of times ; be- 

cause ~ is = the proposed density d\ therefore, takhig'thc 

logarithms, n x log. -;- = log. rf, and n = -j ~1~:* ^'^ 

number of strokes required. So, if r be f of c, and it be 
required to rarefy the air 100 times : then d = ^^ ^"^ '^^ i 

and hetice w -=.- — 2 — . — = 20i nearly. So that in 204- 

1. 5 - 1. 4 ^ ^ 

strokes the air will be rarefied 100 times. 



Of the diving BELL & CONDENSING MACHINE. 

347. On the same principles too depend the operations 
and effect of the Condensing Engine, by which air may be 
condensed to any degree, instead of rarefied as in the air- 
pump. And, like as the air-pump, rarefies the air, by ex- 
tracting always one barrel of air after another 4 so, by thi« 
other machine, the air is condensed, bv throwing in or add- 
ing always one barrel of air after another ; which it is 
evident may be done by only turning the valves of the 
piston and barrel, that is, making them to open tlic con- 
trary way, and working the piston ia the same manner \ 



crk 
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so tliat, as they boUi open upward or outward in the atf' 
pump, or rarefier, thay will both open downward ot in* 
ward in the condenser, 

348. And on the same principles, namely, of the com- 
pression and elasticity of the air, depends the use of the 
Diviog Bell, which is a larstt vessel, in which a person 
descends to the bottom of tne sea, the open end of the 
vessel being downward ; only, in this case tlie air is not 
condensed by forcing more of it into the same space, as 
in the condensing engine ; but by compressing the same 

Suantity of air into a less space in the beil, by inqreasing 
[ways the force which compresses it. 

* 349. If a vessel of any sort be inverted into water, and 
pushed or let down to any depth in it ; then 1^ the pres- 
Bure of the water some of it will ascend into the vesselj 
but not so high as the water without, and will compress 
the air into leas space, according to the difference between 
the heights of the internal and external water; ai>d the 
density and elastic force of the air will be increased in the 
aame proportion, as its space in the vessel is diminished. 

So, if the tube ce be inverted, and pushed down intt^ 
water, till ^he externa! water exceed the internal, by th^ 
height AB, and the air of the tube be reduced to the spac^ 
CD ; then that air is pressed both by a co- 
lumn of water of the beiijht ab, and by the 
vhc^e atmosphere which presses on the 
upper surface of the water ; consequently 
the space CD is to the whole space C£,ss 
the weight of the atmosphere, is to the 
weightsbbth of the atmosphen; and the 
column nf water ab. Ho that, if ab be 
^out 34 feet, which is equal to the force 
of the atmosphere, then co will be equal 
to ^ cs ; but if ab be double of tliat, or 
68 feet, then cd will he ^CE ; and so on. And hence, by 
kiowing the depth af, to which the vessel is sunk, we can 
eaaly find the point o, to which the water will rise within 
it at any time. For let the weight of the atmosphere at 
that time be equal to that of 34 feel of water ; also, let the 
depth A F be 20 feet, and the length of the tube ce 4 feet : 
then, putting the height of tlie internal water de = x, 
it is 34 + AB : 34 :: CE : CD, 
thatis 34 + AF — DE : 34 :; ce : cE — de, 
or 54 — jr : 34 ; : 4 : 4 — r; 

hence, multiplying extremes and meam, jil6 -> SSx + J* 

F 136. 
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= 136, and the root is t = ^2 very nearly = 1-414 of a 
foot, or 17 inches nearly; being the height D£ to which 
the water will rise within the tube. 

350. But if the vessel be not equally 
wide throughout, but of any other 
shape, as of a bell-hke form, such as 
is used in diving ; then the altitudes 
wiil not observe the proportion above, 
but the spaces or bulks only will re- 
spect that proportion, namely, 34 + 
AB : 34 :: capacity ckl : capacity 
CHI, if it be. common or fresh water ; 
and 33 + AB : 33 : : capacity CKL : 
capacity CHI, if it be sea-water. From 
which proportion, the heiglit DEinay 
be found, when the nature or shape of the vessel 
CKL is known. 



Of; the BAROMETER. 

351. THE Barometer is an instrument for measuring 
the pressure of the atmosphere, and elasticity of the air, at 
any time. It is commonly made of a glass tube, of neat 
3 feet long, close at one end, and filled with mercury. 
When the tube is full, bv stopping the open end with the 
finger, then inverting the tube, and immersing that end. 
with tJie finger into a bason of quicksilver, on removing 
the finger from the orifice, the fluid in the tube will de- 
scend into the bason, till wliat remainsin thetubebeof the 
same weight with a column of the atmosphere, which is 
commonly between 23 and 31 incites of quicksilver; and 
leaving an entire vacuum in the upper end of the tube 
fthove the mercury. For, as the upper end of the tube is 

Siite void of air, there is no pressure downwards but fropa 
e column of quicksilver, and therefore that will be an 
exact balance to the counter pressure of the whole column 
of atmosphere, acting on the orifice of the tube bv the 
quicksilver in the bason. The upper 3 inches of the 
tube, namely, from 2S to 31 inches, have a scale att.iched 
to them, divided into inc'ies, tisntlis, atvd hundredths, for 
measuring the length of the column at all times, bv ob. 
serving which division of the scale the top of t^ie quick- 
silver IS opposite to ; as it ascends and descends within 
these limits, according to tbe :>tate of the atmosphere. 
Vol. n. R So 
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. So that the weight of the quick- 
silver in the tube, above that in 
the bason, is at all times equal to 
the weight or pressure of the co- 
lumn ot atmosphere above it, and 
of the same base with tlie tube ; 
and hence the weight of it may 
at all times be computed ; being 
nearly at the rate of half a ))ound 
avoirdupois for every inch of 
quicksilver in the tube, on every 
square inch of base ; or more 
exactly it is -^^ of a pound on 
the square inch, for everv inch in 
the altitude of the quitkailver: for 
thecubic inch of quicksilver weighs 
just -j^lb, or nearly ■!■ a pound , in ^^ 
the mean temperature of 55" of 
heat. And consequently, when the 
barometer sUnds at 30 inches, or 
2^ feet high, which is nearly the 
medium or standard height, the 

whole pressure of the atmosphere is equal to 14|- poondi, 
on every square inch of the base : and so in ptopoftiim 
for other heights. 




Of the thermometer. 

352. THE Thermometer is an instrument for mea- 
suring the temperature of the air, as to heat and cold. 

It is found by experience, that all bodies expand by beat, 
and contract by cold ; and hence the degrees of expanaon 
become the measure of the degrees of heat. Fluids are 
more convenient for this purpose, than solids: and quick* 
isilver is now most commonly used for it. A very fine 
glass tube, having a pretty large hollow ball at the bottom, 
is filled about half way up with quicksilver ; the wbole 
being then heated very hoc till the quicksilver rise quite to 
tlie top, the top is then hermetically sealed, so as perfectly 
to exclude all communication with the outward wr. Then, 
in cooling, the quicksilver contracts, and conscqiiently its 
sur&ce descends in the tube, till it come to a certain pointf 
correspondent to the temperature or heat of the air. And 
when the wcatlier becomes warmer, the quicksilver «- 

pantiSf 
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pands, and its surface rises in the tube ; 
and again contracts and descends when 
the weather becomes cooler. So that, by 
placing a scale of any divisions against ^ 
Ac side of the tube, it will show the 
degrees of heat, by the expansion and 
contraction of the quicksilver in the 
tube ; observing at what division of the 
scale the top or the quicksilver stands. 
And the method of preparing the scale, 
as used in England, is thus : — Bring the 
thermometer into the temperature of 
freezing, by immersing the ball in water 
just freezing, or in ice just thawing, and 
mark the scale where the mercurv then 
stands, for the point of freezing. Next, 
immerge it in boiling water ; and the 
quicksilver will rise to a certain height 
in the tube > wlrich mark also on the 
scale, for the boiling point, or the heiit 
of boiling water. Then the distance be- 
tween these two points, is divided into 
180 equal divisions, or degrees ; and the 
like equal degrees are also continued to 
any extent below the freezing point, and above the boil- 
ing point. The divisions are then numbered as followdy 
namely^ at the freezing point/ is set the number 32, and 
consequently 212 at the boiling point; and all the other 
numbers in their order. 

This division of the scale is commonly called Fahrenheit*s. 
According to this division, 55 is at the mean temperature of 
the air in this country ; and it is in this temperature, and 
in an atmosphere which sustains a column of 30 inches, of 
quicksilver in the barometer, that all measures and specific 
gravities are taken, unless when otherwise menticmed ; and 
in this* temperature and pressure, the relative weights, or 
specific gravities of air, water, and quicksilver, are as 
1|. for air, C and these also are the weights of a cu- 

1000 for water, <bicfootofcach',inavoirdupois ounces, 
1 3600 for mercury ; L^n that state of the barometer and 
thermometer. For other states of the thermometer, each 
of these bodies expands or contracts according to the fol- 
, lowing rate, with each degree of heat, viz. 
Air about - -^^ part of its bulk. 
Water about s-iru P^^^ ^^ ^^^ bulk. 
Mercury about -^ ^q g P^^^ ^^ itsbulk. 

R2 On 
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On the measurement of ALTITUDES by the 
■ BAROMETER and THERMOMETER. 

353. FROM the principles laid down in the scholium to 

Erop. 69, concerning the measuring of altitudes by the 
arometer, and the foregoing descriptions of the barometer 
and thermometer, we may now collect'together the precepts 
for the practice of such measurements, which are as follow : 

First. Observe the height of the barometer at the bottom 
of any height, or depth, intended to be measured ; with 
the temperature of the quicksilver, by means of a thermo- 
meter attached to the barometer, and also the temperature 
of th6 air in the shade by a detached thermometer. 

Secondly, Let the same thing be done also at the top of 
the said height or depth, and at the same time, or as near 
the same time as may be. And let those altitudes of baro- 
meter be reduced to the same temperature, if it be thought 
necessary, by correcting either the one or the other, that 
is, augment the heiglit of the mercury in the colder tem- 
perature, or diminish that in the warmer, by its -^^^ part 
for every degree of difference of ^he two. 

Thirdly. Take the difference of the common logarithms 
of the two heights of the barometer, corrected as above if 
necessary, cutting off 3 figures next the right hand for 
decimals, when the log-tables go to 1 figures, or cut off 
only 2 figures when the tables go to 6 places, and so on.; 
or in general remove the decimal point 4 places more 
towards the right hand, those on the left nand being 
fathoms in whole numbers. 

Fourthly. Correct the number last found for the differ- 
ence of temperature of the air, as follows : Take half the 
sum of the two temperatures, for the mean one ; and for 
every degree which this differs from the temperature 31% 
take so many times the -^-f^ part of the fathoms above found, 
and add them if the mean temperature be above 31*, but 
subtract them if the mean temperature be below 8 1* ; and 
the sum or difference will be the true altitude in fathoms : 
or, being multiplied by 6, it will be the altitude in feet. 

354. Example 1 . Let the state of the barometers ani 
thermometers be as follows ; to find the altitude, viz. 

Thermom. 
attach. I detach. 
57 57 



Barom. 

Lower 29 -68 

Upper25-28 | 43 | 42 



Ans. the alt. is 



7 19 1 fathoms; 
355. Exam, 
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355. Exam, 2. To find the altitude, when the state of 
the barometers and thermometers is as follows, viz. 



Barom, 

Lower 29*45 
Upper 26-82 



Thermom. 



attach. 
38 
41 



detach. 
31 
35 



Ans. the alt. is 

409 ,»7 fathoms, 
or 2458 feet. - 



On the resistance of FLUIDS, with their 
FORCES AND ACTIONS on BODIES. 

PROPOSITION LXX. 

356. If any Body Move through a Fluid at Rest^ or the 
Fluid Move agamst the Body at Rest ; the Force or Resist-^ 
anee of the Fluid against the Body^ will be as the Square of 
the Velocity and the Density if the Fltdd. That w, fe « dv^. 

For, the force or resistance is as the quantity of matter 
or particles struck, and the velocity witn which they are 
struck. But the quantity or number of particles struck^ 
in any time, are as the velocity and the density of the 
fluid. Therefore the resistance, or force of the fluid, i$ 
as the density and i^quare of the velocity. 

357. Corol. 1. The resistance to any plane, is also more 
or less, as the plane is greater or less; and therefore the 
resistance on any plane, is as the area of the plane a, the 
density of the medium, and the square of the velocity. 
That is, R a adv^^ 

358. Coroh 2. If the motion be not perpendicular, but 
oblique to the plane, or to the face of tne body ; then the 
resistance, in the direction of motion, will be diminished 
in the triplicate ratio of radius to the sine of the angle of 
inclination of the plane to the direction of the motion, or 
as the cube of radius to the cube of the sine of that angle. 
3o that R oc adv'^s^y putting 1 = radius, and s = sine oi 
:he angle of inclination cab. - 1 

For, if AB be the plane, ac the 
lirection of motion, and bc perpen- 
licular to ac ; then no more particles 
neet the plane th^n what meet the 
)erpendicular bc, and therefore their 
lumber is diminished as ab to bc or 
is 1 to 5, But the force of each par-* 

tide, 
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tide, striking the plane obliquely in the direction CA, is 
also diminished as ab to bc, or as 1 to ^; therefore the 
resistance, which is perpendicular to the face of the plane 
by art. 52, is as 1* to 5*. But again, this resistance in the 
direction perpendicular to the face of the plain, is to that 
in the direction ac, by art. 51, as ab to bc, or as 1 to s. 
Consequently, on all these accounts, the resistance to the 
plane when moving perpendicular to its face, is to that 
when moving obliquely, as V to 5', or 1 to s^. That is, 
the resistance in the direction of the motion, is dimini^ed 
as 1 to ^, or in tl]ie triplicate ratio of radius to the sine of 
inclination. 

PROPOSITION LXXI. 

S59. The Real Resistance to a Plane y by a Fluid acting in a 
Dirtction perpendicular to its Face^ is equal to the Weight 
of a Column of the Fluids whose Base is the Plane, and 
Altitude equal to that which is s due to the Velocity of the 
Motion^ or through which a Heavy Body must fall to 

' acquire that Velocity. 

.The resistance to the plane moving through a fluid, is 
the same as the force of the fluid in motion with the same 
velocity, on the plane at rest. But the force of the fluid 
in motion, is equal to the weight or pressure which gene- 
rates that motion ; and this is equal to the weight or pres- 
sure of a column of the fluid, whose base is the area of 
the plane, and its altitude that which is due to the velocity. 

360. CoroL.l. If a denote the area of the plane, v the 

velocity, h the density or specific gravity of the fluid, and 

g = le^V fe^t, or 193 inches. Then, the altitude due to 

. . V* « t)^ anif' 

the velocity v being — , therefore a x n x — = -7 — 

4.g 4.g ^g 

will be the whole resistance, or motive force r. 

361. Corol. 2. If the direction oT motion be not per- 
pendicular to the face of the plane, but oblique to it, in 
-any angle, whose sine is s. Then the resistance to the plane 

... , anifs^ 
will be — : — . V 

362. Corol, 3. Also, if w denote the weight of the body, 
whose plane face a is resisted by the absolute force r ; then 



R .„ . fl7ZI/V 



tbe retarding forced, or — , will be — - 



w ^gw 



363. CoroL 4. And if the body be a cylinder, whose face 

or 
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or end is «, and radius r, moving in the direction of its 
axis; because then j = l,and a =pr%^herejt? = 3 1416; 

then — — will be the resisting force r, and — — - the 

^g 4fgW 

retarding forced. 

364. Carol. 5. This is the value of the resistance when 
the end of the cylinder is a plane perpendicular to its axis, 
or to the direction of motion. But were its face an ellip- 
tic section, or a conical surface, or aiiy o|:her figure every- 
where equally inclined to the axis, or direction of motion^ 
the sine or inclination being s : then, the number of par- 
ticles of the fluid striking the face being still the same, but 
the force of each, opposed to the direction of motion, 
diminished in the duplicate ratio of radius to the isine of 

pnvV^ 
inclination, the resisting force R would be — . 

PROPOSITION LXXII. 

365. The Resistance to a Sphere moving through a Fluids is 
but Half the Resistance to its Great Circle , or to the End of 
a Cylinder of the same Diameter ^ mxrving with an Equal 
Vetocity. 

Let a FEB be half the sphere, moving 
in the direction ceg. Describe the para-- 
boloid AiEKB on the same base. Let any 
particle of the medium meet the semicir- 
cle in F, to which draw* the tangent fg, 
the radius fc, and the ordinate fih. Then 
the force of any particle on the surface at 
f, is to its force on the base at h, as the 
square of the sine of the angle c, or its 
equal the angle fch, to the square of radius,, that is, as 
HF* to cf^. Therefore the force of all the particles, or the 
whole fluid, on the whole surface, is to its force on the 
circle of the base, as all the hf* to as many times CF% 
But' CF* is = CA* = AC . CB, and hf* = ah . hb by the 
nature of the circle : also, ah . hb : ac . cb : : hi : CE 
by the nature of the parabola ; consequently the fOrce on 
the spherical surface, is to the force on its circular base, 
as all the Hi's to as many ce's, that is, as the content of 
the paraboloid to the content of its circumscribed cyliiK 
der, namely, as 1 to 2. 

366. CoroL Hence, the resistance to the sphere is R = 

pnv^r^ 

, being the half of that ,pf a cylinder of the same 

^ • J. ~ 

diameter. 
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diameter. For example, a 9lb iron ball, whose diameter is 
4 inches, when moving through the air with a velocity of. 
1 600 feet per second , would meet a resistance which is equal 
to a weight of 132|.lb, over and above the pressure of the 
atmosphere, for want of the counterpoise behind the ball. 



PRACTICAL EXERCISES in MENSURATION. 

Quest. 1 . WHAT difference is there between a floor 
28 teet long bv 20 broad, and two others, each of half the 
dimensions ; and what do all three come to at 45s. per 
square, or 100 square feet ? * 

Ans. dif. 280 sq. feet. Atnount 18 guineas. 

Quest. 2. An elm plank is 14 feet 3 inches long, and I 
Tcould have just a square vard slit off it ; at what distance 
from the edge must the line be struck ? Ans. 714 inches. 

Quest. 3. A cieling contains 114 yards 6 feet of plaster- 
ing, and the room 28 feet broad; what is the length of it? 

Ans. 36y feet. 

Quest. 4. A common joist is 7 inches deep, and 2i 
thick; but wanting a scantling just as big again, that shall 
be 3 inches thick ; what will the other dimension be ? 
^ , Ans. I If inches. 

Quest. 5. A wooden cistern cost me 3^. 2d. painting 
within, at 6d. per yard ; the length of it was 102 inches, 
and the depth 2 1 inches ; what was the width ? 

Ans. 27^ inches. 

Quest. 6. If my court-yard be 47 feet 9 inches square, 
and I have laid a foot-path with Purbeck stone, of 4 feet 
wide, along one side of it; what will paving the rest with 
flints come to, at 6d. per square yard ? Ans, 5/. 16^. 0^, 

Quest, 7. A ladder, 26y feet long, may be so planted, 
that it shall reach a window 22 feet from tlie ground on 
one sid.e of the street; and, by only tyrning it over, with- 
out moving the foot out of its place, it will do the same 
by a window 14 feet high on the other side; what is the 
breadth of the street ? Ans, 37 feet 9^ inChes. 

Quest. 8. The paving of a triangular court, at 18d, 
per foot, came to 100/.; the longest of the three sides was 
88 feet ; required the sum of the other two equal sides ? 

Ans, 106-85 feet. 

Quest. 9, 



QUESTIONS IN MENSURATION. 249 

Quest. 9. There are two columns in the ruins of Perscr 
polls left standing upright : the one is 64 feet above the, 
plain, and the other 50: in a straight line between these 
stands an ancient small statue, the head of which is 97 feet 
from the summit of the higher, and 86 feet from the top of 
the lower column, the base of which measures just 16 feet 
to the centre of the figure's base. Required the distance be- 
tween the tops of the two columns ? Ans. 157 feet nearly. 

Quest. 10. The perambulator, or surveying wheel, is 
so contrived, as to turn just twice in the length of 1 pole, 
or \6i feet ; required the diameter ? Ans. 2*626 feet. 

Quest. 1 1. In turning a one-horse chaise within a ring 
of a certain diameter, it was observed that the outer wheel 
made two turns, while the inner made but one : the wheels 
were both 4 feet high ; and, supposing them fixed at the 
statutable distatice of 5 feet asunder on thd axletree, what 
was the circumference of the track described by the outer 
wheel ? Ans. 62'832 feet. 

Quest. 12. What is the side of that equilateral triangle, 
whose area cost as uiuch paving at 8d. a foot, as the palli** 
jading the three sides did at a guinea a yard ? 

Ans, 72*746 feet. 

Quest. 13. In the trapezium abcd, are given, ab = 13, 
Bc = 314, CD = 24, and da = 18, also b a right angle ; 
required the area ? Ans. 410*122. 

Quest. 14. A roof which is 24 feet 8 inches by 14 feet 
6 inches, is to be covered with lead at 8lb. per square foot : 
what will it come to at ISs. per cwt. ? , Ans. 22/. 19^. 10|^. 

Quest, 1 5. Having a rectangular marble slab, 58 inches 
by 27, 1 would have a square foot cut off parallel to the 
shorter edge ; I would then have the like quantity divided 
from the remainder parallel to the longer side ; and this 
alternately repeated, till there shall not be the quantity of 
a foot left ; what will be the' dimensions of the remaining 
piece? , Ans. 20*7 inches by 6*086. 

Quest. 16. Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles ; required the third side, that 
the triangle may contain just an acre of land ? 

Ans. 58*876 or 23*099. 

Quest. 17. The end wall of a house is 24 feet 6 inches 
in breadth, and 40 feet to the eaves ; 4 of which is 2 bricks 
thick, 4 more is 14 brick thick, and the rest 1 brick thick. 
Now the triangular gable rises 38 courses of bricks, 4 of 
which usually make a foot in depth, and this is but 4|- 

incbes. 
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inches, or half a brick thick : what will this piece of work 
come to at 5L lOs. per statute rod? Ans. 20/. 115. l^d. 

Quest. 18. How many bricks will it take to build a 
wall, 10 feet high, and 500 feet long, of a brick and half 
thick ; reckoning the brick 10 inches long, and 4 courses 
to the foot in height ? Ans. 72000. 

Quest. 19. How many bricks will build a square pyra- 
mid of 100 feet on each side at the base, and also 100 feet 
perpendicular height : the dimensions of a brick being sup- 
posed 10 inches long, 5 inches broad, and 3 inches thick ? 

Ans. 3840000. 

Quest. 20. If, from a right-angled triangle, whose base 
is 12, and perpendicular 16 feet, a line be drawn parallel 
to the perpendicular, cutting off a triangle whose area is 
24 square feet ; required the sides of this triangle ? 

Ans. 6, 8, and 10. 

Quest. 21. The ellipse in Grosvenor-square measures 
840 links across the longest way, and 612 the shortest, 
within the rails : now the walls being 14 inches thick, what 
ground do they enclose, and what do they stand upon ? 

4 ^ enclose 4 ac. r. 6 p. ' 
^"^' i stand on 1760^ sq. feet. 

Quest. 22. If a round pillar, 7 inches over, have 4 feet 
of stone in it : of what diameter is the column, of equal 
length, that contains 10 times as much? 

Ans. iJ 2* 136 inches. 

< 

Quest. 23. A circular fish-pond is to be made in a gar- 
den, that shall take up just half aii acre ; what must be the 
length of the chord that strikes the circle ? Ans. 21^ yards. 

Quest. 24. When a roof is of a true pitch, or making a 
right angle at the ridge, the rafters are nearly ^ of tne 
breadth of the building : now supposing the eaves-boards 
to project 1 inches on a side, what will the new ripping 
a house cost, that measures 32 feet 9 inches long, by 2 
feet 9 inches broad on the flat, at 155. per square ? 

Ans. 8/. 1 5s. 9id= 

Quest. 25. A cable, which is 3 feet long, and 9 inche- 
in compass, weighs 22lb ; what will a fathom of that cabl 
weigh, which measures a foot about ? Ans. 78-| 1 

QjUEST. 26. My plumber has put 28lb. per square foe — -yt 
into a cistern, 74 inches and twice the thickness of the lei-^d 
long, 26 inches broad, and 40 deep r he has also put thr^:^e 
stays across it within, of the same strength, and 16 incites 

deep. 
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deep, and reckohs 22s. per cwt. for work and materials. 
I, being a mason, have paved him a workshop, 22 feet 10 
inches broad, with Purbeck stone, at 7d. per foot ; and on 
the balance I find there is 3^. 6d. due to him ; what was 
the length of the workshop, supposing sheet lead of -^ of 
an inch thick to weigh 5 'SSQlb. the square foot ? 

Ans. 32 feet, 0|. inch. 

Quest. 27. The distance of the centres of two circles, 
whose diameters are each 50, being given, equal to 30 ; 
what is the area of the space enclosed by their circum- 
ferences? Ans. 559'119. 

Quest. 28. If 20 feet of iron railing weigh half a ton, 
when the bars are an inch and quarter square ; what will 
50 feet come to at 3^. per lb, the bars being ^ of an 
inch square ? ' Ans. 20/. Os. 2d. 

Quest. 29. The area of an equilateral triangle, whose 
base falls on the diameter, and its vertex in the middle of 
the arc of a semicircle, is equal to 100: what is the dia- 
meter of the semicircle ^ Ans. 26*32148^. 

Quest. 30. It is required to find the thickness of the 
lead in a pipe, of an inch and^quarter bore, which weighs 
14lb. per yard in length ; t6e cubic foot of lead weighmg 
1 1325 ounces ? Ans. '20737 inches. 

Quest. 31. Supposing the expense of paving a semi- 
circular plot, at 2s, 4rf. per foot, come to 10/. ; what is the 
diameter of it ? Ans. 14*7737 feet. 

Quest. 32. What is the length of a chord which cuts off 
^ of the area from a circle whose diameter is 289 ? 

Ans. 278-6716. 

Quest. 33. My plumber has set me up a cistern, and, 
his shop-book being bunit, he-has no means of bringing in 
the charge, and I do not choose to take it down to have it 
weighed ; but by measure he finds it contains 64i^ square 
feetj and that it is precisely 4 of an incft in thickness. 
Lead was then wrought at 21/. per foth^r of 194- cwt. 
It is required from these items to make out the bill, allo\\c- 
ing 6-J- t)z. for the weight of a cubic inch of lead ?^ 

Ans.» 4/. lis. 2d. 

Quest. 34. What will the diameter of a globe be, when 
the solidity and superficial content are expressed by the 
same number ? Ans. 6. 

Quest. 35. A sack, that would hold 3 bushels of com, 
is 22^ inches broad when empty 5 what will another sacj^ 

contain. 
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contaiiii which, being of the same length, has twice its 
breadth, or circumference? Ans. 12 bushek. 

Quest. 36. A carpenter is to put an oaken curb to a 
round well, at Sd. per foot square : the breadth of the 
curb is to be 7^ incnes, and the diameter within S-J- feet ; 
what will be the expense ? . Ans. 5s. 2\d. 

Quest. 37. A gentleman has a garden 100 feet long, and 
80 feet broad ; and a gravel walk is to be made of an equal 
width half round it : what must the breadth of the walk 
be, to take up just half the ground ? Ans. 25.968 feet. 

Quest. 38. The top of a may-pole, being broken off by 
a blast of wind, struck the ground at 10 feet distance from 
the foot of the pole; what was the height of the whole 
may-pole, supposing the length of the broken piece to be 
2^ feet ? Ans. 50 feet. 

Quest. 39. Seven men bought a grinding stone, of 60 
inches diameter, each paying i part of the expense ; what 
part of the diameter must eaph grind down for his share? 

Ans. the 1st 4-4508, 2d 4-8400, 3d 5*3535, 4th 6*0765, 
5th 7-2079, 6th 9-3935, 7th 22*6778 inches. 

Quest. 40. A,malster has a kiln, that is 16 feet 6 inches 
square : but he wants to pull it down, andbuild a new one, 
that may dry three times as much at once as the old one; 
what must be the length of its side ? Ans. 28 feet 7 inches. 

Quest. 41. How many 3-inch cubes may be cut out of 
a 12-inch cube ? Ans. 64. 

Quest. 42. How long must the tetl^er of a hor^ be, 
that will allow him to graze, quite around, just an acre of 
ground ? Ans. Z9\ yards. 

Quest. 43. Whatwillthepaintingof aconicalspirecome 
to, at 8£/. per yard ; supposing the height to be 1 1 8 feet, and 
the circumference of the base 64 feet ? Ans. 14/. Os. 8|^i. 

Quest. 44. The diameter of a standard com bushel is 
1 84 inches, and its depth 8 inches ; then what must the 
diameter of that bushel be, whose depth is 7^ inches ? 

Ans, 19-1067 inches. 

Quest. 45. Suppose the ball on the top of St. Paul's 
church is 6 feet in diameter ; what did the gilding of it 
cost at 34d. per square inch ? Ans. 237/. 10^. Id, 

Quest. 46. What will a frustum of a marble cone 
come to, at 1 2s, per solid foot; the diameter of the greater" 
end being 4 feet, that of the less end 14, and the length 
of the slant side 8 feet? Ans. 30/. 1^. lO^rf, 

Quest. 47, 
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OuEST. 47. To divide a cone into three equal parts by 
sections parallel to the base, and to find the altitudes of the 
three parts, the height of tlie whole cone being 20 inches ? 

Ans. the ui>per part 13*867 
the middle part 3'605' 
the lower part 2*528 

Quest. 48. A gentleman has abo„\vling green, 300 feet 
long, and 200 feet broad, which he would raise 1 foot 
higher, by means of the earth to be dug out of a ditch that 
goes round it : to what depth must the ditch be_dng, sup- 
posing its breadth to be every where 8 feet ? Ans. 7{-| feet. 

Quest. 49. How high above the earth must a person 
be raised, that he may see -J- of its surface ? 

Ans. to the height of the earth's diameter. 

QtTEST. 50. A cubic foot of brass is to be drawn into 
wire, of -^ of an inch in diameter ; what will the length 
of the wire be, allowing no loss in the metal ? 

Ans. 97784*797 yards, or 55 miles 984-7'97 yards. 

Quest, 51. Of what diameter must the bore of a cannon 
be, which is cast for a ball of 24lb. weight, so that the 
dianieter of the bore may be ^^ of an inch more than that 
of the ball ? Ans. J-647 inches. 

Quest. 52. Supposing the diameter of an iron 9lb. ball 
to be 4 inches, as it is very nearly ; it is required to find 
the diameters of the several balls weighing 1, 2, 3, 4, 6, 
12, 18, 24, 32, 36, and 42lb, apd the caliber of their guns^ 
allowing ^\^ of the caliber, or ^ of the ball's diameter, 
for windage. Answer 



Wt. of 


Diameter 


Caliber of 


ball. 


of ball. 


gun. 


1 


1*9230 


1*9622 


2 


2*4228 


2*4723 


3 


2*7734 


2*8301 


4 


3*0526 


3*1149 


6 


3*4943 


, 3-5656 


9 


4*0000 


4*0816 


12 


4*4026 


4*4924 


18 


5-0397 


5-1425 . 


24 


5*5t69 


5-6601 


32 


6*1051 


6-2297 


36 


6*3496 


6*4792 


42 


6*6844 


6*3208 



Quest, 53, 
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QussT 53, Supposing the windage of all mortars to be 
^ ^ of the caliber, and the diameter of the hollow part of the 
imell to be -f^ of the calib^ of the mortar: it is required to 
determine the diameter and weight of the shell, and the 
quantity or weight of pc^wder requisite to fill it, for each of 
the several sorts of mortars, namely^ the 13, 10, 8, 5*8, 
and 4*6 inch mortar. Answer. 



Calib.of 


Diameter 


Wt. of shell 


Wt. of 


Wt. of shell 


mort. 


of shell. 


empty. 


powder. 


filled. 


4-6 


4-523 


8-320 


0-583 


8-903 


5-8 


5-703 


16-677 


1-168 


17-845 


8 


7-867 


43'764 


3-065 


46-829 


•10 


9-833 


85-476 


5-9«6 


91-462 


13 


12-783 


187-791 


13-151 




200-942 



Quest. 54. If a heavy sphere, whose diameter is 4 
inches, be let fall into a conical glass^ full of water, whose 
diameter is 5, and altitude 6 inches ; it is required to de- 
termine how much water will run over? 

Ans. 26*272 cubic inches, or nearly |- of a pint* 

Quest. 55. The dimensions of the sphere and cone be- 
ing the same as in the last question, and the cone only \ 
full of water ; required what part of the axis o^the sphere 
is immersed in the water ? Ans. -546 parts of an inch. 

Quest. 5S. The cone being still the same, and 4 full of 
water ; required the diameter of a sphere which shall be 
just all covered by the water ? Ans. 2-445996 inches. 

Quest. 57. If a person, with an air balloon, ascend ver- 
tically from London, to such a height that he can just see 
Oxford appear in the horizon ; it is required to determine 
his height above the earth, supposing its circumference to 
be 25000 miles, and the distance between London and Ox- 
ford 49*5933 miles? Ans.-i^y^ ofamile, or 547 yards 1 foot. 

Quest. 58. In a garrison there are three remarkable 
objects A, B, c, the distances of which from one to another 
are known to be, ab 213, ac 42*, and bc 262 yards; I 
am desirous of knowing my position and distance at a 
place or station s, from which I observed the angle asb 
13" 30', and the angie csb 29** 50', both by geometry and 
trigonometry. 

Answer. 
AS 605-7122; 
. Bs 429*6814; 
cs 524.2365. 

Quest. 59. 
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Quest. 59. Required the. same as in the )ait question, 
when the point b is on the other side of ac, supposing 
AB 9, AC 12, and Bc 6 furlongs j also the angle asb 33** 45 , 
and the angle bsc 22** 30'. 

Answer. 
as 10*64, BS 15'64, cs 14-01. 



\ 




Quest. 60. It is required to determine the magnitude'of 
a cube of gold, of the standard fineness, which shall be 
equal to a sum of 480 million of pounds sterling ; suppos- 
ing a guinea to weigh 5 dwts 9^ grains. Ans. 18'691 feet. 

Quest. 61. The ditch of a fortification is 1000 feet 
long, 9 feet deep, 20 feet broad at bottom, and 22 at top; 
how much water will fill the ditch ? 

Ans. 1158127 gallons nearly. 

Quest. 62. If the diameter of the earth be 7930 miles, 
and that of the moon 2160 miles: required the ratio of 
their surfaces, and also of their solidities : supposing them 
both to be globular, as they are very nearly? 

Ans. the surfaces are as 1 3^ to 1 nearly ; 
and the solidities as 49^ to 1 nearly. 



PRACTICAL EXERCISES concerning SPECIFIC 

GRAVITY. 

THE Specific Gravities of Bodies are their relative 
weights contained undor the same given magnitude ; as 
a cubic foot, or a.cubic inch, &c. 

The specific gravities of several sorts of matter, are 
expressed by the numbers annexed to their names in the 
Table of Specific Gravities, at page 220 ; from which the 
numbers are to be taken, when wanted. 

Note, The several sorts of wood are supposed to be dry. 
Also, as a cubic foot of water weighs just 1000' ounces 
avoirdupois, the numbers in the table express, not only tlie 
specific gravities of the several bodies, but also the weight 
of a cubic foot of each in avoirdupois ounces; and hence, 
i)y proportion, the weight of any other quantity, or the 

quaniity 



".I 



256 SPECIFIC GRAVITY- 

?[uantity of any other weight, may be known, as in the 
ollowing problems. 

PROBLEM I. 

I 

To find the Magnitude of any Body ^ from its Weight. 

As the tabular specific gravity of the body. 
Is to its weight in avoirdupois ounces, 
So is one cubic foot, or 1728 cubic inches, 
To its content in feet, or inches, respectively. 

EXAMPLES. 

Exam. 1. Required the content of an irregular block of 
common stone, which weighs icwt, or 112lb. 

Ans. 1228^ cubic inches. 

Exam. 2. How many cubic inches of gunpowder are 
there in lib weight ? Ans. 29^ cubic inphes nearly. 

Exam. 3. How many cubic feet are there in a ton 
weight of dry oak ? An^. 3844f cubic feet. 

PROBLEM ir. 

To find the Weight of a Body from its Magnitude. 

As one cubic foot, or 1728 cubic inches. 
Is to the content of the body, 
So is its tabular specific gravity, 
To the weight of the body. 

examples. 

Exam. l. Required the weight of a block of marble, 
whose length is 63 feet, and breadth and thickness each 
12 feet ; being the dimensions of one of the stones in the 
walls of Balbeck ? 

Ans. 683-j^ ton, which is nearly equal to the burden 
of an East-India ship. 

Exam. 2. What is the weight of 1 pint, ale measure, 
of gunpowder ? » Ans. 19oz. nearly. 

Exam. 3. What is the weight of a block of dry oak,, 
which measures 10 feet in length, 3 feet broad, and 2^ 
feet deep ? Ans. 4335441b. 

PROBLEM 
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PROBLEM tlU 

Tojini the Specific Gfavity of a Body* 

Case 1. When the body b heavier than water, weigh 
tt both in water and out or water, and take the differenge^ 
which will be the weight lost in water* Then say, 

As the weight lost in water. 

Is to the whole weight, 

So is the specific gravity of water. 

To the specific gravity of the body* 

EXAMPLE. 

A piece of stone weighed lOlb, but in water only S^^^ 
required its specific gravity ? Ans. 2609. 

Case 2. When the body is lighter than water, so that it 
will not quite sink, affix to it a piece of another body, heavier 
than w^ter, so that the mass compounded of the two may 
sink together. Weigh the denser body and the compound 
mass, separately, both in water and out of it ; then findliow 
much each loses in water, by subtracting its weight in water 
from its weight in air ; and subtract the less of these re- 
mainders from the greater. Then say, 

As the last remainder, 
Is to the weight of the light body in air. 
So is the specific gravity of water. 
To the specific gravity of the body. 

EXAMPLE. • 

Suppose a piece of elm weighs 151b in air; and that a 
piece of copper, which weighs 1 81b in air, and 16lb in water, 
is afiixed to it, and that the compound weighs 6lb in water ; 
required the specific gravity of the elm ? Ans. 600. 

PROBLEM IV. 

To find the Quantities of Two Ingredients ih a Given Cotnpound. 

Take the three differences of every pair of the three 
specific gravities, namely, the specific gravities of the com- 
pound and each ingredient ; and multiply the difference of 
every two specific gravities by the third. Then say, as the 
greatest product, is to the whole weight of the compound, 
so is each of the other products, to the two weights of the 
ingredients. 

Vol. II. S " EXAMPLE. 
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EXAMPLE^ 



A composition of 112lb being made of tin and coppefi 
whose specific gravity is found ' to ' be 8784 ; required the 
quantify of each ingredient, the specific gravity of tin being 
7320, and of copper 9000 ? 

Ans^ there is lOOlb of copper? . ^, ^^^^ v- 

andconse<iuently,121boVdn5,'"*^«.««*P*'""«'- 



>i • 



• 



> I «- 



Of the weight and DIMENSIONS op BALLS and 

SHfEtLS. 

' ' ■■■■'•■' . ■■•• ■-,..... 

THE Veight and dimensions of Balls and SHeDs might be 

found from the problems last given, concerning specific gra- 
vity. Btit th6y may be found still easier by means . of the 
experirtii^lited weight of a baft of a giVen sittej from the 
known proportion of siihilar figures, nam'iely, 9S tb« cubes 

of jth^ir diameters. 

■* • f * • ■ '••.,, .•„.-.. 

• • t. 

• • ', i* PROBLEM I.. 

I 

To find the Weight of an Iron^^Ball^from its Diafnetrr, 

An iron ball of 4 inches diameter wejgHs.Olb, and the 
weights being as the cubes of the diameters, \t will be, as 
G4 (which is the cube of 4) is to 9 its weight, so is the cube 
of the diameter of any other ball, to its weight. Or, take ^^ 
of the cube of the diameter^ for the weight. Or, take \ of 
the cube of the diameter, and \ of that again, and add the 
two together, foi: the weight. ^ ■ 



• ■ ••.■;■ 

]. EXAMPLES. 



Exam. 1. The diameter of an iron shot being 6*7 inches, 
required its weight ? Ans. 42'294lb. 

ExAAl. .2. What is the Weight of an iron ball, whose dia- 
meter is 5*54 inches ? Ans. 241b nearly. 



*' 
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PROBLEM lU 



To find the Weight of. a Leaden Ball. 

A leaden ball of 1 inch diimeter weighs ^-bf a lb; there- 
fore, as the cube of 1 is to tV> or as 14 is to 3, so is ti^e cube 

of 



of the diameter of a leaden, ball, to its weight. Or, take 
^^ of the cube of the diameter, for the weight, nearly. 

kxAMPLESJ 

fxAjM. 1. Required the weight of a leaden ball of 6'(> 
inches diameter ? Ans. 61'p06lb. 

ExAM.'2. What is the weight of a leaden ball of 5*30 
inches diameter ? Ans. 321b nearly. 

PROBLEM iiu . 

' To find the Dlamiter of an Iron Ball. 

. Multiply the weight by 7|-, and the cube root of tlie 

product will be the diameter. 

• ■ ^ . 

— . I 

EXAMPLES. ' " ' 

Exam. 1. 'Required the diameter of a 421b iron-ball ? 

Ans.'6'G8^'irtches. 
Exam. 2. What is the diameter of a 24lb iron ball ? 

■ Ans. 5'5i* inches. 



PROBLEM IV. 

^ • .... 

Tofind the Diameter of a JLeaden BalL , ,, 

Multiply the weight by 14^' and divide the" product 
by 3 \ then the cube root of the quotient will be the di- 
ameter. 

.J, .«. ^ • - • 

Exam. 1. Required ^e diameter of a 641b leaden .ball ? 

■'*' • ■ "^^ ' Ans; 6-684 inches. 

Exam. 2. What i? the diameter of an 81b readen'b^'ll ? 

Ans' 3'3i3 inches. 

.;.■■•■ . .;•• ■ 

• To find the- Weight of an Irm 'Sbill. " ' .^ .. 

Take^ of the difference of the cubes of the external 
and internal diameter, fgr t jie .W]?ight of the shell. 
< Tiiat as,;from tbejGijbe o^ the .e^|t^mal diameter, take-^he 
cube of uie inteppal ,fliameter, itx\iliiply the remainder .by^-^^ 
and^divitfe tbe!.p;ro3ucfby64. * 

.'"'"■ S 2 examples. 
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EXAMPLES. 

Exam. 1. The outside diameter of an iron shell being 12'S» 
and the inside diameter 9*1 inches ; required its weight ? 

Ans. 188-9411b. 

Exam. 2. What is the weight of an iron shell, whose ex- 
ternal and internal diameters are 9*8 and 7 inches ? 

Ans. S^lb. 

PROBLEM VI. 

To find bow much Powder will fill a Shell. 

Divide the cube of the internal diameter, in mches, hj 
57'3, for the lbs of powder. 

t 

EXAMPLES. 

Exam. 1 . How much powder will fill the shell whose in- 
ternal diameter is 9*1 inches ? Ans. 13-^lb nearly. 

Exam. 2. How much powder will fill the shell whose in- 
ternal diameter is 7 inches ? Ans. 61b. 

problem vii. 

To find how much Powder will fill a Rectangular Box, 

Find the content of, the box in inches, by multiplying the 
length, breadth, and depth all together. Then divide by 30 
for the pounds of powder. 

examples. 

Exam. 1. Required the quantity of powder that will fill a 
,box, the length being 15 inq[ie9, the breadth 12, and the 
depth 10 inches ? Ans. 601b. 

Exam. 2. How much powder will fill a cubical box whose 
side is 12 inches ? . Ans. 5741b. 

problem VlII. 

To find honv much Powder will fill a Cylinder. 

Multiply, the square of the diameter by the length, then 
divide by 38*2 for the pounds of powder. 

examples. 

Exam. 1. How much powder xnll the cylinder hold, 
whose diameter is 10 inches, and length 20 inches i 

Ans. 52 jtb nearljr. 
Exam. 2. 



POWDER AND SHELLS, &c. 261 

Exam. 2. How much powder can be contained in the 
cylinder J whose diameter is finches, and length 12 inches? 

Ans» Srl-i-lb. 

PROBLEM IX. 

To find the Size of a Shell to contain a given Weight of Powder • 

Multiply the pounds of powder by 57*3, and the cubi^ 
root of the product will be the diameter in inches. 

EXAMPLES. 

Exam. I. What is the diameter of a shell that will hold 
13^1b of powder ? Ans. 9'1 inches. 

Ei^AM. 2. What is the diameter of a shell to conuin 61b 
of powder ? Ans. 7 inches. 

PROBLEM X. 

To find the Size of a Cubical Box y to contain a given Weight of 

Po^vder. 

Multiply the weight in pounds by 30, and the cube root 
of the product will be the side of the box in inches. . 

EXAMPLES. 

Exam, l . Required the side of a cubical box, to hold 5(Mb 
of gunpowder? iVns. 11*4^ inches. 

Exam. 2. Required the side of a cubical box> to hold 
4001b of gunpowder ? Ans. 22*89 inches. 

PROBLEM XI. 

To find ivhat Length of a Cylinder will he filled by a given 

Weight f Gunpowder. 

Multiply the weight in pounds bv 38*2, and divide the 
product by the square of the diameter in inches^ for the 
length. 

EXAMPLES. 

Ex AM. 1. What length of a 36-pounder gun, of Gf- inches . 
diameter, will be filled with 1 2lb of gunpowder ? 

Ans. 10*314 inches. 

Exam. 2. What length of a cylinder, of 8 inches diameter^ 
may be filled with 20lb of powder ? Ans. 11 clinches. 

Of 
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Of Tte PILING or BALLS akd SMELLS. 

Iron Balls and Shells .are commonly piled by horizontal 
courses, either in a pyramidical or in a wedge-like form ; the 
base being either an equilateral triangle, or a square, or a 
rectangle^ fn the triangle and square, the pite finishes in 
ar single ball ; but in the rectangle, it finishes in a single 
row of balls, like an edge. 

In triangular and square piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. And in rectangular piles, the 
number of rows is equal to the nuniber of balls iii the breadth 
of the bottom row. Also, the number in the top row, or 
edge, is one more than the difference between the length and 
breadth of the bottom row. 



PROBLEM I. 

/ 

To find the Number of Balls in a Triangular Pile. 

. Multiply continually together the number of balls* m 
one side of the bottom row, and that number increased by 1*, 
als^ the same number increased by 2 \ then ^ of the last 
product will be the answer. 

That is, ' ^ "* ■ ' is the number or sum, where 

6 

n is the number in the bottom row. 



EXAMPLES. 

Exam, l. Required the number of balls in a triangular 
pile, each side of the base containing 30 balls ? Ans. 4960. 

Exam. 2. How many balls are in the trkulgular- pilei each 
side of the base containing 20 ? Ans. 1540. 

- . problem II.' ^ 

To find the Niimher of Balls in a Square Pile. 

Multiply continually together the number in one side 
of the bottom course, that number increased by 1, and double 
the same number increased by 1 ; then i- of the last product 
will be the answer. 

That is — \ — ! ■• IS the number. 

. EXAMPLES. 
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EXAMPLES. 



Exam. I . How many balls are in a square pile of 30 rows ? 

, - Ans. 9455. 

Exam. 2. How many balls are in a square pile of 20 rows? 

. Ans. 2870. 



PROBLEM III. 

To find the Number of Balls in a Rectangular Pile. 

From 3 times the number m the length of the base row, 
subtract one less tl^an the breijdth of the same, multiply the 
remainder by the said breadth, and the product by one more 
than the same ; and divide by 6 for the answer. 

That is, — I — IL — I — r^I — T— is the number j where /is 

6 . 

the length, and b the breadth, of the lowest course. 

Note. In all the piles the breadth of the bottom is equal 
to the number or courses. And in the oblong or rectan- 
^lar pile, the top row is one more than the ditftrenca be- 
tween tlie length and breadth of the bottom; . 

EXAMPLES. 

Exam. 1 . Required' the number of balls in a rectangular 
pile, the length and breadth of the base row being 4?6 and- 
15 ? Ans. 4960. 

Exam. 2. How many shot are in a rectangular complete 
pile, the length of the bottom course being 59, and its breadth 
20? Ans. 11060, 

PROBLEM IV. 

To find the Number of Balls in an Incomplete PHe. 

i» 

From the number in the whole pile, considered as com- 
plete, subtract the number in the upper pile which is want-* 
ing at the top, both computed by the rule for their proper 
form ; and the remainder will be the number in the frustum^ 
or incomplete pile. 

EXAMPLES. 

Exam. 1. To find the number of shot in the incomplete 
triangiilar pile, one side of the bottom course being 40, and 
the top course 20 ? Ans. 10150. 

Exam. 2. 
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Exam* 2* How many shot are in the incomplete triangular 
pUei the side of the base being 24| and of the top 8 ? 

Ans. 2516, 

Exam. 3. How many balls are in the incomplete $qu^e 
pile^ the side of the base being 24> and of the top 8 i 

Ans. 4760, 

Exam. 4. How many shot are in the incomplete rect* 
angular pile, of 12 courses, the length and breadth of the 
base beipg 40 and 20 f Ans. 6146« 



Of distances by the VELOCrfY of SOUND, 

By various experiments it has been found, that sound flies, 
through the air, uniformly at the rate of about 1 142 feet in 
1 second of time, or a mile in 4y or y seconds. Arid there- 
fore, by proportion, any distance may oe found corresponding 
to any given time ; namely, multiplying the given time, in 
seconds, by 1142, for the corresponding distance in feet; 
or taking -^ of the given time for the distance in miles. Or 
dividing any given distance by these numbers^ to ^d the cor* 
responding time. 

Note. The time for the passage of sound in the interval 
between seeing the flash of a gun, or lightning, 2^ hearing 
the report, may be observed by a, watch, or a small pendulum. 
Or,, it may be observed by the beats of the pulse in the wrist, 
counting, on an average, about 70 to a minute for persons in 
moderate health, or 54- pulsations to a mile ; ^n4 more 9^ 
less according to circumstances. 

EXAMPLES. 

Exam, I. After observing a flash of lightning, it was. 12 
seconds before the thunder was heard ; required the distancQ 
of the cloud from whence it carp^ ? Ans. 2^ miles. 

Exam. 2. How long, after firing the Tower guns, may 
the report be heard at Shooter's-Hil}, supposing the distance 
to be 3 miles in a straight line i Ans. 37^ seconds. 

Exam. 3. After observing the firing of a large cannon at 
a distance, it was 7 seconds beforq the report was heard ; 
what was its distance ? Ans. 1 J- mile. 

Exam. 4. Perceiving a man at a distance hewing down a 
tree with an axe, I remarked that 6 of my pulsations passed 
between seeing hiip stfifee and hearing the report of the 

blow; j 
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blow ; wjiat was the distance between uS) allowing 70 pulses 
to a minute ? Ans. 1 mile and 198 yards* 

Exam. 5. How far off was the cloud from which thunder 
issued, whose report was 5 pulsations after the flash of light- 
ning ; counting 75 to a minute ? Ans. 1523 yaftls* 

Exam* 6. If I see the flash of a cannon, fired by 7^ ship in 
distress at sea, and hear the report 33 seconds after, now 
far is she off? Ans. 7^ miles. 



PRACTICAL EXERCISES in MECHANICS, STATICS, 
HYDROSTATICS, SOUND, MOTION, GRAVITY,- 
PROJECTILES, AND OTHER BRANCHES oy NAj 
TURAL PHILOSOPHY. 

Question 1 . Required the weight of a cast ijron ball of 
3 inches diameter, supposing the weight of a cubic inch of 
the metal to be 0-258lb avoirdupois ? Ans. 3-64739lb. 

Quest. 2. To determine the weight of a hollow spherical 
iron shell, 5 inches in diameter, the thickness of the metal 
being one inch ? s Ans. 13'23871b. 

Quest. 3. Being one dajr ordered to observe how far a 
battery of cannon was from me, I counted, by my watch, 
1 7 seconds between the time of seeing the flash and hearing 
the report j what then was the distance ? Ans. Sj- miles* 

Quest. 4. It is proposed to determine the proportional 
^wantities of matter in the earth and moon ; the density of 
the former being to that of the latter, as 10 to 7, and their 
diameters as 7930 to 2160. Ans. as 71 to 1 nearly. 

Quest. 5, What difference is there, in point of weight, 
between a block of m^ble, containing 1 cubic foot and a 
Jialf, and another of brass of the same dimensions ? 

Ans. 496ab 14oz. 

Quest. 6. In th.e walls of Balbeck in Turkey, the an- 
cient Heliopolis, there are three stones laid end to end, now 
in sight, that measure in length 61 yards ; one of which in 
particular is 21 yards or 63 feet long, 12 feet thick, ?nd 
J 2 feet broad : now if this block be marble, what power 
would balance it, so as to prepare it for moving ? 

Ans. 683t^ tons, the burden of ah East -India ship. 

Quest. 7. The battering-ram of Vespasian weighed, sup- 
pose 10,000 |)i)unds J and wa? rnoved, let us ^dmit^with 

such 
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such a velocity^ by strength of hand) as to pa99^.^FaugIs 
20 feet in- one second of time -, and this was found- &%hfficieiU 
to demolish the walls of Jerusalen>. The question jisj ynth* 
what velocity <i 321b ball must move, to do the same execu- 
tion ? ' Ans. §250 feet. 
1 . ■ ...... ^ 

. QuEST^^. There are two bodies, of which the one .con- 
tains 25. :: times tli^ matter of the other, or is, 25 tim^s 
^ heavier 5 but the less moves with 1000 times the velocity of 
the greater : ii^hat proportion then are the momenta,* or 
forces, with v^lRi they are moved ? 

An^. the less m e^ wg wk hntb force 40 times greater. 

Quest. 9. A body, weighing 201b, is impelled by such a 
fc^ce, as to send it through 100 feet ina s/econd/; with, what 
velocity then would ai boidy pf 81b weight mov^ i£ it were 
impelled by the same force ? Ans. 250 fieet per second. 

Quest. 10. There are two bodiesi, the one of which 
weighs 1001b, the other 60 ; but the less body is impelled 
6y fei force 8 times greater than the other ; the proportion of 
the velocities, with which these bodies move, is required ? 

Ans. the velocity of the greater to that of the less, as 3 to 40. 

• Quest. 1 1'. There are two bodies, the greater contains 
S times the quantity of matter in the less, and is moved 
with a force 4^ times greater : the ratip of the velocities of 
these two bodies is required ? 

Ans. the greater is to the less, as 6 to 1, 

Quest. 1 2. There are two bodies, one of which moves 
40 tfmes swifter than the other ; but the swifter body has 
moved only one minute, whereas the other has been in mo- 
tion 2 hours : the -ratio of the spaces described by these tWQ 
bodies is required ? 

Ans. the swifter is to the slower, as 1 to 3, 

Quest. 13. Supposing one body to move 30 times swifter 
thjoi another, as also the swifter to move 12 n>inutes, the 
other only 1 ; what difference will there be between the 
spaces described by them, supposing the last has moved 5 
feet? Ans. 1795; feet. 

. Quest. 14. There are two bodies, the one of which ha§ 
passed over 50 miles, the other only 5 ; and the first had 
moved with 5 times the celerity of the second ; what is the 
ratio of the times th^y have been in describing those spaces ? 

Ans. as 2 to 1 • 

Quest. 15. If a lever, 40 effective inches long, will, by 

a certain power thrown successively on it, in 13 hours, 

'raise a \^eight 104 feet j in what time will two other levers, 

each 
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eacli 18 effective inches long, raise an equal weight 73 
feet? Ans. 10 hours 8} minutes. 

Quest. 16. What weight will a man be able to raise, who 
presses with the force of a hundred and a half, on the end 
of an equipoised "handspike, 100 inches long, meeting with 
a convenient prop exactly 74- inches from the lower end of 
the machine ? Ans. 20721b: 

Quest. 17. A weight of l^lb, laid on the shoulder of a 
man, is no greater burden to him than its absolute weight, 
or 24? ounces : what difference will he feel, between the said 
weight applied near his elbow, at 1 2 inches from the shoul- 
der, and in the palm of his hand, 28 inches from the same ; 
and how much more must his muscles then draw, to support 
it at right angles, that is, having his arm stretched right out ? 

Ans. 241b avoirdupois. 

Quest. 18. What weight hung on at 70 inches from the 
centre of motion of a steel-yard, will balance a small gun of 
9i-cwt, freely suspended at 2 inches distance from the said 
centre on the contrary side ? Ans. 30|lb. 

Quest. 19. It is proposed to divide the beam of a steel- 
yard, or to find the points of division where the weights of 
1,2, 3, 4, &c, lb, on the one side, will just balance a constant 
weight of 95lb at the distance of 2 inches on the other side 
of the fulcrum ; the weight of ihe beam being 101b, and its 
whole length S6 inches ? 

Ans. SO, 15, 10, 7^, 6, 5, 4|^, 3^, S^, 3, 2^Vj 2r, &c. 

Quest. 20. Two men carrying a burden of 2001b weight 
between them, hung on a pole, the ends of which rest on 
their shoulders ; how much of this load is borne by each 
man, the weight hanging 6 ' inches from the middle, and 
the whole length of the pole being 4 feet ? 

Ans. 1251b and 75lb. 

Quest. 21. If, in a pair of scales, a body weigh 90ll> in 

one scale, and only 40lb in the other ; required its true 

weight, and the proportion of the lengths of the two arms of 

the balance beam, on each side of the point of suspension ? 

Ans. the weight 601b, and the proportion 3 to 2. 

Quest. 22. To find the weight of a beam of timber, or, 
other body, by means of a man's own weight, or any other 
weight. For instance, a piece of tapering timber, 24 feet 
long, being laid over a prop, or the edge of another beam,, 
is found to balance itself when the prop is 1 3 feet from the 
less end j but removing the prop a foot nearer to the said 
end, it takes a m^i*#^eight of 2l0lb, standing on the less 

end. 
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end, to hold it in equilibrimn. Required the weight of the 
trc.e ? Ans. 25201b. 

Quest. 23. If a b be a cane or walking-stick, 40 inches 
long, suspended by a string sd fastened to the. middle point 
D : now a body being hung on at e, 6 inches distance from Dp 
is balanced by a weight of 2U), hung on at the larger end A; 
hut removing the body to f, one inch nearer to D, the 2lb 
weight on the other side is moved to G, within 8 inches of d» 
before the cane will rest in equilibrio. Required the weight 
of the body ? Ans. 24lb. 

.Quest. 24. If ab, bc be two inclined planes, of the 
lengths of 30 and 40 iiiches, and moveable about the joint 
at B : what w^U be the ratio of two weights p, o^ in equi- 
librio on the planes, in all positions of them : and what will 
be the taltitude bd of the angle b above the horizontal plane 
AC, when this is 50 inches long ? 

Ans. BD = 24 ; and p to Q^as ab to BC, or as 3 to 4. 

Quest. 25. A lever, of 6 feet long, is fixed at right angles* 
ip a screw, whose threads are one inch asunder, so that the 
lever turns just once round in raising or depressing the screw 
one inch. If then this lever be urged by a weighs ov force 
of 50lb, with what forc^ will the screw press ? 

Ans, 2261 9ilb» 

• Quest. 26. If a man can draw a weight of J 50lb up the 
side of a perpendicular wall, pf 20 feet high ; what weight 
will he be able to raise along a smooth plank of 30 feet long, 
laid aslope from the top of the wall ? Ans. 225tt>. 

OuEsr. 27. If a force of 1501b be applied on the head of 
a rectangular wedge, its thickness being 2 inches, and the 
length of its side 12 inches ; what weight will it raise or ba- 
lance perpendicular to its side ? Ans. 900lb. 

Quest. 28. If a round pillar of SO feet dia#neter be 
raised on a plane, inclined to the horizon in an angle of 7^% 
or the shaft inclining 15 degrees out of the perpendicular ; 
what length will it bear before it overset ? 

Ans. 30 (2 + ^3) or 111-9615 feet. 

Quest. 29. If the greatest angle at which a bank of na- 
tural earth will stand, be 45" ; it is proposed to determine 
what thickness an upright wall of stone must be madp 
throughout, just to support a bank of 12 feet high ; the spe- 
tilic gravity of the stone being to that of earth, as 5 to 4. 

Ans. 12v/ /rj or 6*19677 feet* 

Quest. SO. If the stone wall be made like a wedge, or 
having its upright section a triangle, tapering to a point at 

tap. 
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top, but its side next the bank of earth perpendicular to the 
horizon ; what is its thickness at the bottom, so as to sup- 
port the same bank ? Ans. 12-v/4, or 7*589466 feet. 

Quest. 3L But if the earth will only stand at an angle of 
50 degrees to the horizontal line ; it is required to determine 
the thickness of wall in both the preceding cases ? 

Ans. the breadths are the same as before, because the area 
of the triangular baink of earth is increased in the same 
proportion as its horizontal push is decreased* 

Quest. 32. To find the thickness of an upright rectan- 
gular wall, necessary to support a body of water ; the water 
being 10 feet deep, and the wall 12 feet high ; also the specific 
gravity of the wall to that of the water, as 1 1 to 7. 

Ans. 4-204374 feet. 

Quest. 33. To determine the thickness of the wall at 
the bottom, when the section of it is triangular, and the al- 
titudes as before. Ans. 5*1492866 feet. 

Quest. 34. Supposing the distance of the earth from the 
sun to be 95 millions of miles ; I would know at what di- 
stance from him another body must be placed, so as to re- 
ceive light and heat quadruple to that of the earth. 

Ans. at half the distance, or 47^ millions. 

Quest. 35. If the mean distance of the sun. from us be 
106 of his diameters j how much hotter is it at the surface 
of the sun, than under our equator ? 

Ans. 11236 times hotter. 

Quest. 36. The distance between the earth and the sun 
being accounted 95 millions of miles, and between Jupiter and 
the sun 495 millions ; the degree of light and heat received 
by Jupiter, compared with that of the earth, is required ? 

Ans. -J^iyrf or nearly Jy of the earth's light and heat. 

Quest. 37. A certain body on the surface of the earth 
weighs a c^n, or 1 1 2lb ; the question is whither this body 
must be carried, that it may weigh only 101b ? 

Ans. either at 3*3466 semi-diameters, or 3^^ of a semi- 
diameter, from the centre. , 

Quest. 38. If a body weigh 1 pound, or 16 ounces, on 
the surface of the earth ; what will its weight be at 50 miles 
above it, taking the earth's diameter at 7930 miles ? 

Ans. i5oz. 94dr. nearly. 

Quest. 39. Whereabouts, in thd line between the earth 
and moon, is tkeip cor^mon centre of gravity ; supposing 
t^e Q^ik^s diameter to be T93Q miles^ and the moon's J 160; 

al^ 
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also the density of the former to that of the latter, as 99 
6Sy or as 10 to 7 nearly, and their mean distance 30 of the 
earth's diameters ? j 

Ans. at i-|4- parts of a diameter from the eartli's centre, 

or jVt p«irts of a diameter, or 64*8 miles below the 

sm'face. 

Quest. 4?0. "Whereabouts, between the earth and moon, 
are their attractions equal to each other ? Or where, must 
another body be placed, so as to remain suspended in equi- 
librio, not beine more attracted to the one than to the other, 
^r having no tendency to fall either way ? Their dimensions 
being as in the last question. 

Ans. .From the earth's centre 26^^ \ of the earth*s di- 
.From the moon's centre S-j-V ) ameters. 

Quest. 4j1. Suppose a stone dropt into an abyss, should 
be stopped at the end of the 11th second after its de- 
livery; what space would it have gone through? 

Ans. 1946TTfeet. 

Quest. 42* What is the difference between the depths of 
two wells, into each of which should a stone be dropped at 
the same instant, the one will strike the bottom at 6 seconds, 
the other at 10 ? Ans. 1029| feet. 

Quest. 43. If a stone be 19 J seconds in descending from 
the top of a precipice to the bottom, what is its height i 

Ans. 6115^ feet. 

Quest. 44. In what time will a musket ball, dropped from 
the top of Salisbury steeple, said to be 400 feet high, reach 
the bottom ? Ans. 5 seconds nearly. 

Quest. 45. If a heavy body be observed to fall through 
100 feet in the last' second of time, from what -height did it 
fall, and how long was it in motion ? 

Ans. time S^^^ sec. and height 209^4^ feet. 

Quest. 46. A stone being let fill into a well, it was ob- 
served that, after being dropped, it was 10 seconds before the 
sound of the fall at the bottom reached the ear. What is 
the depth of the well ? Ans. 1270 feet nearly. 

QuFST. 47. It is proposed to determine the length of a 

pendulum vibrating seconds, in the latitude of LiOndon, 

where a heavy body falls through 1 S-j-V feet in the first second 

©f time ? Ans. 39*1 1 inches. 

By experiment this length is found to be 39-|- inches. 

Quest, 45. 
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^UEST,'48% What is the length of a pendulum vibrating 
in 2 seconds*; also in half a second, arid in'E quarter second? 
1 ' • • • ' ' Ans. the S? second peudulum 1564 

. the 4 second pendulum ■ 9|4 
- the -J- second pendulum 2/^ inches. 

QuE^iV.49. What difference will there be -ip the nuipber 
vf vibrations, made^ by a .pendulum of 6 inches long, and 
another o£ 12 inches long, in an hour/^ time ? Ans. 26924* 

.Quest. 50. Observed that 'while i stone was descending, 
to measure the depth of a well, a string and plummet, that 
from the point of suspension,^!; the place where itwjisheld, 
to the centre of oscillation, measured jiist 18 inches, had 
made 8 vibrations^ when the sound from the bottoni re- 
turned. What was the depth of the well ? 

/ Ans. 412-61 fe^t. 

Quest. 51'. If a'ball ^brate In the arch of a circle, 10 de- 
grees on each side of th^. perpendicular ; pr a ball roll down 
the lowest 10* defgrces of the arch ; required the velocity at 
the lowest point r the radius of the circle, or length of the 
perididum, hfeiHg 5t) feet. * Ans. 4'4j213' feet per secbnd, 

QiTEST; ;59;i If a ball: descend down a smooth inclined 
plane, iFh^se-fehgtfb is 100 feet, aiaJ altitude-'*© feet ; hoVv 
long t^illlt 'tee in descending, and What will be the la3t vfe- 

locity ■?'"'■"'"**■• •' • ' " ■•'■■■ -1 '' 

• '•Am; 'the vdoc.:!25'364* feet pei!" sec. arid- rime 7*8852 set; 

Quest. -53«.Jf a cannon ball, of lib weight, be fired 
against a pendulous block of wood, and, striking the centre 
of oscilMidrii cause it to vibrate an arc whose' chord is 30 
inches % the ilidius oiF that arc, or distance from the aiis fo 
tlie lowest piaiAt of the pendulum, being 118 inches,' anil 
the peihdulum Vibrating in ^mall arcs 40 oscillations per mi- 
nntei ' Reqiik^ed the velocity of the ball^ and the velocity df 
the centre' bf^oscilfettiori of the pendulum, at the lowest point 
of the arc ; the whole* weight of the pendulum being 5001b ? 
• • ■ ' V Ans. veloc. ball 1956*6054 feet per sec. 
. and veloc. cent, oscil. 3*9054? feet per sec. 

QuES^/ '54. Hqw* deep will a cube of oak sijik in common 

Vater ; ieach.slde of the cube being 1 foot ? 

• ■ '^ * ' •-' Ans. IIJ, inches. 

. • . » » . * '^ 

Quest. 55. How deep will a globe of oak sink in water ; 
(the diameter^being i foot ? ■ Ans. 9*9867 inclies. 

Quest, 56. 
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Quest* 56. If a cube of woody floating in totaunon tirater^ 
hiave 3 inches ,of its height diy above the water, aad ^tiy 
inches dry when In sea-water ; it is proposed to determine 
the magnitude of the cube, and what sort of wood it is made 
of? Ans* the wood is oak, tod each side 40 inches. 

Quest. 57. An irregular piece of lead ore weighS) in air 
1 2 ounces, but in water only 7 ; and another fragment 
ti^elghs in air 1 4| ounces, but in water only 9 ; required 
their comparative densities, or specific gravities ? 

Ans. as 145 to 132. 

Quest. 58. An irregular fragment of glass, in the scale, 

weighs 171 grains, ax^d another of magnet 102 graids^ but 

in water the first fetches up no more than 1 20 grains, and 

the other 79 : what then will their specific gravities turn out 

' ' to be ? Ans. glass to magnet as 3933 to 5202 

or neany as 10 to 13. 

Quest. 59. Hiero, king of Sicily, ordered his Jeweller to 
make him a crown, containing. 63 oimces of gold. TKe 
workmen thought that substituting part silver was only a 
proper perquisite; which taking air, Archimedes was ap- 
pointed to examine it -, who, on putting it into a vessel of 
water, found it raised the fluid 8*2245 cubic inches : and 
having discovered tlvit the inch of gold more critically 
weighed 10*36 ounces, and that of silver but 5*85 ounces, he 
found by calculation what part of the king's gold had been 
changed. And you are desired to repeat the process. 

Ans. 28*8 ounces. 

Quest. 60. Supposing the cubic inch of common glass 
weigh 1*4921 ounces troy, the s^me of sea-water '59542, and 
of brandy *53^*8 ; then a seaman having a gallon of this 
liquor in a glass bottle, which weighs 3'84lb out of water, 
and, to conceal it firom the officers of the customs, throws 
it overboard. It is proposed to determine, if it will sink, 
how much force will just buoy it up ? 

Ans. 14 1496 ounces^ 

Quest. 61. Another person has hilf in anker of brandy, 
of the same sjpecific gravity as in the last question ; the wood 
of the cask suppose measures -J- of a cubic foot ; it is proposed 
to assign what quantity of lead is just requisite to keep the 
cask and liquor under water ? Ans. 89*743 ounces. 

Quest. 62. Suppose, by measurement, it be found that a 

mau-of-war, with iis ordnance, rigging, and appointments, 

sinks 
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sinks so deep as to display 50000 cubie feet of fresh 
water ; what is the whole weight of the vessel ? 

Ans.^J 395^ toils. 

Quest* 63. It is required to determine what would be 
the lieight of the atmosphere, if it were every where pf the 
same density as at the surface of the earth, when the quick-* 
silver in the barometer stands at 30 inches; and also, what 
would be the heiglit of a water barometer at the same time ? 
Ans. height of the air 29166|. feet, or 5-5240 miles, 
height of water 35 feet. 

Quest. 64. With what velocity wourld each of tlio^e 
three fluids, viz. quicksilver, water,, and air, issu^ through 
i small orifice in the bottom of vessels, of the respective 
heights of 30 inches, 35 feet, and 5*5240 miles, estimating 
the pressure by the whole altitudes, and the air rushing 
into a vacuum ? 

Ans. the veloc. of quicksilver 12*681 feet. 
... .the veloc. of water - 47*447 
the veloc. of air - - 1369-^ 

' Quest. 65. A very large vessel of 10 feet high (no mat- 
ter what shape) being kept constantly full of wat^r, bV at 
large supplying .cock at the top ; if 9 small circular hoMiy 
each y or an inch diameter, be opened in its perpendicular 
side at every foot of the depth : it is requirad to deter- 
mine the 9everal distances to which they will spout on the 
horizontal plane of the base, and the quantity of wat^r 
discharged by all of them in 10 minutes ? 

Ans. the distances are 

V36 or 6-00000 
^ ^64 - 8-00000 
V^84 - 9-16515 
V^96 - 9-^9796 
^ 100- 1000000 
^96 - 9-79796 
^^84 . 9-16515 
V^64 - 8-00000 
v^36 - 6-00000 
and the quantity discharged in 10 min. 123- 8849 gallons. 

Note. In this solution, the velocity of the water is sup- 

Eosed to be equal to that which is acquired by a heavy 
ody in falUng through the whole height of the water 
above the orince, and that it is the same in every part of 
the holes. 

Vol. II. T Qu£st. 
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Quest. 66. If the inner axis of a hollow globe of cop-' 
per, exhausted of air, be ! 100 feet; what thickness must 
It be of, that it may just float in air ? 

Ans. -02688 of an inch thick. 

Quest. 67. If a spherical balloon of copper, of .j^Ty of 
an inch thick, have its cavity of 100 feet diameter, and be 
filled with inflammable air, of ^ of the gravity of com- 
mon air, what weight will just balance it, and prevent it 
from rising up into the atmosphere ? Ans. 2 1 273 lb. 

Quest. 68. If a glass tube, 36 inches long, close at top, 
be sunk perpendicularly into water, till its lower or open 
end be 30 inches below the surface of the water ; now 
high will the water rise within the tube, the quicksilver 
in the common barometer at the same time standing at 
29-J- inches ? Ans. 2*26545 incnes. 

Quest. 69. If a diving bell, of the form of a^parabolic 
conoid, be let down into the sea to the several depths of 
5, 10, 15, and 20 fathoms ; it is required to assign the 
respective heights to which the water will rise within it : 
its axis and the diameter of its base being each 8 feet, 
and the quicksilver in th^ barometer standing at 30*9 

inches? 

• 

Ans. at 5 fathoms deep the water rises 2 '03 546 feet, 
at 10 ... - 3*06393 

at 15 . - - . 3-70267 

• •• • ' iit-30 • - . - . 4-14653 
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The doctrine of FLUXIONS. 



DEFINITIONS AND PRINCIPLES. 

jfj^t. 1. In the Doctrine of Fluxions, magnitudes or 
quantities of all kinds are considered, not as made up of 
a number of small parts, but as generated by continued 
motion, by means of which they increase or decrease. 
As, a line by the motion of a point ; a surface by the mo- 
tion of a line ; and a solid by the motion of a surface. So 
likewise, time may be considered as represented by a line, 
increasing uniformly by the motion of a point. And quan- 
tities of all kinds whatever, which are capable of increase 
and decrease, may in like manner be represented by geo- 
metrical magnitudes, conceived to be generated by motion* 

2. Any quantity thus generated, and variable, is called 
a Fluent, or a 'Flowing Quantity. And the rate or pro- 
portion according to which any flowing quantity increases, 
at any position or instant, is the Fluxion of the said quan- 
tity, at that position or instant : and it is proportional to 
the magnitude by which the flowing quantity would be 
uniformly increased in a given time, with the generating 
celerity uniformly continued during that time. 

3. The small quantities that are actually generated, 
produced, or described, in any small given time, and by 
any continued motion, either uniform or variable, are 
called Increments. 

4. Hence, if the motion of increase be uniform, by 
which increments are generated, the increnrients will iii' 
that case be proportional, or equal, to the measures of 
the fluxions : but if the motion of increase be accelerated,* 
the increment so generated, in a given finite time, will 

\ exceed the fluxion : and if it be a decreasing motion, tb©* 
increment, so generated, will be less than the fluxion. 
But if the time be indefinitely small, so that the motion 
h^ considered as uniform for that instant; then these 
nascent increments will always be proportional, or equal, 
to the fluxions, and may be sub$tiiute4 instead of them, 
in any calculation. 

T 2 * 5. To 
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5. To illustrate these definitions: Sup- m 

pose a point ni be conceived to move from — — — , . , ^ 

the position a, and to generate a line ap, A P P 

hry a motion any how reirulated ; and 
suppose the celerity of the point ?;/, at 
any position p, to be such, as would, if from thence it 
should become or continue uniform, be sufficient to cause 
the point to describe, or pass uniformly over, the distance 
pp, in the given time allowed for the fluxion : then will 
the said line pp represent the fluxion of the fluent, or flow- 
ing line, AP, at that position. 

6. Ap^ain, suppose the right 
line Jnn to move, from the posi- 
\ tion AB, continually parallel to 
itself, with any continued motion, 
so as to generate the fluent or 
flowing rectangle abqp, while the 

point m describes the line ap : also, let the distance p/?be 
taken, as before, to express .4he fluxion of the line or lE>ase 
ap ; and complete the rectangle PQ^p, Then, like as fp 
is the fluxion of the line ap, so is vg the fluxion of the 
flowing parallelogram aq ; both these fluxions, or incre- 
ments, being uniformly described in the same time. 

7. In like manner, if the solid g^ 
AERP be conceived to be gene- 
rated by the plane pqr, moving 
from the position abe, always 
parallel to itself, along the line 
AD; and if Pp denote the fluxion 
of the line ap: Then, Hke as the 
redtangle VQgp, or pq x p/?, de- 
notes the fluxion of the flowing rectangle abqp, so alsa 
shall the fluxion of the variable solid, or prism aberqp, be 
denoted by the prism VQ^rqp, or the plane pr x fp. 
And, in both, these last two cases, it appears, that the 
sfluxion of the generated rectangle, or prism, is equal to 
the product of the generating hne*, or plane, drawn into 
the fluxion of the line along which it moves. 

8. Hitherto, the generating line, or plane, has been con- 
sidered as of a constant and invariable magnitude ; in 
which case the fluent, or q^uantity generated, is a rectangle^ 
or a prism, the former being described by the motion of a 
line, and the latter by the nrTotion of a plane. So, in like 
manner are 'other figures, whether plane or solid, con- 
ceived 
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ccived to be described by the motion of a Variable Mag<» 
nitude, whether it be a hne or a plane. 1%us, let a 
variable line pq be carried by a parallel motion along ap ; 
or while a point p is carried along, and describes the line 




in 





IP, suppose another point q to be carried by a motion per- 
pendicular to the former, and to describe the Ime pq : lefc 
pt/ be another position of pq, indefinitely near to the for- 
mer ; and draw Qr parallel to ap. Now in this case there 
are several fluents, or floAving quantities, with their re* 
spective fluxions: namely, the line or fluent ap, the fluxion 
of which is vp or Qr ; the line or fluent pq, the fluxion of 
which is rq ; the curve or oblique line aq, described by 
the oblique motion of the point q, the fluxion of which is 
<xq; and lastly, the surface a pq, described by the variable 
line PQ, the fluxion of which is thd rectangle ?Q?y, or pq 
X P/?. In the same manner may any solid be conceived 
to be described, by the motion of a variable plane parallel 
to itself, substituting the variable plane for the variable 
line ; in which case, the fluxion of th^i^olid, at any position, 
isTepresented by the variable plane, at that position, drawn 
into the fluxion of the line along which it is carried. 

9. Hence then it follows in general, that the fluxion of 
any figure, \vhether plane or solid, at any position, is 
equal to the section of it, at that position, drawn into the 
fluxion of the axis, or line along which the variable section 
is supposed to be perpendicularly carried ; that is, the 
fluxion of the figure aqp, is equal to the plane pq x Pp, 
A^'hen thiit figure is a solid, or to the ordinate pq x Yp^ 
when the figure is a surface, 

10. It also follows from the same premises, that ii;i any 
curve, or oblique line, aq, whose absciss is ap, and ordi- 
nate is PQ, the fluxions of these three form a small right- 
angled plane triangle Qjr; for Qr = vp is the fluxion of 
the absciss ap, qr tlie fluxion of the ordinate pq, and oq 
the fluxion of the curve or right line aq. And conse- 
quently that, in any curve, the square of the' fluxion of 

the 
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the curve, is equal to the sum of the squares of the fluxions 
of the ahs'ciss and ordinate^ ivhen these two are at right 
angles to each other. 

l\. From the premises it also appears, that contempo- 
raneous fluents, or quantities that flow or increase toge- 
ther, which are always in a constant ratio to each other, 
have their fliixions also in the same constant ratio, at every 
position. For, let ap and bq be two 
contemporaneous fluents, described _^___ 
in the same time by the motion of * P* ' 

the points p and q, the contem- ^ 

poraneous positioiis being p, q, and t% o" 

Py q ; and let AP be to bq, or jip ^ ^ 

to Bqy constantly in the ratio '' 

of 1 to 71. Then is n 

and n 
therefore, by substraction, n 
that is, the fluxion - Pp : 
the same as the fluent ap : 
or, the fluxions and fluents are in the same constant ratio. 

But if the ratio of the fluents be variable, so will that 
of the fluxions be also, though not in the same variable 
ratio with the former, at every position. 

NOTATION, &C. 

12. To apply the foregoing principles to the determi- 
nation of the fluxions of algebraic quantities, by meahs 
of which those of all other kinds are assigned, it will be 
iiecessary first to premise the notation comnionly used in 
this science, with some observations. As, first, that the 
final letters of the alphabet z, j/, a:, w, &c, are used to 
denote variable or flowing quantities ; and the initial let- 
ters fl, by c, dy &c, to denote constant or invariable ones : 
Thus, the variable base ap of the flowing rectangular 
figure abqp, in art. 6, may be represented by x ; and the 
invariable altitude pq, by a : also, the variable base or 
absciss AP, of the figures in art. 8, may be represented by 
Xy the variable ordinate pq, by i/ ; and the variable curve 
i)r line AQ, by z. 

Secondly, that the fluxion of a quantity depoted by a 
single letter, is represented by the same letter with a point 
over it : Thus, the fluxion of x is expressed by Xy the 
fluj.ion of J/ by^, and the fluxion of z by k, 'As to the 
fluxions of constant or invariable quantities, as of «, by r, 
Sec, they are equal to nothing, because they do not flow 
or change their magnitude. 

Thirdly, 
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Thirdly, that the incrementsr of variable or flowing quan^ 
tities, are also denote! by the same letters with a small ' 
over them : Thus, the increments of x, j/, «, are .r',^, ^'. 

13. From these notations, and the foregoing principles, 
the quantities, and their fluxions, there considered, will be 
denoted a^ below. Thus, in all the foregoing figures, put 

the variable or flowing line - - ap = jt, 
in art. 6, the constant line * - - pq = a, 
in art. 8, the variable ordinate - Pa =y, 
also, the variable line or curve - Aa = 2; 
Then shall the several fluxions be thus represented, namely, 

X = ?p the fluxion of the line ap, 
ax = FQgp the fluxion of abqp in art. 6, 
T/x = varp the fluxion of apq in art. 8, 

a = Qjr = {j^x^ +i') the fluxion of aq ; and 
ax = vr the fluxion of the solid in art. 7, if a denote 

the constant generating plane pqr ; also, 
7ia: = BQ. in the figure to art. 1 1, and 
7ix = Q^^the fluxion of the same. 

14. The principles and notation being now laici down, 
we may proceed to the practice and rules of this doctrine ; 
which consists of two principal parts, called the Direct and 
Inverse Method of Fluxions ; namely, the direct method, 
which consists in finding the fluxion of any proposed fluent 
or flowing quantity ; and the inverse method, which con- 
sists in finding the fluent of any proposed fluxion. As to 
the former of these two problems, it can always be deter- 
mined, and that in finite algebraic terms; but the latter, 
or finding of fluents, can onjy be efiected in some certain 
cases, except by means of infihite series. -^First then, of 

The direct METHOD of FLUXIONS. 

To find the Fluxion of the Product or Rectangle of two 

Variable Quantities, r 

15. Let arqp, = jry, be the flow- 
ing or variable rectangle, generated 1 
by two lines pq and rq, moving always 
perpendicular to each other, front the . 
positions ar and ap; denoting the 
one by.r, and the other by^; sup-' 
posing X* and y to be so related, that 

the curve line a a may always pass through the intersection 
Q. of those Imes, or the opposite angle ot the rectangle. 

Now, 
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Now, the rectangle consists of the two triUnear spaces 
AFO, ARo, of which, the 

fluxion of the former is pq x p/>, or^x, 
that of the latter is - rq x Rr, or xy^ by art. 8 ; 
therefore the sum of the two iy + xy^ is the fluxion of the 
whole rectangle xy or arqp. 

The Same Otherwise* 

16. Lpt the sides of the rectangle, x and y, by flowing, 
htcome x + x' and j/ +i : then the product of these two, 
or xy -{• xj + yx' + ^'y will be the new or contempora- 
neous value of the flowing rectangle pr or xy: subtract 
the one value from the other, and the remainder, xy + yx' 
+ xyy will be the increment generated in the same time 
99 x' or y; of which the last term xy is nothing, or indefi- 
nitely small, in respect of the other two terms, because x 
andjp are indefinitely small in respect of x andj/; which 
term being therefore omitted, there remains xy + yx' for 
the value of the increment ; and hence, by substituting x 
^ndy for x* and y, to which they are proportional, there 
prises xy + yx for the true value of the fluxion oixys the 
same as before. 

17. Hence may be easily derived the fluxion of the 
powers and products of any number of flowing or variable 
quantities wnatever; asof xy^;, ori/Ary2,or vw^cyz, &c. And 
first, for the fluxion of xyz\ putp = xy, and the whole 
given fluent xyz = y, or y = xy% = je?z. Then, taking the 

^uxions of 5^ =! jns, by the last article, they are y = pjs + 

fk; but p = xy, and so p = xy + xj by the same article; 

substituting therefore these values of p and p instead of 

them, in the value of y, this becomes q = xyz + xyn + xyky 
the fluxion of xy% required ; which is therefore equal to the 
sum of the products, arising from the fluxion of each letter, 
or quantity, multiplied by the product of the other two. 

Again, to determine the fluxion of uxyz^ the continual 
product of four variable quantities; put this product, 
namely uxy%, or qu = r, where q = xyz as above. Then, 

taking the fluxions by the last article, r = y w + qu; which, 

by substituting for q and q their values as above, becomes - 

• ■ * 

X = uxyz + ux'jX + uxyz + wxyii, the fluxion of uxyz as 
iiequired : consisting of the fluxion of each quantity, drawn 
into the product^ ot the other three. 

In 
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In the very same manner it 16 found, that the fluxion of 

vuxyz is vuxyz + vuxyz + vuJcyz + viLzyz + vuayz ; and 
so on, for any number of quantities whatever ; in which 
it is always found, that there are as many terms as there are 
variable quantities in the proposed fluent; and that thes^ 
terms consist of the fluxion of each variable quantity, mul* 
tiplied by the product of ail the rest of the quantities. , 

18. Hence is easily derived the fluxion of any power of 
a variable quantit)% as of jt^, or x% or j:*, &c. For, in the 
product or rectangle xy, if jr s= j/, then is j*y = jrjr or jr\ 
and also its fluxion xy + xy:s:xX'^ xx or 2xxy the fluxion 
of x\ 

Again, if all the three x^y^z be equal ; then is the pro- 
duct of the three xj/z = x^; and consequently its fluxion 
xj/z + xyz + xyk = xxx -{-xxx + ^^;p or 3 J:*i, the fluxion of **• 

In the same manner, it will appear that 
the fluxion of x"^ is == Ax^Xj and 
the fluxion oi x^ is = Sx^Xy and, in general, 
the fluxion of ^c'* is = Wf""^i; 
where n is any positive whole number whatever. 

That is, the fluxion of any positive integral power, is equal 
to the fluxion of the root (x), multiplied by the exponent 
of the power (n), and by the power of the same root whose 
index is less by 1, («°~0« 

And thus, the fluxion oi a -{- ex being cx, 
that of (a + ex f is 2cx x (a + ex) ox 2aex + 2c^xxp 
that of {a + ex^Y is Acxx x {a + cx^) or 4acxx + Ac^x^x^ 
that of (;c* + y^Y is (4xx + 4p) x {x"- + /), 
that of {X + efY is {3x +6cp) X {x + cf)\ 

19. From the conqlusions in the same article, we may 
^Iso derive the fluxion of any fraction, or the quotient of 
one variable quantity divided by another, as of 

• — . For, put the quotient or fraction — = j; then, multiply- 

ing by the denominator, x == y^; and, taking the fluxions^ 
x zai qy ^ qy^ ox qy :=z X — qy ; and, by division, 

^ = -1- = (by substituting the value of {', or — ), 

— • 5 — , the fluxion of — , as required. 
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That is, the fluxion of any fraction, is equal to the fluxion 

of the numeratpr drawn ipto the denominator^ minus the 

fluxion of the denominator drawn into the numerator, and 

the remainder divided by the square of the denominator. 

r» 1 t rt . - ^J^ . xv — xy axy — axy 
So that the fluxion of — is a x -^—^ — or — - — . 

y r y 

« 

20. Hence too is easily derived the fluxion of any negative 
integer power of a valuable quantitj'-jas of jt"", or ~, which 

is the same thin^'. For here the numerator of the fraction 
is 1, whose fluxion is nothing ; and therefore, by the last 
article, the flqxion of such a fraction, or negative power, 
is barely equal to minus the fluxion of the denominator, 
divided by the square of the said denominator. That is, the 

1 71X^ X fix 

fluxion oix-^ ^^^'^y^^ ^n— ^^ - ^^x ^^ - '^^^ ~°"* ^ > 

or the fluxion of any negative integer power of a variable 
quantity, as x"~", is equal to the fluxion of the root, multi^ 

1>lied by the exponent of the power, and by the next power 
ess by 1 ; the same rule as for positive powers. 
The same thing is otherwise obtained thus: Put the 

I 
proposed fraction, or quotient — = y; then is qx^ = 1 ; 

and, taking the fluxions, we have 

qx^'^qnx'''' x^O ; hence y^" = — qnx'^^x ; divide by a:», then 

^ "^ ~ ~r ^ ^^y substituting -„ for y), '^;~ or = 
— njT^^^x ; the same, as before. 

I > X 

Hence the fluxion of x"^ or — is — i'"*x, or — -r„, 

1 . 2x 

that of - x"^ or — r is — 2x''^x or r, 

x^ x^' 

that of - x"^ or —- is — Sx'^x or ;, 

x^ X* 

that of - ax"^ or -^ is — 4ax'~^x or r-, 

I X 

that of (a + ar)^' or — ; — is-(a+^)^*i'or~,— ; — r, 
that oi c{a+3.v')''^ or - is - 126-^;^ x (a + 3^)-% 

{ut -J" iiX J 

\2cxk 

or — ■ 

(a + 3.r')^' 

21. Much 
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21. Much in the same manner is obtauned the fluxion of 

. m 

any fractional power of a fluent quantity, as of j:*, or;j/jr*, 

m 

For, put the proposed quantity x^ =q; then, raising each 
side to the n power, gives jr°* = ^* ; 
taking tlie fluxions, gives vix'^'^'x = wy""*^; then 

dividing by wj— % gives q = '^'i^^T = S" === u ^"^ *• 

Which is still the same rule, as before, for finding thefluxioa 
of any power of a fluent quantity, knd which therefore is ge- 
neral, whether the exponent be positive or negative, integral 

^ - 

or fractional. And hence the fluxion of a.r is^ax x; 

I I-* ' ax ax ^ u r 

that of ax^ is \ax'^ i = ■lax-'^i = 71 ^ 2"^ ' *" **** °* 

y/a^ — x^ or (a* — x*)^is ^(a* — x^y X — 2a';r = — . 



22. Having now found out the fluxions of all the ordi- 
nary forms ot algebraical quantities; it remains to deter- 
mine those of logarithmic expressions ; and also of expo- 
nential ones, that is, such powers as have their exponents 
variable or flowing quantities. And fi/st, for the fluxiou 
of Napier's, or the hyperbolic logarithm. 

23. Now, to determine this from 
the nature of the hyperbolic spaces. 
Let A be the principal vertex of an 
hyperbola, having its asy mptotescD, 
cp, with the ordinates da, ba, pq, 
&c, parallel to them. Then, from 
the nature of the hyperbola and of 
logarithms, it is known, that any space abpq is the log. of 
the ratio of cb to cp, to the niodulus abcd. Now, put 
I = CB oy BA the side of the square or rhombus db; 
9)1 = the modulus, or cb x ba ; or area of db, or sine of 
the angle c to the radius l ; also the absciss cp = »r, and 
the ordinate pq = y. Then, by the nature of the hyperbo- 
la, cp X Pa is always equal to db, that is, xy = vi ; hence 

y = — ,^ and the fluxion of the space, xy is — = Pajp 

X X 

the fluxion of the logj. of x^ to the modulus m. And, in 
the hyperhohc logarithms, the modulus m being 1, there^ 

fore. 
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fore - is the fluxion of the hyp. log. of x; which is there- 

fore equal to the fluxion of th^ quantity, divided by the 
quantity itself. 

H6nce the fluxion of the hyp, log. 



of 1 + J*is 
of 1 — X is 



1 +x' 

— X 

1 - .r' 



• I • 

of j: + 2 is ; — , 

^fl + *^- iia— x)'^' xta-^r x) a-^x 2ax 

of IS-i --^ ^ X — 



a — X (a — a:)* a+ x a* — ^ ' 

of ax^ is 



. nax^''^x nx 



or' 



24. By means of the fluxions of logarithms^ are usually 
determined those of exponential quantities, that is, quan- 
tities which have« their exponent a flowing or variable 
letter. These exponentials are of two kinds, namely, 
when the root is a constant quantity, as ^, and when the 
root is variajbleas well as the exponent, as y^. 

25. In the flrst case, put the exponential ^ whose fluxion 
is to be found, equal to a single variable quantity z, namely, 
% z=z €*; then take the loganthm of each, so shall log. z = 

X X log. e; take the fluxions of these, so shall - = ;r x log. e 

by the last article ; hence » = zi x log. e =:(^ x x log. e, 
which is the fluxion of the proposed quantity e^orz; and 
which therefore is equal to the said given quantity drawn 
into the fluxion of the Exponent, and into the log. of theroot. 
Hence also, the fluxion of (a + c)** is (a + cY^ x nx x 
log. (a + c). 

26. In like manner, in the second case, put the given 
quantity^'' = z ; then the logarithms give log.z =x x log.y, 

and the fluxions give — = x x log. y + x x — ; hence - 

z.vy 
kzzizx X \o%.y H = (by substituting y"^ for z)y^x x 

^og* y + '^/"'i» which is the fluxion of the proposed quan«» 
tity / ; and which therefore consists of two terms, of which 

the 
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the one is the fluxion of the given quantity considering 
the exponent as constant, and the other the fluxion of th^ 
same quantity considering the root as constant. 



Of SECOND, THIRD, &c. FLUXIONS. 

Having explained the manner of considering and de- 
termining the first fluxions of/ flowing or variable quan- 
tities ; it remains now to consider those of the higher 
orders, as second, third, fourth, &c. fluxions. 

27. If the rate or celerity with which any flowing quan<- 
tity changes its magnitude, be constant, or the same at 
every position ; then is the fluxion of it also constantly 
the same. But if the variation of magnitude be conti* 
nually changing, either increasing or decreasing ;• then 
will there be a certain degree of fluxion peculiar to every 
point or position ; and the rate of variation or change ia 
the fluxion, is called the Fluxion of the Fluxion, or the 
Second Fluxion of the given fluent quantity. In like 
manner, the variation or fluxion of this second fluxion, 
is called the Third Fluxion of the first proposed fluent 
quantity ; and so on. 

These orders of fluxions are denoted by the same fluent 
letter, with the corresponding number of points over itT; 
namely, two points for the second fluxion, three points for 
the third fluxion, four points for the fourth fluxion, and so 

on. So, the diflerent orders of the fluxion of jr, are jf, ^, 

• • • 

«• • • 

AT, Xy &c ; where each is the fluxion of the one next before it. 

28. This description of the higher orders of fluxions 
may be illustrated by the figures exhibited in page 277 ; 
where, if x denote the absciss ap, and y the ordinate Pa ; 
and if the ordinate Pa or y flow along the absciss ap or r, 
with a uniform motion ; then the fluxion of r, namely, 

jc = p/? or or, is a constant quantity, or * = 0, in all the 
figures. Also, in fig- I, in which aq is a right line,^ = ry , 

or the fluxion of pa, is a constant quantity, or y = 0; for, 
the angle q, = the angle a, being constant, or is to rjF, or 
X toi, in a constant ratio. But in the 2d fig. r^, or the 
flujLion of pa, continually increases more and more \ and 

in 
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in fig. 3 it contimxally decreases more and more, and 
therefore in both these cases ^ has a second iluxion, being 
positive in fig. 2, but negative in fig. 3. And so on, for 
the other orders of fluxions. 

Thus if, for instance, the nature of the curve be such, 
that x^ is everywhere equal to a\i/ ; then, taking the 
fluxions, it is a^y = 3jr~i; and, considering x always as a 
constant quantity, and taking always the fluxions, the equa- 
tions of the several orders of fluxions will be as below, viz. 

the 1st fluxions a^y = 3^'i-. 
the 2d fluxions a^i/ = 6xx^, 

the 3d fluxions a'y = 6P, 

' ...» 

the 4th fluxions a^j/ = 0, 

and all the higher fluxions also = 0, or nothing. 

Also, the higher orders of fluxions are found in the same 
manner as the lower ones^ Thus, 
the first fluxion of vHs ----- 3j/*^; 
its 2d flux, or the flux, of 3y^, con-1 

sidered as the rectangle of 3j/*, > 3y-j/+6j/>* ; 

andi, is - - ----- 3 

and the flux, of this again, or the 3d 7 o -*. • ,0^ ... . ^,., 
,aax.ofy,is . °. . . . ^3j/j- + lgj0J' + 6/. 

29. In the foregoing articles, it has been supposed that 
the fluents increase, or that their fluxions are positive ; but 
it often happens that some fluents decrease, and that there- 
fore their fluxions are negative: and whenever this is the 
ca^-e, the sign of the fluxion muht be changed, or made 
contrary to that of the fluent. So, of the rectangle xy, 
vrhen both x and y increase together, the fluxion is xj/ + 
xy ; but if one of them, as j/, decrease, while the other, *, 
increases; then, the fluxion of ^ being ■- ^, the fluxion 
of xy will in that case be xj/ — xy. This 
may be illustrated by the annexed rect- p 
angle, apqr = .ty, supposed to be ge- ^ 
Derated b.v the motion of the line pcifrom 
A towards c, and by the motion of the 
line RQ from B towards a : For, by the 
motion of pq, from a towards c, the 
rectangle is increased, and its fluxion is 
4* xy ; but, by the motion of rq, from 
B towards a, the rectangle is decreased, 
^nd the fluxion of the decrease is xy; 



X 



JL 



ft; 



therefore, 
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therefore, taking the fluxion of the decrease from that of 
the increase, the fluxion of the rectangle xy^ when x 
increases and j/ decreases, is xy — xy. 

30. We may now collect all the rules together, which 
have been demonstrated in th6 forcii^olng articles, for 
finding the fluxions of ail sorts of quantities. And hence, 

1st, For the fluxion of Any Power of a flowing quantity. 
— Multiply all together the exponent of the power, the 
fluxion of the root, and the power next less by 1 of the 
same root. 

2d, For the fluxion of the Rectangle of two quantities.'-^ 
Multiply each quantity by the fluxion of the other, and 
connect the two products together by their proper signs* 

3d, For the fluxion of the Continual Product of any mim^ 
ber of flowing quantities. — Multiply the fluxion of each 
quantity by the product of all the other quantities, and 
connect all the products together by their proper signs. 

4th, For the fluxion of a Fraction. — From the fluxion of 
the numerator drawn into the denominator, subtract the 
fluxion of the denominator drawn into the numerator, and 
divide the result by the square of the denominator. 

3th, Or, the 2^, 3(/, and Ath cases may he all included un- 
derone^ and performed thus, — ^Take the fluxion of the given 
expression as often as there are variable quantities in it, 
supposing first only one of them variable, and the rest 
constant ; then another variable, ^i. the rest constant ; 
and so on, till they have all in their turns been singly sup- 
posed variable ; and connect all these fluxions together 
with their own signs. 

6th, For the fluxion of a Logarithn. — Divide the fluxion 
of the quantity by the quantity itself, and multiply the 
result by the modulus of the system of logarithms. 

Note. The modulus of the hyperbolic logarithms is 1, 
and the modulus of the common logs, is - 0*43429448. 

7th, For the fluxion of an Exponential quajitity, having the 
Boot CoTistant, — Multiply all together, the given quantity 
the fluxion of its exponent, and the hypu log. of the root. 

8th, For the fluxion of an Expqneniial quantity having 
the Root Variable. — To the fluxion of the given quantity, 
found by the 1st rule, as if the root only were variable, 
add the fluxion of the same quantity found by the 7th 
rule, as if the exponent only were variable ; and the sum 
will be the fluxion for both of them variable. 

Note_, When the given quantity consists of several terms, 
find the fluxion of each term separately, and connect 
them all together with their proper si^ns. 

31. PRACTICAL 
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31. PRACTICAL EXAMPLES TO SXES.CUB THE FOKSGOl|fO 

RULES. 

I • The fluxion of axy is 
2* The fluxion of hxyz is 

3. The fluxion of ex x (ax — ry) is 

4. The fluxion of x"y is 

5. The fluxion of x"y*«' is 

«. The fluxion of (x +j/) x (* — j^) is 
7. The fluxion of 2flx^ is 
S. The fluxion of 2x' is 
9. The fluxion of Zx^y is 

10. The fluxion of 4t^^ is 

X 

11. The fluxion oi ax^y — x'^y^ is 

12. The fluxion of 4x* - ar*j/ + Zbi/z is 

13. The fluxion of ■ ^jir or jr" is 

m 

14. The fluxion of "i/x^ or x" is 

11 — 

15. The fluxion of or — or x" • is 

x*^ 

16. The fluxion of v^x or x^ is 
17.. The fluxion of (/x or x^ is 

18. The fluxion of ^x* or x^ is 

19. The fluxion of v'*^^ or ;r^ is 

20. The fluxion of ♦/x' or x^ is 

4 

21. The fluxion of ^x* or x^ is 



22. The fluxion of v^a* +x* or fl* + x*^ Ijj 



23. The fluxion of v^a* — x* or a* — x*^ is 



24. The fluxion of v^2rx — xx or 2rx — xxxig 

1 _£ 

25. The fluxion of ■ ' or (a* — xl/) a is 

^a*— X- 

26. The fluxion of [ax — xx)^ is 



FLUXIONSi 3g9 

17. The fluxion oi2x^a^ ± ^ is 
9,%. The fluxion of (a* - x^f is 

29. The fluxion of v^!rz or {xzY is 

30. The fluxion of ^IcvT^z or (« - z%^ is 

31. The fluxion of — ^ or — -L ^"^ is 

a^x a 

42. The fluxion of-^-L is 

33. The fluxion of ^ is 

/ 

3i. The fluxion of S' is 

z 

35. The fluxion of -f. i$ 

36. The fluxion of -il. is 

a — X 

37. The fluxion of ^ is 

X + as 

58. The fluxion of— is 

39. The fluxion of fl is 

3 

40. The fluxion of ^* is 

z 

41. The fluxion of ?-. 



IS 



42. The fluxion of the hyp. log. of fl.r is 

43. The fluxion of the hyp. log. of 1 + ;r is 

44. The fluxion of the hyp. log. of 1 — x is 

45. The fluxion of the hyp. log. of x^ is 

46. The fluxion of the hyp. log. oi ^x is. 

47. The fluxion of the hyp. log. of ^ is 
Voi.IL . U 



48.Tht 
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AS, The fluxion of the hyp, log. of— Is 

49. The fluxion of the hyp. log. of "T— b 

1 — X 

50. ThiEf flurfbn of tlic hyp. log. of \ 7 ^ ^ 

51. Theflu!8rionof£»is 

52. The fluxion of 10* is 

53. The fluxion of (a + c") is 

54. The fluxion of lOO'^y is 

55. The fluxion of ** is 

56. The fluxion of y°Ms 

57. The fluxion of or* is 

58. The fluxion of (atj;)" is 

59. The fluxion of xy is 

60. The fluxion of xji^ is 

61. The second fluxion of xy is 

62. The second fluxion of xy, when Ji is constant^ is 
' 63. The second fluxion of ^" is 

64. The third fluxion of x^, when x is constant^ is 
S5. The third fluxion of xy is 



The inverse METHOD, or the FINDING o» 

FLUENTS. 

32. It has been observed, that a Fluent, or Flawing Quan- 
tity, is the variable quantity which b considered as increasing 
or decreasing. Or, the fluent of 2 given fluxion9 is such a 
quantity, that its fluxion, found according to the foregoing 
rules, shall be the ^ame as the fluxion given or proposed. 

33. It may further be observed, that Contemporary Fluents^ 
or Contemporary Fluxions, are such as flow together, or for 
the same time. — When contemporary fluents are alway*^ 
equal, or in any constant ratio ; then also are their fluxioiK 
respectively either equal, or in that same constant ratio. 
That is^if^r = y^ then is x rs^jorif x : y :: n : 1, then 
isJtiyi^'.nil'^or i£x » ny, then is x ss /jy, 

34. It 
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S4. It is easy to find the fluxions to all the gi^n&nns of 
fluents ; but, on the contrary, it is difficult to find the fluents 
of many given fluxions ; and indeed there are numberless 
cases in which this cannot at all be done, excepting by the 
quadrature and rectification of curve lines, or by logarithmst - 
or by infinite series. For, it is only in certain particular 
forms and cases that the fluents of given fluxions can be 
found ; there being no method of performing this univer- , 
sally, aprsoriy by a cUrect investigation, like finding the fluxion 
of a given fluent quantity. We can only therefore lay down 
a few rules for such forms of fluxions as we know, from the 
direct method, belong to such and such kinds of flowing 
quantities : and these rules, it is evident, must chiefly consist 
in performing such operations as are the reverse of those by 
which the fluxions are found of given fluent quantities. The 
principal cases of which are as follow. 

35. To find the Fluent of a Simple Fluxion s or of that in which 
there is no variable quantity ^ and oniy oHefiuxiondl quantity • 

This is done by barely substituting the variable or flowing 
4^uantity instead of its fluxion \ being the result, or reverse 
of the notation only. — Thus, 

The fluent o(ax is ax. 

The fluent of ay + ^ is g y + 2y. 

The fluent of -/oH^ x* is y/a^+ ^. 

3G. When dny Power of a flowing quantity is Muk^ied by the 

Fluxion of the Root : 

Then, having substituted, as before, the flowing quantity, 
for its fluxion, divide the result by the new index of the 
power. Or, which is the same thitig, take out, or divide by, 
the fluxion of the root j add 1 to the index of the power ; 
and divide by the index so increased. Which is the reverse' 
of the 1st rule fdr finding fluxions. 

So, if the fluxion proposed be - Sz^x. 
Leave out, or divide by, x, then it is Sx^ ; 
add 1 to the index, and it is ^ - Sx^ ; 
4ivide by the index 6, and it is - ^x^ 9r it*, 
which is the fluent of the proposed fluxion Sx^x» 

In like manner. 

The fluent af 2axx is ax^. 
The fluent of 3x';f is x^ 

U2 ' ^ The 
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The fluent of ^J'x is fr^. 

The fluent of ^fy is fy '^ • , 

The fluent of az^% is ^^^z ^ • 

The fluent of x^x + 3j;^i is f r^ + %y^. 
The fluent of x^'^x is -Jx". 
The fluent of nf^'^y is 

The fluent of — , or C5~'*x is 
. z* 



The fluent of ^L is 

/ 
The fluent of (a + jr)*i is 

The fluent of (fl* + /)/i is 

The fluent of [p? + z') V2 is 

The fluent of ((/" + x")"^x"~';)c is 

The fluent of (a* + /)'yi is 

The fluent of — ^^ ' is 



The fluent of 



= IS 



V^a — :r 



37. When the Root under a Vinculum is a Compound Quantity ; 
and the Index of the part or factor Without the Vinctdunii if!" 
creased by 1, is some Multiple of that Under the Vinculum: 

Put a single variable letter for the compound root ; and 
substitute its powers and fluxion instead of those of the same 
value, in the given quantity j so will it be reduced to a sim- 
pler form, to which the preceding rule can then be applied. 

Thus, if the given fluxion be f = (a* + ^Y^^x^ where 
3, the index of the quantity without the vinculum, increased 
by i, making 4, which is just the double of 2, the exponent 
of .r* within the vinculum : therefore, putting 2 = «* + jr*, 
thence ';ir^ = 3 ~ a", the fluxion of which is ^xx =« j hence 
then x^x = {x'^k ^ \z[z — d^)j and the given fluxion f, or 

[or + x^yx^Xy is =s >Ja^a (2 — or) or = ^z^ z— ^z^«; and 

hence the fluent f is = ^^^z^ — t^^ z^=^^'^ (-rs^ — iV^)* 
Or, by substituting the value of 2 instead or it, the same 

fluent is 3{a' + ^")^X (A-^^--^W), or ,^7?+?)^^^^*: 

In 
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In like manner for the following examples. 



To find the fluent of ^a + ex X x^.x. 
To find the fluent oi{a + cxYx^x. 
To find the fluent of {a + cx'Y x ds^x. 



czz 



To find the fluent of — ■ or {a + zY^czz. 

To find the fluent of ■ ^ or {a + zT^cz^""^^ z. 

^a + z"" 



To find the fluent of ^y/^' + 2^ or (a* + z^)h'^k. 



z* 



To find the fluent of V^ ~ -y" or (a - v'')'^x^'''^x. 






38. When there are several Terms ^ involving Two or more Va^ 
riable Quantities^ having the Fluxion of each Multiplied by the 
other Quantity or Quantities : 

Take the fluent of each term, as if there were only one 
Tariable quantity in it, namely, that whose fluxion is con- 
tained in it, supposing all the others.tp be constant in that 
jfer^ ; then, if the fluents of all the terms, so found, be the 
very same quantity in all of them, that quantity will be the 
fluent of the whole. Which is the reverse of the 5th rule 
for finding fluxions : Thus, if the given fluxion be xy + xy^ 
then the fluent o(xy is xy^ supposing j^ constant: and the fluent 
qf xy is also xy, supposing p: constant : therefore xy is the re- 
quired fluent of the given fluxion xy + xy. 

' In like manner. 
The fluent of xyz + xyz + ^y^ is xyz. 
Th^ fluent of 2xyx + x'^yis x'^y. 

The fluent of ix ^xf + 2x^yy is 
The fluent of ^ 5l or - — ^ is 

' / y y\ 

* The fluent of ^^^^/- ^^^'^■^^ or ?.^-^i ^ flf^is 

y Vy ^y\/y 

39. When 
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39. When the given Fluxiond Expression is in this Form 



xy - xj 



namely i a Fraction^ including Two Quantities y being the Fluxion 
of the former of them drawn into the latter ^ minus the Fluxion 
of the latter drawn into the former^ and divided by the Square 
of the latter: 

Then*, the fluent is the fraction -, or the former quantity 
divided by the latter. That is. 

The fluent of -^—r *s — . And, in like manner. 

The fluent of^'"^^'"".^^^ is ^. 

Though, indeed, the examples of this case may be per- 
formed by the foregoing one. Thus, the given fluxion 

^ . — reduces to ^, or xyf^ ; of which« 

the fluent of ^, is -, supposing y constant ; and 

the fluent of — xyj^ is also xf^ or — , when x is constant j 

therefore, by that case, - is the fluent of the whol/e 2^^, 

y f 

40. When the Fluxion of a Quantity is Divided by the Quantk} 

ttself: 

Then the fluent Is equal to the hyperbolic logarithm of that 
quantity ; or, which is the same thing, the fluent is equal to 
2*90258509 niultiplied by the common logarithm of the 

same quantity. 

• 

So, the fluent of ^ or x^x, is the hyp. log. of jr. 

X 

The fluent of — , is 2 x hyp. log. of x, or ss hyp. log. Jf*» 

X 

The fluent of — , is a x hyp. log x^ or = hyp, log. of jr^t 

The fluent of -"^—jis 

a + X 



The fluent of -?f!^, is 



41. JUav 
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41. Manyjluents maybe found by the Djred Method thus: 
Take the fluxion again of the given fluxion* or the second 
fluxion of the fluent sought ; into which substitul;e — for x^ 

X 

-1- for >', &c ; that is, make x, x, x^ as ako y^ i, >*, &c, to 

be in continual proportion, or so that x \ x \\ x \ x^ and - 
y : y :: y :j, &c ; then divide the square of the given 
fluxional expression by the second fluxion, just founds and 
the quotient will be the fluent required in manj cases. 

Or the same rule may be otherwise delivered thus : 

In the given fluxion f, write x for x^ y for y, &c, and 

call the result G, taking also the fluxion of this quantity, G ; 

then make G : f 4 : g : f ; so shall the fourth proportional 
F be the fluent sought in many cases. 

It may be proved if this be the true fluent, by taking the 
fluxion of it again, which, if it agree with the proposed 
fluxion, will show that the fluent is right ; otherwise, it is 
wrong. 

EXAMPLES. 

Exam. 1. Let it be required to find the fluent offix^''^x. 

Here f = nx^'^^x. Write x for x, then nx^'^x or nx^ ==6} 

the fluxion of this is g = if-x'^^x ; therefore G : F : : G : f, 
becomes n^3tf^'~'x : «jr*"U : : wji* : ;r* = f, the fluent sought. 

Exam. 2. To find the fluent of xy + xy. 

Here f = ;fv + -^ > then, writing x for*, x^ and y fory^ 
it is xy + xy or 2xy = g; hence g = 2xy + 2xy'i then 
G : F : : G : F, becomes 2xy + 2xy : xy + xy :: 2xy : xy 
= F, the fluent sought. 

42. To find Flfients by means of a Table of Forms of Fluxions and 

I^uents, 

In the following Table are contained the most usual forms 
of fluxions that occur inrthe practical solution- of problems, 
with their corresponding fluents set opposite to them ; by 
|ne;ms of which, namely, by comparing any proposed fluxion 
with the corresponding form in the tsible> the fluent of it 
will be foyndf . - 

Forms^ 



529S 



FORMS or FLtJXIONS 



l^'artns. 



I 



II 



Fluxions. 



T 



mmmA 



:xr^x 



{a ± x")"*"^^"^* 



Fluents. 



Ill 



IV 



V 



^.nn-l^ 



(fl -1- X")- +* 



{a "4- :i-=)'" -x- 

*4» 1^ 



X" 1 , 

— , or -a-" 
« n 


±^ {a± ^)™ 

W7« 




1 jr"** 




w/iflX (fl ± jr")°* 




-I (a4-jr")™ 


• 



[m^x nxy) x x""^y'~', 
Jhx , ny ^ ^ 

^ X J' 



jr°»/ 



VI 



fwf"* 'xy z'+rjx^f''yz'+ x'^fz^'^Zy 
or( ^ •^+ -^"VaS 



Vll ' - or .r 'a- 



J^rttyr^^t 



Vlll 



.r" 'a: 



n ■■ x" 



IX 



XI 



XII 



X X 



log. of .i' 



± - log. of fl ± X- 



a -» ■ x' 



x^"^x 



a — A-^ 



r"*"='"~^^ 



a f.r° 



1 .r" 
— log. of 



^log. of ^^JL±:^ 



x arc to tan. ^ 

1 ,' c 
X arc to cosme- 



x^-'x 



^/ ia+x^ 



-log.6f^/x^^x/±. 
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S»T 






Forms. 



XIII 



XIV 



XT 



XVI 



XVII 



xvrn 



Fluxions. 



in-l 

X^ X 



s/a-x"^ 



X ^x 



^a±x^ 



x'^^x 



V'-a-l-jr" 



xy/dx — x'^ 



kr"^;t 



xy^ log. y + J^y"^ y 



Fluents. 



2 a-** 

- X arc to sin. V — , or 
n a 

- X arc to vers. — 
n a 



t 



?-log.of±^«*^T^'^ 



ni^a 



^a±_x +\/a 



2 x° 

^7- X arc to secant a/ — ,or 
n^/^a a 

1 2fl — r" 
—7- X arctocosin. "- — 



»» 



I . 



- circ' seg. |to diam. d & vers 




n log. r 



/ 



Note. The logarithms, in the above fornfis, are the hyper- 
bolic ones, which are found by multiplying the common 
logarithms by 2*302585092994. And the arcs, whose sine, 
or tangent, &c, are mentioned, have the radius I, and are 
those in the conmion tables of sines, tangents, and secants. 
Also, the numbers w, «, &c, are to be some r^al quantities, 
as the forms fail when ;» = 0, or /i = 0, &c. 

The Use of the foregoing Tghle of Forms of Fluxions and Fluent s. 

43. In using the foregoing table, it is to be observed, that 
the first column serves only to show the number of the form; 
in the second colun^n are the several forms of fluxions, which 
are of diiFerent kinds or classes ; and in the, third or la^t 
column, are the corresponding fluents. 

The method of using the table, is this. Having any 
fluxion given, to find its fluent : First, Compare the given 
fluxion with the several forms of fluxions in the second co- 
lumn of the table, till one of the forms be found that agrees 
with it ; which is done by comparing the terms 0/ the 
given fluxion with the like parts of the tabular fluxion, 
namely, the radical quantity of the one, with that of the 

other} 
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other; and the exponents of the variable qnanthies of 
each, both^withm and without the vinculum; all which, 
being found to agree or correspond, will give the particular 
values of the general quantities in the tabular form : then 
substitute these particular values in the general or takilar 
form of the fluent, and the result will be the particular 
fluent of the given fluxion ; ^er it is multiplied by any 
cp-efficient the proposed fluxion may have. 

EXAMPLES. 

Exam. 1. To find the fluent of the fluxion Sx^x. 
This is found to agree with the first form. And, by com* 
paring the fluxions, it appears that jt = jr, and fi — 1.= |y 
or n == •§• ; which being substituted in the tabular fluent, or 

fj^i gives, after multiplying by 3 the co-eflicient, S x -fr^, 

or \x^y for the fluent sought. 



ExAM.2. To find the Auentof Sjt'x^ c^ - x^, or 5x'x{c^''X^)\ 

This fluxion, it appears, belongs to the 2d tabular form : 
for a = ^ and — j* = — jr^'and « = 3 under the vinculum* 
also i»— 1=-J-, orw = J, and the exponent "~* of j?**"^ 
without the vinculum, by using 3 for «, is « — 1 = 2, which 
agrees with x^ in the given fluxion : so that all the parts of 
the form are found to correspond. Then, substituting thes^ 
values into the general fluent, — ^ (^ — ;r")", 

it becomes - i x ^.(c' - *^)* = - YCf' - *")*• 



Exam. 3. To find the fluent of- 



xrx 



l+x^ 

This is found to agree with the 8th form ; where - - ^ 
-jt J!* = -f j:* in the denominator, or « = 3 ; and the nume- 
rator *"""* then becomes o;^, which agrees with the numerator 
in the given fluxion ; also ^ = 1. Hence then, by.^ubsti-* 
tuttng in the general or tabular fluent, j-log.'qf a + x^^ i^ 
becomes J. log. of I + ^^* 

Exam. 4. To find the fluent ofap^x. 

Exam. 5. To find the fluent of 2 (10 + x'y^xx. 

ox 

Exam. 6. Tp find the fluent of ;— — ^, 

Exam. 7. To find the fluent of; r-. 

(a - xr 

Exam. 8* 
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^ - *' 
Exam. 8, To find the fluent of — , • x. 

x^ 

Exam. 9. To find the fluent of — ^— -;r. * -^ 

Exam. 10. To find the fluent of (?f +?^)x3y^ 

X y '^ 

Exam. 11. To find the fluent of (- + ^);^v^. 

^x ^ 3y^ ^ 

Exam. 12. To fin* the fluent of— or- x'^x. 

ax a 



Exam. 13. To find the fluent of 



ax 



3 - 2ar 



Exam. 14. To find the fluent of — ?— or^~^ 

2x — xi^ 2 —x' 

Exam. 15. To find the fluant of. ^f or ^^'^^ 



X - 3x^ 1-3^ 
Exam. 16. To find the fluent nf ^^^ , 

^ 4- 
Exam. 17. To find the fluent ofJfJL. 

2 ^ x^ 

Exam. 18. To find the fluent of -^^^ ,. 

l+x* 

Exam. 19. To find the fluent ofJifJL^ 

2+x^ 

Exam. 20. To find the fluent of ^^^ 

y/l +x* 

Exam. 21. To find the fluent of - ^^ .- 
Exam. 22. To find the fluent of ^^'^ ■ 



-v/1 -^ 



• 
g§ ^ 

$XAM. 23. To find the fluent of 



v^4- J* 
Exam. 24. To find the fluent of . 

Exam. 25. To find the fluent of — ^ — 



^aJ^'¥X\ 



A. 2x^x 

]£xAM* 2S. To find the fluent of --== 



ExAif • ST. 
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I 

ax 



Exam. 27, To find the fluent of - 



^xi: - ax- 



ExAM. 28. To find the fluent of 2i'V'2^ - x\- 

Exam. 29. To find the fluent oid^x.' 

Exam. 30. To find the fluent of Sa^^'x^ 

Exam. 31. To find the fluent of Sz'^x log. z + ^sT^'^k. 

Exam. 32. To find the fluent of (1 + .r^) xx. 

Exam. 33. To find the fluent of (2'+^*) x^x. 
Exam. 34. To find the fluent of x^x^'^ '\- x\ 



* To find Fhienti by Infinite Series^ 

44*. "VSThen a given fluxion, whose fluent is required, is so 
complex, that it cannot be made to agree with any of the 
forms in the foregoing table of cases, nor made out from 
the general rules before/given ; recourse may then be had to 
the method of infinite series ; which is thus performed : 

Expand the radical or fraction, in the given fluxion, into 
an infinite series of simple terms, by the methods given' for 
that purpose in books or algebra ; viz. either by division or 
extraction of roots, or by the binomial theorem, &c ; and 
multiply every term by the fluxional letter, and by such-simple 
variable factor as the given fluxional expression m^iy (;ontain. 
Then take the fluent of each term separately, by the fore- 
going rules, connecting them all together by their proper 
s\gti$ 'j and the series will be the fluent sought, after it is 
multiplied by any constant factor or co-efEcient which may 
be contained in the given fluxional expression. 

45. It is to be noted however, that the quantities must 
be so arrangefd, as that tlie series produced may be a con- 
verging one, rather than diverging : and this is effected by 
placing the greater terms foremost in the given fluxion. 
When these are known or constant quantities, the infinite 
series will be an ascending one ; that is, the powers of the 
variable quantity will ascend or increase ; but if the variable 
quantity be set foremost, the infinite series produced will be 
a descending one, or the powers of that quantity will de- 
crease always more and more in the succeeding terms, or in- 
crease in the denominators ofthem,wliirfi is the same thing. 
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1 — :r 
For example, to find the fluent of — ■■ -x. 

1 -{- JC ^ X 

Here, by dividing the numerator by the denominator, the 
proposed fluxion becomes x-'2xx-{-S9c^x— 5x^X'{'8x*jc~' 8cc'^ 
then the fluents of all the terms being taken, give - - - 
.V — .r- + x^ — l-.r* + v^'^ — &c> for the fluent sought. 
Again, to find the fluent of JCy/1 — .r*. 

Here, by extracting the root, or expanding the radical 

quantity \/ 1 — .v''> the given fluxion becomes - - - - 
.V — 4.r*.v — ^.t^x — iV'^^v — &c. Then the fluents of all 
the terms, being taken, give .r — {-.v^ — ^^x^ — -rrr^r^ — &c, 
for the fluent sought. 

OTHER EXAMPLES. 

hfJc 

Exam. I. To find the fluent of — both in an ascend- 

a — X 

ing and descending series. 

bx 
Exam. 2. To find the fluent of — ; — in both series. 

a + X 

Sx 
Exam. 3. To find the fluent of, — -- —. 

{a + xy 

1 -- x*^ -\- ^^v^ 
Exam. 4. To find the fluent of — - — ^^-\-x, 

\ +x - r- 

bx 
Exam. 5. Given z x -— —- — -, to find z, 

fl* + x^ 

(i^ ^ x^ , ' 

Exam. 6. Given z, = — x to find z, 

a -{• X 

Exam. 7.. Given » = Sx\/a + jr, to find z. 

Exam. 8. Given « = 2x^ar + a'% to find z. 
Exam. 9. Given z == ^xs^cC" — jt*, to find z. 

Exam. 10. Given % = — ■ -^ to find z. 



Exam. 11. Given « = 2x]/a^ — jr% to find'z. 

Sax 
Exam. 12. Given z = — — ^ to find z. 

^ax — XX 



Exam. 13. Qiven x = 2xl/x^ + ^* + x^, to find z. 
Exam. U. Given « = 5xy/ax - ;r;rj to find «?. 



JSa0 HNDIKG oF'FLnENT?. 



To Correct tie Fluent of any Given Fluxion* 

4>6. The fluxion found from a given fluent, is always 
perfect and complete : but the fluent found from a given 
fluxion, is not always so; as it often wants a correction, to 
make it contemporaneous with that required by the problem 
under consideration, &c: for, the fluent of any given fluxion, 
*as Xy may be either .r, which is found by the rule, or it may 
he a: -{- c, or j: — Cy that ky x plus or minus some constant 
quantity c\ because both x and x ± c have the same fluxion jr, 
and the finding of the constant quantity r, to be added or 
subtracted with the fluent as found by the foregoing rules, 
is called correcting the fluent. 

Now this correction is to be determined from the nature 
of the problem in hand, by which we come to know the re- 
lation which the fluent quantities have to each other at some 
certain point or time. Reduce, therefore, the general fluen- 
tial equation, supposed to be found by the foregoing rules, to 
that point or time j then if the equation be true, it is correct j 
but if not, it wants a correction 5 and the quantity of the 
correction, is thediflerence between the two general sides of 
the equation when reduced to that particular point. Hence 
the general rule for the correction is this : 

Contiect t}ie constant, but indeterminate, quantity r, ^with 
one side of the fluential equation, as determined by the fore- 
going rules ; then, in this equation, substitute for the variable 
quathtities, such values as they are known to have at any- 
particular state, place, or time ; and then, from that par- 
ticular state of the equation, find the value of r, the constant 
quantity of the correction. 



EXAMPLES. 

47. Exam. 1. To find the correipt fluent of k r=iax^x. 

The general fluent is z = ax^^ or z = ax^ + r, taking in 
the correction c. 

Now, if it be known that z and x begin together, or that 
2 is = 0, when :r = ; then writing for both x and z, the 
general equation becomes = + O or = r j so that, the 
value of c being 0, the correct fluents are z = ax*. 

But if z be = 0, when x is = i, any known quantity; 
then substituting for z, and h for Xy in the general equa* 
tion, it becomes = ^i^'^ + ^> and hence we find c = — ab^\ 
which being written for c in the general fluential equation^ 
it becomes z = ax^ — ah'^y for the correct fluents. 

Or, 
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On if It be known that z is =s some quantity i/, ^hen x 
is 2x%ome other quantity as h \ then substituting ^ for x, and 
4 for Xi in the general flueiitial equation % s dtx^ + r, it 
becomes d ^ ab^ -^ c\ and h^nce is deduced the value of 
the correctioui namely, r = d ^ ab^i consequently^ writing 
Abrakie for r in the general equation, it bocomes^ - -. <- 
s ^s^msF* -^ab^ -i" df for the correct equation of the fluents 
in'tfabr'case. 

48. And hence arises another easy and general way of 
correcting the fluents, which is this : In the general equation 
pfthe fluents, write tlft particular values of the quantities 
which they are' known to have at any certain time or po- 
sition ; then subtract the sides of the resulting particular 
e(^Ylattion -fi^sm tho corresponding sides of the general one, 
sHid die remainders will give the correct equation of the 
Ihients sought. 
'So, ihe general equation being z = ajr^; 
*write d tor «, and b for Xy then d = ab^'^ 
whence, by substraction, -%—</ = ax^ = ab\ 
or « = ax^ — ab"^ + d^ the correct fluents as before. 

Exam. 2. To find the correct fluents of « = 5xx \ z being 
= when a: is = a.. 



Exam. S. To find the correct fluents of « = Sx^a + xi 
Z and X being = at the same time. 

Exam. 4. To find the correct fluent of x = • sup* 

a + X '^ 

posing z and i: to begin to flow together, or to be each 

= at the same time. 

Exam. 5. To find the correct fluents of x = ,; sup- 

posing z and x to begin together. 



Of maxima and MINIMA ; or, The GREATEST and 
LEAST MAGNITUDE of VARIABLE or FLOWING 
QUANTITIES. 

49. Maximum, denotes the greatest state or quantity 
attainable in any given case, or the greatest value of a variable 
quantity : by which it stands opposed to Minimum^ which is 
the least possible quantity in any case. 

Thus, 



so* 



>nxJxio}ns, 



Thusy the expression or sum a^ + hx^ evidently increases 
as x^ or the term h»^ increases $ therefore the given exprf»ion 
will be the greatest^ or a maximum, when x is the greatest^ 
Or infinite ; and the same expression will be a minimum^ ot 
the least, when x is die least, or nothing. 

Again, in the'algebraic expression tf* — bx^ where a and h 
denote constant or invariable quantities, and x a flowfaig or 
variable one. Now, it is evident that the value of this re- 
mainder or difference, a* '- bx^ will increase, as the term bx^ 
or as x^ decreases ; therefore the former will be the greatest, 
when the latter is the smallest ; that is a* — Ajt is a maxi- 
mum, when X is tlie least, or nothing at all ; and the diffe- 
rence is the least, when x is the greatest. 

50. Soi;ne variable quantities increase continually ; and so 
have no maximum, but what is infinite. Others again de- 
crease continually ; and so have no minimum, but what is of 
no magnitude, or nothing. But, on the other hand, some 
variable quantities increase only to a certain finite magnitude, 
called their Maximum, or greatest state, and aft^r that they 
decrease again. While others decrease to a certain finite 
magnitude, called their Minimum, or least state, and after- 
wards increase again. And lastly, some quantities have 
several maxima and minima. 



frJl^TT 
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1' it X — 5r^ 



Thus, for example, the ordinate bc of the parabola^ or 
such-like curve, flowing along the axis ab from the vertex A, 
continually increases, and has no limit or maximum. And 
the ordinate gf of the curve efh, flowing from e towards 
H, continually decreases to nothing when it arrives at the 
point H. But in the circle ilm, the ordinate only increases 
to a certain magnitu/le, namely the radius, when it arrives at 
the middle as at kl, which is its maximum 5^ and after that 
it decreases again to nothing, at the point M. And in the 
curve NOQ, the ordinate decreases only to the position op, 
where it is least, or a minimum ; and after that it continually 
increases towards q. But in the curve Rsu &c, the ordi- 
nates have several maxima, as st, wx, and several minima, 
as vu, Yz, &c. 

51. Now 
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fit. i:J(}^i because the fluxidn of a variable quantity, is 
the rate of its increase or decrease j and befcause the maximum 
or minimum of a quantity neither increases nor decreases, at 
those points or states 5 thei'efore such maximum or minimum 
has no fluxion, ok- the flukion is then equal .to nothing* 
From which we have the following rule* 

Tofiiid the Maximum or Minimum i 

52. t'rom the natUi*e of the question or problfeni, find aii 
algebraical expressioil for the value, or general state, of the 
quantity whose maximum or minimum is required ; then 
take the fluxion of that expression, and plit it equal to no-* 
thing J from whidh eqiiiation, by dividing by, or leaving out, 
the liuxional letter and other* common quantities, and per- 
forming other proper reductions, as in common algebra, the 
Value of the unknown quantity will be obtained, determining 
the point of the maximum or minimum* 

So, if it be required to find the maximum state of the 
compound expression lOOx — Sx"^ ± c^ or the value of x* 
\^hen 100^ — 5^* ± r is a niaximum. The fluxion of this 
expression is lOO;f — 10;ci ^ Q\ whidh being made == 0,,an4 
divided by l0;r, the equation is 10 — or = ; and hence 
a: == 10. That is, the value oi X is 10, when the expression 
I00.r — 5x^ ± r is the greatijst. A^ is easily tried: for if 10 
be substituted for Jc in that expression, it becomes ± ^ + 500: 
but if, for x^ there be substituted any other numbex*, whether 
greater or less than 10, that expression will always be found 
to be less than ± r + 500, which is therefore its greatest 
possible value, of its maximum* 

53. It is evident, that if a maximum ot minimum be any. 
way compounded with, oi* pperated on, by a given constant 
quantity, the result will still be a maximum or minimum. 
That is, if a maximum or minimum be increased, or de« 
creased, or multiplied, or divided, by a given quantityj or 
any given p6wer or root of it be taken ; the result will still 
be a maximum or minimum. Thus, if .r be a maximum or 

X 

minimum, then also is x + a, or .r — a, or ax^ or -, or :r*, 

a 

or y^T, still a maximum or minimum* Also, the logarithm 
of the same will be a maximum or a minimum. And there- 
fore, if any proposed maximum or minimum can be made 
simpler by performing any of these operations, it is better to 
do 80, before the expression is^put intQ fluxions. 

Vot. II. . X . . M. When 
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51-. When the expression for a maximum or minimum 
contains several variable letters or quantities ; take the fluxion 
of it as often as there are variable letters 5 supposing first one 
of them only to flow, and the rest to be constant; then another 
only to flow, and the rest constant 5 and so on for all of them : 
then putting each of these fluxions = 0, there will be as many 
equations as \inknown letters, from which these may be all 
determined. . For the fluxion of the expression must be equal 
to nothing in each of these cases ; otherwise the expression 
might become greater or less, without altering the values of 
the other letters, which are considered as constant. 

So, if it be required to find the values of x and j>-whea 
4x^ — jvy + 2j; is a minimum. Then we have, 

First - 8.rx — i-j? = 0, and 8.v — y = 0, or y = 8jr. 

Secondly, 2y — r_y = 0, and 2 — .r = 0, or-r = 2. 

And hence y or 8j.' = 16, 

55, To find whether a proposed quantity admits of a Maximum 

or a Minimum, 

Every algebraic expression does not admit of a maximum 
or minimum, properly so called ; for it may either increase 
continualjy to infinity, Or decrease continually to nothing ; 
and in both these cases there is neither a proper maximum 
i^or minimum ; for the true maximum is that finite value to 
which an expression increases, and after which it. decreases 
again :. and the minimum is that finite value to which the 
expression decreases and after that it increases again. There- 
fore, when the expression admits of a maximum, its fluxion 
is positive before the poiiit, and negative after it ; but when 
it admits of a mininuimj its fluxion is negative before, and 
positive aftei" it. Hence then, taking the fluxion of the ex- 
jiression a^ little before the fluxion is equal to nothing, and 
again a Htjtle after the same ; if the former fluxion be positive, 
ani the latter negative, the middle state is a maximum 5 but 
if the former fluxion be negative, and the latter positive, the 
middle state is 'minimum. 

So, if we would find the quantity ax — X' a maximum or 
minimum , make its fluxion equal to nothing, that is, - - 
ax — ^xx = 0, or (a — 2x)x = ; dividing by jc, gives 
a — ^x =i= 0, or .r = 4^ at that state. Now, if in the fluxion 
(a — 2.r)jf, the value of x be taken rather less than its true 
valuer ia, that fluxion will evidently be positive : but if jt be 
takeh- somewhat greater than 4^, the value, of r/ — 2.r, and 
consequently of the fluxion, isas evidently negative. There-? 
fore, -the fluxion oi ax — x-- -being positive bcforcj and ne- 

/ gative 
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gative after the s^ate when its fluxion is = 0, it follows tha^ 
at this state the expression is not a minimum, but a maximtfm* 
Again, taking the expression .v^ — q.i-y its fluxion 'ox'^x — 
2tf.ri = (3.r — 2rt)j\v = 0; this divided by .I'i- gives 3.r — 2^=:0, 
and X = 1^ its true value when the fluxion of .r^ — ax^ is 
equal to nothing. But now to know whether t lie given ex- 
pression be a maximum or a minimum at that time, take VPZ' 
little less than ^a in the value of the fluxion (3x — 2a) xk^ 
and this will evidently be negative ; and again, takiHg- x a. 
little- more than -j^, the vulue of 3.i\— 2^, or of the flwxion^* 
is as evidently positive. Therefore the fluxion of ^r^ -: aji\ 
being negative before that fluxion is = 0, and positive after 
it, it follows that in this state the quantity Jt^ — t/.r- admits 
of a minimum, but not of a maximum* 
.' . ... \ ■ ■ ■ 

56. Some Examples roR Practice. * 

Exam. 1. To divide a line, or any other given quantity a, 
into two parts, so that their rectangle or product may be the 
greatest possible. 

Exam. 2. To divide the given quantity a into two part3 
such, that the product of the m power of one, by the // 
power of the other, may be a maximum. 

Exam. 3. To divide the given quatitity a into three parts 
such, that the continual product of them all may be a 
maximum. 

Exam. 4. To divide the given quantity a into thi*ee 'patts 
such, that the continual product of the lst% the s^tifd of the' 
2d, and the cube of the 3d, niay be a niaximum./ 

Exam. 5. To determine a fraction such, that the difFe- 
rence between its m power and h power shall be the gr-eatest 

possible. . • '!:.•; 

Exam. 6. To divide the number 80 into two such parts> 
X and y, that 2.1* + xy -j- 3y^ may be a minimum. 

Exam. 7. To find the greatest' rectangle that can. be la- 
scribed in a given right-angled triangle. . . 

Exam. 8. To find the greatest rectasigje that can be in- 
scribed in the quadrant of a given circle. • . .' 

Exam. 9. To find the least right-angled triangle that can 
circumscribe the quadrant of a given crrc^kf. , 

* Exam. 10. To find the greatest rectangle inscribed in, ancf 
the least isosceles triangle circumscribed about, a given semi- 
ellipse, 

X 2 Exam. II- 
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ExAKf. Il« To determine the same for a given parabola* 

Exam. 12. To determine the same for a given hyperbola* 

Exam. IS. To inscribe the greatest cylinder in a given 

cone ; or to cut the greatest cylinder out of a given cone. 

EitAM. 14. To determine the dimensions of a rectangular 
cistern, capable of containing a given quantity a of water, 
so as to be lined with lead at the least possible expense. 

Exam. 15. Required the dimensions of a cylindrical tan- 
kard, to hold one quart of ale measure, that can be made of 
the least possible quantity of silver, of a given thickness. 

Exam. 16. To cut the greatest parabola from a given 
cone. 

Exam. 17. To cut tibe greatest ellipse from a given cone. 

Exam. 18. To find the value of x when x^ is a muiimtun. 



The method of TANGENTS 5 Or, To draw TAN- 
GENTS TO CURVES. 

57. The Method of Tangents, is a method of determining 
the quantity of the tangent and subt^ngent of any algebraic 
curve ; the equation of the curve being given. Or, vice 
versa, the nature of the curve, from the tangent given. 

If AE be any curve, and e be any 
point in it, to which it is required 
to draw a tangent te. Draw the or- 
dinate ed: then if we can determine 
the subtangent td, limited between 
the ordinate and tangent, in the axis 
produced, by joining the points T, 
e, the line te will be the tangent 
sought. 

58. Let dae be another ordinate, indefinitely near to db, 
meeting the curve, or tangent produced, in e; and let £a 
be parallel to the axis ad. Then is the elementary triangle 
zea similar t9 the triangle tde ; and 

therefore 
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therefore - ea : aE ;: ED : DT. 

But - " ia I aR :: flux. £D : flux, ad* 

Therefore - flux. ED : flux, ad : : de : 1>T« 

That is, - > : i : ; V r ^ = DT J 

y. 

which IS therefore the value of the si^tangent sought j 
where x' is the absciss ad, and y the ordinate BE* 
Hence we have this general rule. 

GENERAL RULE. 

59. By means of the given equation of the curve, when 
pHt into fluxions, find the value of either ;r or y, or o^ 

• • 

tJ whicli value substitute for it in the expression dt = ^, 

y . . ^ 

and, when reduced to its simplest terms^ it will be the value 

jof the subtangent sought. 

EXAMPLES. 

Exam. 1 . Let the proposed curve be that which is d^* 
fined, or expressed, by, the equation ax"^ + x/ — ^ = 0. 

Here the fluxion of the equation .of the curve is 
^axx -}- yx + 2xjiy — 3/^ = ; then, by transposition^ 
t^axx + fx = ^fy — 2x)y \ and hence, by divisiont 

X 3v* — 2jry , \k Sy^ — 2xf 

ttS consequently^^ '. , ^ » 

y 2cLr + f y 2ax + / 

which is the value of the subtangent td sought. 

Exam. 2. To draw a tangent to a circle 5 the equation of 
which is ax — x'^ = f- \ where x is the absciss, y the ordi- 
nate, and a the diameter. 

Exam. 3. To draw a tangent to a parabola ; its equation 
being ax := y^\ where a denotes the parameter of the axis. 

Exam. 4. To draw a tangent to an ellipse ; its equation 
being r* {ax — x^) = a*y* ; where a and c are the two axies* 

Exam. 5. To draw a tangent to an hyperbola ; its equa- 
tion being r* {ax + -^r*) ;= a*/ j where a and c are the two 
axes. ; 

Exam. 6. To draw a tangent to the hyperbola referred to 
the asymptote as an axis 5 its equation being :ry = fl* ; where 
a^ denotes the rectangle of the absciss and ordinate answer* 
ing to the vertex of tlie curve* 



Of 
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Of RECTIFICATIOfiS ; Or, To find the LENGTHS 

OF CURVE LINES. 

fl 

60. Rectification, is the finding the length of a curve 
line, or finding a right line equal to a proposed curve. 

By art. 10 it appears, that the 
elementary triangle iLae^ formed by the 
increments of the absciss, ordinate, and 
curve, is a right-angled triangle, of 
which the increment of the curve is the 
hypothenuse; and therefore the square 
of the latter is equal to the sum of the 

squares of the two former ; that is, e^ =a e^* + ae^> Or, 
substituting, for the increments, their proportional fluxions^ 

it is Z.Z = kx + ji, or «: = ^/ x: +i^ \ where z denotes any 
curve line ae, x its absciss Ai5, and y it ordinate DB. 
Hence this rule. ^ 

RULE. 

61. From the given equation of the curve put into 
fluxions, find the value of i^ or j'*, which value substitute 

instead of it in the equation % •=. ^ x^ -^ T\ then the fluentsj 
being taken, will give the value of z, or the length of the. 
curve, in terms of the absciss or ordinate. 

EXAMPLES. 

Exam. I. To find the length of the arc of a circle, in 
terms both of the sine, versed sine, tangent, and secant. 

The equation of the circle may be expressed in terms of 
the radius, and either the sine, or the versed sine, or tangent, 
or secant, &c, of an arc. Let therefore the radius of the 
circle be cX or ce = r, the versed sine ad (of the arc 
ae) =3 .«*, the right sine de = ^, the tangent te = ty and 
the secant ex = j- 5 then, by the nature of the circle, there 
arise these. equations, viz. 

^ ^ i r't'- s" - r" ^ 
f = 2rx — x^ = = r*. 

Then, by^means of the fluxions of these equations, with 
the general fluxional equation «^ = x^ + j^? are obtained the 
following fluxional forms, for the fluxion of the curve 5 the 
fluent of any one of which will be the curve itself; viz. 

. __ rx ___ ry r^t r^s 

Hence 
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Hence the value of the curve, from the fluent of each of 
these, gives the four following forms, in serie3> viz. putting 
d = 2r the diameter, the curve is z 

f- f' t^ /' 

=(Lzj:+£Lz^+?|!_^)+&c),-. 

s 2.dr 2.4.5j-^ 

Now, it is evident that the simplest of these series, is the 
third in" order, or that which is expressed in term^ of the 
tangent. That form will therefore be the fittest to cal- 
culate an example by in numbers. And for this purpose 
it will be convenient to assume some arc whose tangent, or 
at least the square of it, is known to be some small simple 
number. Now, the arc of 45 degrees, it is known, has its 
tangent equal to the radius ; and therefore, taking the radius 
r = 1 , and consequently the tangent of 45°, or /, = 1 also, 
in this case the arc of 45° to the radius 1, or the arc df the 
quadrant to the diameter 1, will be equal to the infinite se- 
ries 1 ~ 1 + ^ - I + I- - &c. 

But as this series converges very slowly, it will be proper 
to take some smaller arc, that the series may converge faster; 
such as the arc of 30 degrees, the tangent of which is 
= >^~, or its square f- = j. : which being substituted in the . 
series, the length of the arc of 30** comes out - - - * - 

1111 

(1 :i;+'TTn — tttH t. "" &c) a/t* Hence, to com- 

^ 3.S 5.3^ 7.3^ 9.3^^ ^ ^ 

pute these terms in decimal riumbcrs, after the first, the suc- 
ceeding terms will be found by dividing, always by 3, and 
these quotients again by the absolute numbers 3, 5, 7, 9, &c ; 
and lastly, adding every other term together, into two sums, 
the one the sum of the positive terms, and the other the sum 
of the negative ones ; then lastly, the one surn taken from 
the other, leaves the length of the arc of 30 degrees; which 
being the 12th part of the whole circumference when the 
radius is 1, or the 6th part when the diameter is 1, conse- 
, quently 6 times that arc will be the length of the whole cir- ' 
cumference to the diamker 1 . Thererore, multiplying the 
first term V'-by 6, the product is V 12 = 3-4641016 ; and 
hence the operation will be conveniently made as follows : 

+ Terms. 
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+ Terms. 



3 
5 

7 
9 
11 
13 
15 
17 
19 
fil 
^3 
25 
27 



1 } 3-4641016 ( 3-4641016 
3 ) !• 



1547005 ( 
3849002 ( 
J 28300 I ( 
427667 
J4?S56 
47519 
15840 ( 
5280 ( 
1760 ( 
587 
196 
65 ( 
22 ( 



I 



T69800 

47519 

3655 

3U 

2« 

^3 

+3-5462332 
- 0-4046406 



•* Terms, 

0-3849002 

183286 

12960 

105G 

93 

8 

1 



111 I » 



- 0*4046405 



So that at last 3-1415926 Is the whole circutn'- 

i u" < > ' J- ■■ ference to the dia« 

meter 1? 

Exam. 2? To find the length of a parabola* 

Exam. 3. To find the length of the semicublcal parabola| 
whose equation is ax^ ^ f. 

Exam. 4. To find the length of an elliptical curve. 

Exam. 5. To fijid the length of an hyperbolic curve. 



Of QUADRATURES ; or, FINDING the AREAS of 

CURVES. 

62, The Quadrature of Curves, is the measuring their 
greas, or finduig a square, or other right-lined sp^ce, equal 
to a proposed gurvllineal one. 

By art. 9 it appears, that any flowing 
quantity being drawn into the fluxion of 
the line along^whiph it flows, or in the 
direction of its motion, there is produced 
the fluxion of the quantity generated by 
the flowing. That is, T>d x de or yx 19 
the fluxiop of th^ area ade. Hence this; 




m" 
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KULE. 

63. From the given equation of the curve, find the value 
cither of ;f or of y i which value substitute instead of it in 
the expression yx j then the fluent of that expression^ being 
taken, will be the area of the curve -soyght. 

EXAMPLES. 

Exam. 1. To find the area of the common parabola. 

The eq[u;ation of the parabola being ax = y^\ where a is 
the parameter, «r the absciss ad, or part of the axis^ .and jp 
%he ordinate D£, 

From the equation of the curve is found y = a/ ax. Thti 
substituted in the general fluxion of the area j^-;f, gives Jc^/ax 

I X 

or a^x^x the. fluxion of the parabolic area; and the fluent 

^{ this, or ■fa'^jr^=|vr^ajr=fry, is the area of the parabola 
ADE, and which is therefore equal to y of its circiunscribix^ 
rectangle. 

Exam. 2. To square the circle, or find its area. 
The equation of the circle being y^ =^ ax -^ x\ ar y =r 

4/ax — x\ where a is the diameter ; by substituti on, the 

general fluxion of the area yxy becomes xVax — j:*, for the 
fluxion of the circular area. But as the fluent of j his cannot 

be found in finite terms, the quantity V'fljr — a:* is thrown 
into a series, by extracting the root, and then the fluxion of 
the area becomes 

xs/ax X { ^^ 2^^^ 2.4.6^2 2.4.6.8/ ^' ' 

^d then the fluent of every term being taken, it gives 

for the general expression of the semisegment ade. 

And when the point d arrives at the extremity of the dia- 
^^ter, then the space becomes a semicircle, and x =:a'y and 
^en the series aoove becomes barely 

',2 1 1 1.3 1.3.5 ^ , 

^3 5 4.7 4.6.9 4.6.8. U ' 

for the area of the semicircle whose diameter is a. 

Exam. 3. 



SU FLUXIONS. 

ExAM>^3, To find the area of any parabola, whose equa- 
tion i3 fl^^z" = j>™+". 

Exam. 4. To find the area of an ellipse. ^ 

Exam. 5. To find the area of an hyperbola. 

Exam. 6* To find the area between the curve and asymp- 
tote of an hyperbola. 

Exam. 7. To find the like area in any other hyperbola 
whose general equation is x^y^ = ii"*+". 




To FIND THE SURFACES OF SOLIDS. 

64. In the solid formed by the rota- 
tion of any curve about its axis, the 
surface may be considered as generated 
by the circumference of an expanding 
circle, moving perpendicularly along 
the axis, but the expanding circum- 
ference moving along the arc or curve 
of tlie solid. Therefore, as the fluxion 

of any generated quantity, is produced by drawing the ge- 
nerating quantity mto the fluxion of the line or -direction in 
which it moves, the fluxion of the surface will be found by 
drawing the circumference of the generating circle into the 
fluxion of the curve. That is, the fluxion of the surface 

BAE, is equal to ae drawn into the circumference BC£F^ 
whose radius is the ordinate de. 

65. But, if r be = 3*14?16, the circumference of a circle 
whose diameter is 1, jt = ad the absciss, y = de the ordi- 
nate, and 2 = ae the curve; then 2y = the diametier be, 
and 2rv = the circumference bcef; also, ae = x = 

\/x^ +y^: therefore 2cyz or 2cy^/x^ + j»* is the fluxion of 
the surface. And consequently if, from the giVen equation 
of the curve, the valu e of i or y be found, and substituted 

in this expression 2cys/ x*- +i% the fluent of the expression, 
being then taken, will be the surface of tlie solid required. 

EXAMPLES. 

Exam. 1. To find tlie surface of a sphere, or of any seg- 
ment. 

In 
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In this case, ae is a circular arc, whose equation is 
^ -=. ax — x^y or y = »^ ax —x^, » 

The fluxion of this gives y = — — x = 1— x ; 

2^ ax — x^ 2y 

. ., a^ - 4<7.r + ^x^ a^ - 4/ ^ , 

hence J'* = x^ = — — --^ Sr •, consequently 

1 4}r 4)r 

x" +i' = -r^> and k z^^x" +y-=z—. 
^y • 2y 

This value of iz, the fluxion of a circular arc, may be found 
more easily thus : In the fig. to art. 60, the two triangles 
EDc, xiae are equiangular, being each of them equiangular 
to the triangle etc : conseq. ed : ilq, : : Ea : to that is, - 

• 

y : 4^ : : iV : « = — , the same as before, 

2y 

The value of « being foimd,'by substitution is obtained 
2r)'« = acx for the fluxion of the spherical surface, generated 
by the circular arc in revolving about the diameter ad. 
And the fluent of this gives acx for the said surface of the 
spherical segment bae. 

But ac is equal to the whole circumference of the gene- 
rating circle ; and therefore it follows, that the surface of 
any spherical segment, is equal to the said circumference of 
the generating circle, d^pawn into x or ad, the hei^t of the 
segment. 

Also when .r or ad becomes equal to the whole diameter a^ 
the expression ^rrA'^ becomes aca or ca^^ or 4 times the area of 
the generating circle, for the surface of the whole sphere. 

And these agree with the rules before found in Mensura- 
tion of Solids. 

Exam. 2. To find the surface of a spheroid. 

Exam. 3. To find the surface of a paraboloid. 

Exam. 4. To find the surface of an hyperboloid. 



To FIND THE CONTENTS of solids. 

^^. Any sohd which is formed by the revolution of a 
curve about its axis (see last ^g')y may also be conceived to 
be generated by the motion of the plane of an expanding 
circle, moving perpendicularly along the axis. And there- 
fore 
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fore th« area of that circle being drawn into the fluxion of 
the axis, will produce the fluxion of the solid. That is, 
AD X area of the circle bcf, whose radius is PE, or diameter 
|(E, is the fluxion of the soUd^ by art. 9. 

67. Hence, if ad = jt, de = j;, r := 3*14I6j becauise 
itf is equal to the area of the circle bcf ; therefore cfk is 
the fluxion of the solid. Consequently if, from the given 
equation of the curvei the value of either f or x be founds 
and that value substituted fof it in the expression ry**, the 
fluent of the resulting quantity, being taken, will be the so- 
lidity of the figure proposed. 

EXAMPLES. 

Exam. 1. To find the solidity of a sphere, or any segment. 

The equation to the generating circle being/ = ax — x^, 
where a denotes the diameter, by substitution, the general 
fluxion of the solid, cj^x^ becomes caxx — cx^Xy the fluent of 
which gives \ca9i^ — \cx'^y or ^r*'(3a — 2x\ for the solid con- 
tent of the spherical segment ba£| whose height ad is x. 

When the segment becomes equal to the whole sphere, 
then x=:a, and the above expression for the solidity, becomes 
^<? for the solid content of the whole sphere* 

And these deductions agree with the rules before given 
and demonstrated in the Mensuration of Solids« 

Exam. 2. To find the solidity of a spheroid. 

Exam. 3. To find the solidity of a paraboloid. 

Exam. 4. To find the solidity of an hyperboloidt 



To FIND LOGARITHMS. 

68. It has been proved, art. 23, thjjt the fluxion of the 
hyperbolic logarithm of a quantity, is equal to the fluxion of 
the quantity divided by the same quantity. Therefore, when 
any quantity is proposed, to * find its logarithm ; take the 
fluxion of that quantity, and divide it by the same quantity j 
then take the fluent or the quotient, either in a series or 
otherwise, and it will be the logarithm sought ; when cor* 
rected as usual, if need be ; that is, the hyperbolic logarithm. 

69. But, for any other logarithm, multiply the hyperbolic 
logarithm, above found, by the modulus of the system, for 
thi logarithm S9ught. 

Note. 
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Note. The modulus of the hyperbolic logarithms^ is I ; 
and the modulus of the common logarithms, is '43429446190 
&c ; and| in general, the modulus of any system, is equal to 
the logarithm of 10 in that system divided by the number 
2-302585092994.0 &c, which is the hyp. log. of 10. Also, 
the hyp. log. of any number, is in proportion to the com. log. 
of the same number, as unity or 1 is to '43429 &c, or as 
the number 2*302585 &c, is to 1 ; and therefore, if th? 
common log. of any number be multiplied by 2*302585 &c, 
it will give the hyp. log. of the same number ; of if the hyp* 
log. be divided by 2-302585 &c, or multiplied by '43429 
&c, it will give the common logarithm. 

Exam. 1. To find the log. of — ^— . 

Denoting any proposed number z, whose logarithm is 
required to be found, by the compound expresaon - • - 

— 21 — , the fluxion of the number », is-., and the fluxion 
a a 

of the log. _=_,.^ =^--- + - - + &c. 
Zf- a -{• X a a^ or tr 

Then the fluents of these terms give the logarithm of % 

CL '\ X X 3C^ X^ V^ 

or logarithm of ■ ^ =- — — + — — 1 — &c. 
^ a a 2fl* 3fl' 4a* 

^V - iMV AiB ^M^^V ^HB^ft ^^A^b 

Writing — x for ;r, gives log = — «— — — — — 4c. 

a a 20- 3a^ 4fl* 

Mult, these numbs, and ) , a + x_Qx i 2.r* , 2x^ « 
adding their logs, gives | ^S* ^-3*^ - -j "*" 3^? "*" 5;^ ^* 

Al^o, because—^ = 1 -r- -i^, or log.-— = O — log ?-±5; 

a±x a a±x ^ a 

therefore log. of — — is --« - -f- . — — — + — &Cj 
^ a + x a 2a* 3a' 4a* 

and the log. of is+^-f- — + — + — .&c, 

^ a- X a 2a^ 3a' 4a* 

the prod, gives log-^^^^^ = _-+_ + _^ + &c. 

Now, for an example in numbers, suj^ose it were required 
to compute the common logarithm of the number 2. This 
will be best done by the series, 

log,ofi±^ = 2«X (i^ + ~ + ^ + ;£l&c. 

Making 
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Mailing — IT — = 2, gives a s 3ar ; conseq, - =: y, and ~ 
a — X ad" 

^ ^^, which is the constant factor for every succeeding tenxi \ 
also, 2w =i 2 X -43429448190= -868588964; therefore the 
calculation will be conveniently made, by first dividing this 
nunxber by 3, then the cjuotients successively by 9, and 
lastly- these quotients in order by the respective numbers 
1>. 3* 5| 7,, 9, &C| apd after that, adding all the terms toge- 
ther, as follows : ... 



ft ) -868588964. 
9 ) 289529654 
9 ) 32169962 
3574440 
397160 



) 



9 ) 
9 )- 
9) 
9 ) 
9 ) 
9 ) 



44129 
4903' 
545 
61 



1 

3 
5 

7 
9 

11 ) 
13 ) 
15 ) 



•289529654 

32169962 

3574440 

- 397160 

'^44129 

' 4903 

545 

61 



( 



I 

( 
( 
( 



•289529654 
10723321 

'7146888 

56737 

' "4903 

446 

42 

4 



■J . : 



Sum of the terms gives log. 2 = -301029995 



T«- 



:Exam. 2. To find the log. oi^-^JH. 



\ I 



EiL^M. 3. To.find^he tog, of « — a. 
* EatA^i- 4. Ta findjtheTog. of 3. 
Exam- 5. To«fin4 -the-log. ^f 5. r 
Ex A>fc ■ 6. • To- iihds:.tEe log. of 1 1 . ' - 
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To BHfe THElPOINTSoElNFjLEXION,pTroFC^<rFRARY 

FtEXURE, IN CURVES. 

70. The Point df ^ 
Inflexion in a curve, 
is tlul point of it 
which separates the 
toi^ave firom. the coQ^ 
vejt part, lying be* 
tween the two; or 
where the curve changes froni concave to convex, or from 
convex to concave, on the same side df -the curve. Such as 
the point e in the annexed figures, where the former of 

the 
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the two Is concave towards the axis Ad, fr6m a to E> but 
convex from e to F ; and on the contrary, the latter figure 
is convex from a to e, and concave from e to f. 

7 1 . From the nature of curvature, as has been remarked 
before at art. 28, it is evident, that when a curve is concave 
towards an axis, then the fluxion of the ordinate decreases, 
or is in a decreasing ratio, with regard to the fluxion of the 
absciss ; but on the contrary, that it increases, or is in an 
increasing ratio to the fluxion of the absciss, when the curve 
is convex to^vards the axis ; and consequently those two 
fluxions are in a constant ratio at the point of inflexion, 
where the curve is neither convex nor concave ; that is, x is 

• • 

toy in a constant ratio, or - or -is a- ton st ant quantity. 

But constant quantities liave no fluxion, or their fluxipn js 
equal to nothing ; so tliat, in this case, the fluxion of 

• • 

- or of- is equal to nothing. And hence we have this general 

X y 

rule : 

72. Put the given equation of the curve into fluxions ; 

from which find either - or -. Then take the fluxion of 

X y 

this ratio, or fraction, and put it equal to or nothing ; and 

X y 

from this last equation find also the value of the same - or 7. 

y ^ 

Then put this latter value equal to the former, which will 

form an equation ; from which, and the first given equation 

of the curve, x and y will be determined, being the absciss 

'And ordinate answering to the point of inflexion in the 

curve, as required. 

EXAMPLES. 

Exam. 1. To find the point of inflexion in the curve whose 
equation is ax' = a^y + x'^y. 

This equation in fluxions is 2axx = a^y + 2.VJ'* + ^it 

which gives- = ^ -. Tlien the fluxion of this ^quantity 

y lax — ^xy 

made = 0, gives 2xx (ax — xy) = (/j*+ **) X (^*,r" ^y^^y)*^ 



and this 



• J? I 1, 
X a^ -Y ^ ^ 
agam gives - = ^ x 



Lastly, this value of t being put equal the former, gives 

A 

... ;.. ^ 1±> 

a"- - x^ 



ft^d 



twnom. 



^+^ 



a* + x* 1 
2x 



I and hence 2x^ssi a* -• 



j^\ 



nr* — «* *tf — ' ji Yx fl — V 

or 3.r* = a% and jt =r tf^/j-J *^® absciss. 

Hence also^ from the original equation^ - - - ^ -~ ^ 

*-- = n s 1^1, the ordinate to the point of in- 

tf* + a:* |a* f 



J = 



flexion sought. 

Exam* 2. To find the point of inflexion in a curve de-* 
£ned by the equation ay = a^ax + xx. 

Exam. S» To find the point of inflexion in a ^ufve defined 
by the equation ay^ t^fl^x + X^. 

Exam. 4. To find the point of inflexion 
io the Conchoid of Nicomedes^ which is 

fenerated or colistructed in this manner : 
Vom a fixed point p^ which is cdlled the 
pole of the conchoid, draw any number of 
right lines pa, pb, pc, pe, &c, cutting 
the given line fd in the points f, g, h, i, 
&c: then make the distances fA, gb, hc, iet, &c, equal 
to each other, and equal to a given line ; then the curve line 
ABCE, &c, will be the conchoid i a curve so called by its in<» 
ventor Nicomedes* 




To FIND THE RADIUS OF CURVATURE of CURVES. 

7S. The Curvature of a Circle is constant, or the same 
in every point of it, -and its radius is the radius of curvature* 
But the case is difierent in other curves, every one of which 
has its curvature continually varying, either increasing or 
decreasing, and every point having a degree of curvature pe» 
culiar to itself^ and the radius of a circle which has the same 
<:urvature with the curve at any given point, is the radius of 
curvature at that pointy which radius it is the business of this 
chapter to find. 

74. Let AE^ be any curve, con- 
cave towards its axis ad ; draw an 
ordinate de to the point e, where 
the curvature is to be founds and 
suppose EC perpendicular to the 
curve, and equal to the radius of 
curvature sought, or equal to the ra- 
dius of a circle having the same cur- 
vature there,and with that radiusde- - 
scribe the said equally-curvedcircle 

hne 
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B£^; lastly^ draw isJ parallel to ad, and de parallel and 
indefinitely near to de : thereby making Erf the fluxion or 
increment of the absciss ad, also de the fluxion of the ordi- 
nate DE, and E^ that of the curve ae. Then put x :i= ad, 
y = DE, z = ae, and r == CE the radius ot curvature \ 
then is Erf = xy de =i, and E^ = «. 

Now, by sim. triangles, the three lines Erf, rf<f, E^, 

or;r, i, «, 
are respectively as the three - - - ge, gc, ce ; 
therefore - - - - - - - - -Cc.;e = GE-^; 

and the flux, of this eq. is GC • at + gc . i = ge . j' + ge . y, 

• • • • 

or, because go = — bg, it is gc . ir — bg . ;r = ge . j? + ge -i. 

But since the two curves ae and be have the same cur- 
vature at the point e, their abscisses and ordinates have the 
same fluxions at that point, that is. Erf or i- is the fluxion 
both of AD and bg, and de or y is the fluxion both of DB 
and GE. In. the equatioh above therefore substitute x fpr 

BG, andi for ge, and it becomes 

GCir — XX = Gvy +ii> 
or Gdc — G^y = x*" +i* = i*. 

Now multiply the three terms of this equation respectively 
by these three quantities, — » — % — > which are equals 

GC GE CE 

and it becomes - - - yx — xy :sz — , or — .; 

CE r 

and hence is found r = , for the general value of the 

yx — xy 

radius of curvature, for all curves whatever, in terms of the 
fluxions of the absciss and ordinate. 

75. Further, as in any case either x ox y may be supposed 
to flow equably, that is, either k or y constant quantities, or 
X or y equal to nothing, it follows that, by this supposition, 
either or the terms in the denominator, of the value of r, 
may be made to vanish. Thus, when x is supposed constant, 
X being then = 0, the value or r is barely ------ 



7. > Or r is = TTT when y is constant. 



— xy yx 



EXAMPLES. 



Exam. 1. To find the radius of curvature to any pdnt 
Vol. IL Y o£ 
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©f a paraboki whose equation is /ix = /, its vertex being a, 
and axis ad. 

Now, the equation to the curve being ax = /, the fluxion 
of it is a.v =: 2j^ ; and the fluxion of this again is ax = 2f^ 
supposing^ constant ; hence then r or 

y'x yx 2df- 2^ a 

for the general value of the radius of curvature at any point 
£, the ordinate to which cuts off the absciss ad =s x. 

Hence, when the abciss X is nothing, the last expression 
becomes barely Ja = r, for the radius of curvature at the 
vertex of the parabola ; that is, the diameter of the circle of 
curvature at the vertex of a parabola, is equal to a, the pa- 
rameter of the axis. 

Exam. 2. To find the radi us of cu rvature of an ellipse, 
whose equation is ^y = ^ . <w — a:*. 

Ans. r = K^ + ^(^'-g')x(^"^)^ 

2tf^c 

Exam. 3. To find the radius of curvature of an hyper- 
bola, whose equation is a*/ =^ c^ . ax + x^. 

Exam. 4. To find t he radius o f curvature of the cycloid. 

Ans. r = 2\/aa — ax, where x is the absciss, and 
a the diameter of the generating circle. 



Of involute and EVOLUTE CURVES* 

76. An Evolute is any curve supposed to be evolved or 
opened, by having a thread wrapped close about it, fastened 
at one end, and beginning to evolve or unwind the thread 
from the other end, keeping always tight stretched the part 
which is evolved or wound off: then this end of the thread 
will describe another curve, called the Involute. Or, the 
same involute is described in the contrary way, by wrapping 
the thread about the curve of the evolute, keeping it at the 
same time always stretched. 

77. Thus, 



I>fVOLUTES AND EVOLUTES. 
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77k Thus, if EFGtt be any curve, 
and AE be either a part of the curve, 
or a ri^ht line : then if a thread |be 
fixed to the curve at H,and be wound 
or plied close to the curve, &c, from 
H to A, keeping the thread always 
stretched tight J the other end of the 
thread will describe a certain curve 
ABCD, called an Involute ; the first 
curve EFGH being its evolute. Of, 
if the thread, fixed at h, be unwound 
from the curve, beginning at A, and keeping^ it always tightj 
it will describe the same involute abcd. 




78. If AE, BF, CG, DH, &c, be .any positions of the 
thread, in evolving or unwinding ; it follows, that these parts 
of the thread are always the radii of curvature, at the cor- 
responding points. A, B, c, D ; and also equal to the cor- 
responding lengths AE, AEF, AEFG, AEFGH, of the evolute 'y 
that isy 



AE = AE is the radius of curvature to the point a, 
BF = AF is the radius of curvature to the point b, 
CG = AG is the radius of curvature to the point c, 
DH = AH is the radius of curvature to the point d, 

79. It also follows, from the premises^ that any radius of 
curvature, BF, is perpendicular to the involute at the point b, 
and is a tangent to the evolute curve at the point f. Also, 
that the evolute is the locus of the centre of curvature of the 
involute curve. 



80. Hence, and from art. 74, it will 
be easy to find one of these curves, 
when the other is given. To this 
purpose, put 

X = AD, the absciss of the involute, 
y = DB, an ordinate to the same 
z = AB, the involute curve, 
r = BC, the radius of curvature, 
'u = EF, the absciss ofthe evolute EC, 
u = FC, the ordinate of the same, and 
a = AE, a certain given line. 

Y2 




Then 
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Then, by the nature of the radius of curvature, it fs 

r = T-r 17. = Bc = AE + EC ; also, by sim. triangles, 

yx — xy 

• • •» 
^* «. ^* 

7i \ X \\ T \ GB — -:- — 7*;;: 77; J 

« yx ^ xy 

• .•.../- ry ^ y^ 

% \y \i T I GC =« -7— — t:: — .,> 

X yx -^ xy 

Hence ef = gb — db = tz tz — j^ = v ; 

yx - xy 

and FC = AD — AE + GC =? r — tf + :-^^^ = «; 

.r^ - xy 

which are the values of the absciss and ordinate of the 
evolute curve £C ; from which therefore these may be found, 
when the involute is given. 

On the contrary, if v and «, or the evolute, be given : 
then, putting the given curve ec = x ; since cb = ae + Ec, 
or r = fl + /, this gives r the radius of curvature. Also, 
by similar triangles, there arise these proportions, viz. 

rv a + J • 

s : V I : r : —7 : — v = gb, 

\ * 

, • • ru « + ^ • 

and s :u ::r : — i-* u =z CCi 

; ^ 

theref. ad = AE + fc — GC = a + 1/ — — 5— u = x^ 

s 

and db = GB — GD = gb — EF = z — V '^ V =s y; 

s 

which are the absciss and ordinate of the involute curve, and 
which may therefore be found, when the evolute is given. 

Where it may be noted, that x* = v* + »*, and sc* = *^ +i*. 
Also, either ,of the quantities x^ y^ may be supposed to flow 
equably, in which case the respective second fluxion, x or >', 
will be nothing, and the corresponding term in the denomi- 
nator yx — xy will vanish^ leaving only the other term in it \ 
which will have the effect of rendering the whole operation 
simpler. 

81. EXAMPLES. 

Exam. 1 . To determine the nature of the curve by whose 
evolution the common parabola as is described. 

Here 
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Here the equation of the given involnte AB| is ex =/ 
where c is the parameter of the axis ad. Hence ^hen 

C "^ X* c 

y = A/cXf and } = ix^Z-y also j =i -- — ^ - by making 

•^ X 4:X X 

X constant. Consequently the geneiral values of v and u, or 
of the absciss and ordinate^ ef and fC| above giyeni become^ 
in that case^ 



^* + i* . .'^ 



8F = V = — :; — « =s :: y =s 4jrv^ — ; and 

FC3?«/ = jr — a+ ^^—r» = Sot + 4c — fl. 

- ^y 

But the value of the quantity a or ae» by exam. I t0 
art. 75, was found to be \c ; consequently the last quantity, 
FC or Ui is barely = 9x. 

Hence then, comparing the values of v sind Uj there i$ 
found 3v-v/c = ^UA^Xy or 27ft;* = 16«' ; which is the equa^ 
tion between the absciss and ordinate of the evolute curve 
f:c, showing it to be the semicul^al parabola. 

Exam. 2» To determine the evolute of the common cy- 
cloid. Ans. another cycloid, equal to the former. 



To Find the CENTRE of GRAVITY. 

S2. Bt referring to prop. 42, &c, in Mechanics, it is seen 

what are the principles and nature of the Centre of Gravity 

in any figure, and how it is generally 

expressed. It there appears, that if 

PAQ^be a line, or plane, drawn through 

any point, as suppose the vertex of any 

body, or figure, abd, and if - - - 

s denote any section ef of the figure, 

d =s AC, its distance below pa, and 

b = the whole body or figure >abd ; 

then the distance ac, of the centre of 

.^ , , . . „ J ^ J 1 sum of all the df . 
gravity below pq, is umversally denoted by » ^ 

whether abd be a linej or a plane surface, or a curve superf- 
icies, or a solid* 

But 




MS FLUXIONS, 

But the stxm of all the ds, is the same as the fluent of dS^ 

and b is the same as the fluent of b ; therefore the general 
expression for the distance of the centre of gravityi is ac = 

fluent of xb fluent xb ^ . , , • tt j- . 
;- = 2 > puttmg X := a the variable distance 

fluent of ^ ^ 

AG. Which will divide into the following four cases. 

83. Case 1. When ae is some line, as a curve suppose. 

111 this qase, i is = i or -y/ i* + ^*, the fluxion of the curve ; 

, , 1 r fluent of ;rz fluent of A?-v/i*+/ 

and ^ = 2 : txierei. ac = = __^— 

z z 

is the distance of the centre of gravity in a curve. 

84. Case 2. When the figure abd is a plane ; then 
i ss yx'y therefore the general expression becomes Ac = 

t~-r- for the distance of the centre of gravity in a 

fluent otyx 

plane. 

85* Case 3. When the figure is the superficies of a body 
generated by the rotation of a line aeb, about the axis 
AH. Then, putting r = 3^14159 &c, 2cy will denote the cir- 
cumference of the generating circle, and 2cyz the fluxion of 

- • e ' fluent of 2cyxz fluent of yxJli 

the surfece j therefore ac = ^ --^ == —r / . 

fluent of 2cysc fluent otyz 

will be the distance of the centre of gravity for a surface 

generated by the rotation of a curve line z. 

86. Case 4. When^he figure is. a solid generated by the 
r(jt9tion of a plane abh, about the axis ah. 

Then, puttings == 3*14159 &c, it is cf = the area of 

the circle whose radius isy, and cyrx = ^, the fluxion of the 
3dLid9 therefore -------------- 

_ fluent of xb __ fluent of cy^xx _ fluent^ of y^xx 

fluent of ^ fluent of cfx fluent of /;c 

is the distance pf the pentre of gravity below the vertex in a 
s6lid. 

87. EXAMPLES. 

Exam. 1. Let the figure proposed be the isosceles triangle 

ABD. 

It i* evident that the centre of gravity c, will be some- 

where 
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where in the perpendicular ah. Now, if 
a denote ah, c = bd, x = AG, and 
y = E¥ any line parallel to the base bd : 

then zsa : c :: x : y=z — ; therefore,by the 

^ . ^ fluent yxx fluent x^x 4^ 

2d Case, Ac = — = = ^ — 

fluent yx fluent xx \x^ 

= |ar = fAH, when x becomes = ah : consequently 

CH == -jAH. 

In like manner, the centre of gravity of any other plane 
triangle, will be found to be at 7 of the altitude of the trian^ 
gle \ the same as it was found in prop. 43, Mechanics. 

Exam. 2. In a parabola ; the distance f^m the vertex is 
\Xy or I of the axis. 

Exam. 3. In a circular arc ; th^ distance frpm the centre 

of the circle, is — ; where a denotes the arc, c its chord, 

a 

and r the radius. 

Exam. 4. In a circular sector ; the distance from the centre 

2^'#" 
of the circle, is — : where ay c, r, are the same as in exam. 3. 

3a 

Exam. 5. In a circular segment ; the distance from th^ 
centre of the circle is — ; where c is the chord, and a the 

area, of the segment. 

Exam. 6. In a cone, or any other pyramid ; the distance 
from the vertex is ^r, or \ of the altitude. 

Exam. 7. In the semisphere, or semispheroid; the distance 
from the centre is \ry or 4 of the radius ; and the distsjice 
from the vertex \ of the radius. 

Exam. 8. In the parabolic conoid; the distance fron> the 
base is |^, or \ of the axis. And the distance from the ver- 
tex y of the axis. 

Exam. 9. In the segment of a sphere, or of a spheroid ; 
the distance from the base is x\ where ^ is the height 

OA ■""■ tX 

of the segment, and a the whole fixis, or dian^eter of the 
sphere. 

Exam. 10. In the hyperbolic conoid; the distance &om 

2a. + X 
the base is jt; where x is the height of the conoid, 

Oi» "^ tX 

and a the whole axis or dianieter, 

practical 
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PRACTICAL QUESTIONS. 



QUESTION I. 

A LARCB vessel, of 10 feet, or any other given depths 
tnd of any shape, being kept constantly £ull of water, by 
xneans of a supplying cock, at the top ; it is proposed to 
assign the place where a small hole must be made in the side 
of it, so that the water may spout through it to the greatest 
distance on the plane of the base. 

Let AB denote the height or side of 
l;he vessel ; ' D the required hole in the 
side, from which the water spouts, in 
the parabolic curve dg, to the greatest 
distance bg, on the horizontal plane. 

By the scholiuxa to prop. 61, Hy- 
draulics, the distance bg is always equal 

to 2v/ad . DB, which is equal to 

^^x[a — x) or 2 4/ ax — x% if a be put to denote the whole 
tieight IB of the ves sel, and j: = ad the depth of the hole. 

Hence 2*yax — x% or ojt — or*, must be a maximum. In 
fluxions, ai — 2xx =¥0, or a — 2a: = 0, and 2x = a, or 
X c? 4^. So that thes la^ble d must be in the middle between 
the top and bottom ; the same as before found at the end of 
the scholium above quoted. 




qpESTION II. 

If the same vessel, as in Quest. 1, stand on high, with 
its bottom a giv.en height above a horizontal plane below; it 
is proposed to determine where the small hole must be made> 
so. as to spout farthest on the said plane. 

Let the annexed figure represent the 
vessel as before, and be the greatest 
distance spouted by the fluid, dg, on 
the plane be. 




Here, as before, bc^ = 2^/ hB . Db 

5= 2js/x{c — .r) = 2\/cx — a:% by put- 
ting hb = c, and AD == X. So that 

2^ ex — X!^ or ex — af*^ must be a max- 
imum. Aad hence, like as in the former question, - ^r • 
»r = 7^ = jhb^ 3p th^t the hole d must be made in the 

middlq 
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middle between the top of the vessel^ and the given plane« 
that the water may spout farthest. 

QUESTION in. 

« 

But if the same vessel> as before^ stand on the top of an 
inclined plane^ making a given angle> as suppose of 30 de« 
grecsj with the horizon ; it is proposed to determine die 
place of the small hole, so as the water may spout the fiu> 
thest on the said inclined pisusae. 

Here again (d being the place of the 
hole, and bg the given inclmed plane), 

iG = ^a/au . Db ^ 2^x{a — *r ± z), 

putting % = Bi, and, as before, a = ab, 

and X = AD. Then 3g must still be a 

maximum, as also b3, being in a given 

ratio to the maximum bG| on account 

of the given angle b. Therefore ax — 

x'' ^ xZf as well as z, is a maximum. Hence^ by art* Bit of 

the Fluxions, ax — 2xx ± z;^ = 0, or a — 2*r ± z = ; 

conseq. ±z = 2jr — a; and hence be = 2v^ar(tf — x ± z) 
becomes barely 2x. But, as the given angle gb^ is = 30% 
the sine of which is ^ ; therefore bg = 2BJ or 2z, and 
bG^ = BG*- Blr= 3z*=3 (2x-aY, or *g = ± {2x-a)^S. 

Putting now these two values of hG equal to each other, 
gives the equation 2;r = ± {2x — a)y/Sf from which is found 

_ \a^S _3 ± v^3^ 




X = 



.a, the value of ad required. 



Note. In the Select Exercises, page 269, this answer is 

fi -4- a/ fi 

brought out— III a, by taking the velocity proportjpnd 



10 



to the root of half the altitude only. 



qUESTION IV. 

It IS required to determine the size of a ball, which^ being 
let fell into a conical glass fuE of water, shall expel the most 
water possible from the glass ; its depth being 6, and- dia- 
jneter 5 inches. 

Let ABC represent the cone of the 
glass, and dhe the ball, touching the 
<$ides in the points d and E, the centre of 
^he ball being at some point F in the axis 
cc of ^he cone- 



Put 
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Put AG =J OB = 2^ = ff, 
GC = 6 = ^, 

AC = v/AG* + CC* = 6^=: Cf 

AD = FE = FH = jr the radius of the ball. 
The two triangles acg and dcf are equiangular ; theref. 

AG : AC : ; DF : fc, that is, a : c :: x : — = fc j hence 

a 

ex ex 

gf = GC — re = *— — , and gh = cf + fh = ^ + jr — — , 

a a 

the height of the segment immersed in the water. Then (by 
rule 1 for tjie spherical segment, page 51), the content 
of the said immersed segment will be {6df — 2aH) X GH* 

X -5236 =? (2^ - ^ + ^) X (X + * - ff )» X 1-0472, 

a a 

which must be a maximum by the question ; the fluxion of 

this made = 0, and divided by 2x and the commoiji factors, 

2a + c ,, c—a % ,2a -^ c ,x c—a ^ ^ 
gives — -i— X {h— r)-( — Z__^-3) x x 2 = 0; 

a a cif a 

this reduced gives jt = 1-iLf = 2iU the fa- 

^ (c- tf) X (c + 2a) ^" 

dius of the bal]. Consec^uently its diameter is 4^ inches^ 
93 required. 



PRACTICAL EXERCISES concerning FORCES; with 

THE RELATION BETWEEN THEM AND THE TIMEj^ VE- 
LOCITY, AND SPACE DESCRIBED. 

Before entering on the following problems, it will be 
convenient here, to lay down a synopsis of the theorems 
"which express the several relations between any forces, and 
their corresponding times, velocities, and spaces, described j 
which are all comprehended in the following 12 theorems, 
as collected from the principles in the foregoing parts of this 
work. 

Let yi f, be any two constant accelerative forces, acting 
on any body, during the respective times if, t, at the end of 
which are generated the velocities v, v, and described the 
spaces /, s, Th.en, because the spaces are as the times and 
velocities conjointly, and the velocities as the forces and 
times ; we shall have, 

I. In 
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_ tv 


Z= 


^/ 
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TV 
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I. In Constant Forces, 

1. L = :^ = ?Z = rj: 

4. 

And if one of the forces, as f, be the force of gravity at 
the surface of the earth, and be called 1, and its time T 
be = l"j then it is known by experiment that the corre- 
;sponding space s is =' 16-^^ feet, and consequently. its velo- 
city V = 2s = 32^, which call %, namely, ^ = 16-^^ feet, 
or 193 inches. Then the above four theorems, in this case, 
become as here below : 

5. s = itv =: gff = .-!L-. 

6. V =: J. = 2gft — '/i'gfs. 

'^ ^gf gf 

8, / = :!L = JL = I!l, 

2gt ge- 4gx 

And from these are deduced the following four theorems, 
jFor variable forces, viz. 

IL In Variable Forces^ 
9. s = 

10. V = 



Jl. / = - 



19. f = 



ixt = 




%/ = 




m 

I ^ 

V 


• 

V 

Hf 


2gs 


V 

2^ 



la 
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In these last four theorems, the force f^ though variable* 

is supposed to be constant for the indefinitely small time /, 
and they are to be used in all cases of variable forces, as the 
former ones in constant forces ; namely from the circum- 
stances of the problem imder consideration, an expression is 
deduced for the value of the forceyi which being substituted 
in one of these theorems, that may be proper to the case in 
hand; the equation thence resulting will determine the 
corresponding values of the other quantities, required in the 
problem. 

When a motive force happens to be concerned in the 
question, it may b^ proper to observe, that the motive force «, 
of a body, is equal to fq^ the product of the accelerative 
force, and the quan^ty of matter in it ^ ; and the relation 
between these three quantities being universally expressed by 
this equation m = qj\ it follows that, by means of it, any 
one of the three may be expelled out of the calculation, or 
else brought intp it. 

Also, the momentum, or quantity of motion in a moving 
body, is qvy the product of the velocity and matter. 

It is also to be observed, that the theorems equally hold 
good for the destruction of motion and velocity, by means 
of retarding forces, as for the generation of the same, by 
means of accelerating forces. 

And to the following problems, which are all resolved by 
the application of these theorems, it has been thought proper 
to subjoin their solutions, for the better information and con- 
venience of the student. 



PROBLEM i^ 

To determine the time and velocity of a body descending^ by the force 
of gravity y down an inclined plane ; the length of the planeheing 
20 feet J and its height \foot. 

Here, by Mechanics, the force of gravity being to the 
force down the plane, as the length of the plane is to its 
height, therefore as 20 : 1 :: 1 (the force of gravity) : -^z;=f 
the force on the plane. 

Therefore, by theor. 6, vor \/4'gfs is v^4 x 16-j^- x -^x 
20 = V4 X IS-rr = 2 X 4^or8:^Vfeet nearly, the last 
velocity per second. And, 

= 454 seconds, the time of descending. 

PROBLEM 
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PROBLEM II. 

If a cannon ball be fired with a velocity of 1000 fieet per second^ 
up a smooth inclined plancy which rises 1 foot in 20 : it is 
proposed to assign the length which it will ascend up the plane y 
before it stops and begins to return down again, and the time of 
its ascent. 

Here/ = ^V ^ before. 

rru u .^ e ^ 1^00* 60000000 
Then, by theor. 5, / = — ^^=r — = 

= 310880441 ^ec^ or nearly 59 miles, the distance moved. 

And, by theor. 7, / = -^ = ]^^.2_ = l£?i22 = 

2gf 2x16AXtV 193 
€21" \%\, = 10' 2\"\%\^ the time of ascent. 



PROBLEM III. 

If a ball be projected up a smooth inclined plantiy which rises \ foot 
in \0, and ascend 100 feet before it stop : required the time of 
ascent, and the velocity of projection. 

First, by theor. 6, v as ^^gfs = v^4 x IQ^ X Tb x 
100 = S-^ v/ 10 = 25*36408 feet per second, the velocity. 

And, by theor. 1,t=^^J. = v^ — ^^^ = i^ y' 10 = 
WV^O =s 7*88516 seconds, the time in motion. 

PROBLEM IV. 

If a ball be observed to ascend up a smooth inclined plane, 
100 feet in 10 seconds, before it stop, to return back again: 
required the velocity of projection, and the angle of the plants 
inclination* 

Si" 200 
First, by theor. 6, v = — = — = 20 feet pw second, 
y s ' ^ 10 ^ ' 

the velocity. 

A J t_ i_ « y -f 100 12 ^, 
And, by theor. 8, / = -— = — = . That 

' ^ g^ 16^x100 193 

is, the length of the plane is to its height, as 193 to 12. 

Therefore, 193 : 12 :: 100 : 6.-2176 the height of the 
plane, or the sine of elevation to radius 100, which answers 
to 3^ 34<'| the angle of elevation of the plane. 

PROBLEM 
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PROBLEM V. 

By a mean of several experiments^ I have founds that a cast irm 
ballf of 2 inches diameter^ fired perpendicularly into the 
face or end of a block of elm ivoody or in the direction of the 
fibres^ with a velocity of 1500 feet per second^ penetrated 
13 inches deep into its substance. It is proposed then to deters 
mine the time of the penetration, and the resisting force of the 
wood, as compared to the force of gravity, supposing that force 
to be a constant quantity. 

T- ,,^ 2/ 2x13 1 

First, by theor. 7yt= — = = — part of a 

' ^ V UQO X 12 692 ^ 

second, the time in penetrating. 

A ^ u 1. ^ ^ '^ 1500* «1000000 
And, by theor. 8, / = — := — =a — 

^ -^ 4^/ 4x 16-^ X 41 13 X 193 

= 32284. That is, the resisting force of the wood, is to 
the force of gravity, as 32284 to 1. 

But this number will be difFefrent, according to the dia- 
meter of the ball, and its density or specific gravity. For, 

ainceyis as— by theor. 4, the density and size of the ball 

remaining the same ; if the density, or specific gravity, «, 

vary, and all the test be constant, it is evident that f will 

nv^ ■ 
be 2LS nx and therefore /"as — when the size of the ball 

•^ s 

only IS constant* But when only the diameter </* varies, all 

the rest being constant, the force, of the blow will vary as d^, 

or as the magnitude of the ball ; and the resisting surface, or 

. d^ 
force of resistance, varies as rf* ; therefore^is as — , or as d 

only when all the rest are constant. Consequently y is as 

dnv^ 

— when they are all variable. . 

A J f dnv^s . s dnv^v , /• , 

And so ^ = , and — = ; where / de- 

F DNV^J s DNvy 

potes the strength or firmness of the substance penetrated, 
and is here supposed to be the same, for all balls and velo- 
cities, in the same substance, which it is either accurately or 
nearly so. See page 264, &c, of my Tracts. 

Hence, taking the numbers in the problem, it is - - - 

_ dnv^ _ A X 74 X 1 500' _ 44 X 1500^ _ o^qr^ro 
J - ^^— _ 2538462 

the value oifior elm wood. Where the specific gravity of 

the 
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the ball is taken 7^, which is a little less than that of solid 
cast iron, as it Ought, on account of the air bubble which is 
found in all cast balls. 

PROBLEM VI. 

To find how far a 2^lb ball of cast iron will penetrate into a 
block of sound elmy when fired with a velocity of 1600 feet per 
second* 

Qere, because the substance is the same as in the last 

problem, both of the balls and wood, n = ;/, and f = fi 

^ - s Dv'^ DvV 5-55 X 1600* x 13 

therefore - = -r^r-* or s = — — - = ^ = 

s dv"- ' dv"- 2 X 1500* 

41;^ inches nearly, the penetration required. 

PROBLEM VII. 

It was found by Mr, Robins (vol. i. p. 273, of his *u)orks)y 
that an IS-'pounder ball^ fired with a velocity of 1200 feet 

, per secondy penetrated 34 inches into sound dry oak. It is re^ 
quired then to ascertain the comparative strength or firmness of 
oak and elm * 

The diameter, of an 181b ball is 5'04 inches = d. Then, 
by the numbers given in this problem for oak, and in prob. 5, 
for elm, we have - ------•---_- 

^ = .^ = g X 1500* X 34 _ 100 X 17 _170Q 
F DV*x 5-04x1200^x13 5-04 x 16 x 1& 1048 
or = 4 nearly. 

From which it would seem, that elm timber resists more 
than oak, in the ratio of about 8 to 5 ; which is not probable, 
as oak is a much firmer and harder wood. But it is to be 
suspected that the great penetration in Mr. R.'s experiment 
was owing to the splitting of his timber in some degree. 



PROBLEM VIII. 

A 24*'pottnder ball being fired into a bank of firm earthy with « 
velocity of 1300 feet per second^ penetrated 15 feet. It is 
required then to ascertain the comparative resistances of dm and 
earth. 

m 

Comparing the numbers here with those in prob. 5, it is 

/ 

F 
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/ _ A^ _ 2 X 1500' X 15 X 12 _ 15* x 24f _ 

F Dv*/ 5-55 X 1300* x 13 133x0-37 "^ 

'-^° = y* nearly = 6|. nearly. That is> elm timber resists 
about 6y times more than earth. 



PROBLEM IX. 

To determine how far a leaden bullet ^ of ^ of an inch diameter y 
nmll penetrate dry elm ; supposing it fired with a velocity if 
1 100 feet per second^ and that the lead does not change its figure 
by the stroke against the wood. 

Here d = 4> ^ = 1 1-f, « = 7y. Then, by the numbers 
and theorem in prob. 5, itiss= -------- 

DNvV _ j. X llj- X nop* X 13 _ 17^ X 13 _ 63869 

rf«v* 2 X 7 j- X 1500* 200 X 33 6600" 

= &y inches nearly, the depth of penetration. 

But as Mr. Robins found this penetration, by experiment^ 
to be only 5 inches \ it follows, either that his timber must 
have resisted about twice as much ; or else« which is much 
more probable, that the defect in his penetration arose from 
ihe chanee of figure in the leaden ball he usedi from the 
Uow against the wood. 



PROBLEM X. 

jl one pound bally projected with a velocity of 1500 feet per 
second, having been found to penetrate 1 3 inches deep into dry 
elm: It is required to ascertain the time of passing through 
every single inch of the 13, and the velocity lost at each of them ; 
supposing the resistance of the wood constant or uniform. 

The velocity V being 1500 feet, or 1300 x 12 = 18000 

inches, and velocities and times being as the roots of the 

spaces, in constant retarding forces, as well as in accelerating 

, ^ , . 2x 26 13 1 ^ 
ones, and t beme = — = = = part 

V 12 x 1500 9000 692 

of a second, the whole time of passing through the 13 inches j 
therefore as 



V^13 
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V'lS.VlS- v'l2::v: 



veloc. lost 



Time in the 



yia —'^ = 56-9 : It : ^ y •A' ^^ -OOQQg Ut 



^/13 



-V = 61'4 : : / : 



v/l3 



v/11-v^io ^^ ^ , v'ii-a/io 

_^^ v= 64-2 &c / ^ 

V'lO-v'9 



V'13 



•V- 67 5 



— v= 7L'4 
-v/13 

-^W-"= 8,8-8 
a/5-v/4 

^/13 
^/4~^/3 

-v/13 

a/3--v/2 



v= 98-2 



V = 111-4 



^13 -=132-2 
V'2-v'l .^^„ 

Sum 1500-0 



v^lS 
v/ 1 0.- ^/^ 



-v/13 






v/13 



v/13 
v/6-V5 

>v/13 
v/5-x/4 

v/13 
v/4-v/3 



v/13 
a/3-v^2 



v/13 
^/2-v/l 

v/13 
v/l-v/0 



= -00006 2d 
^ ^00006 3d 
== '00007 4th 
=i '00007 5th 
=t -00007 .6th 

== -OOOOS 7th 
=± -OPOOS Sth 
= -00009 9th 

= -00011 10th 

= -00013 11th 
= -00017 12tli 
= -00040 13th 



V 13 

Sum -^ or '00144 sec. 



Hence, as the motion lost at the begingilfej^js very small ; 
and consequently the motion commupi|:a^^ato any body; a$ 
an inch plank, in passing through it, iS]" very small also; we 
can conceive how such a plank. m;iy. be. ^ot through^, when 
standing upright, without oversetting it. 



Vol. II. 
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PKOBLEM XI. 

t 

The force of attraction^ abo^e the earthy being inversely ms the 
square of tie distance from the centre ; it is proposed to determine 
the timCf velocity, and other circumstances, attending a heavy 
body falling from any given height ; the descent at the earth s 
surface being 16^ feet, or 19S inches^ in the first second of 
time. 

Put' 

r = cs the radius of the earthy 

= CA the dist. £illen from, 

JT 3= cp any.variabledistancej 

V = the velocity at p, 

/ = time of falling there, and 

g s 16x^9 half the veloc. or force at Sj 

f = the force at the point p. 

Then we have the three following equations, viz. 

r* 
;if* : r* : : 1 :/ = 3 the force at p, when the force of 

gravity is considered as 1 ; 
/ti = — ^» because x decreases ; and > 

The fluents of the last equaticm give n? = -^ -^ But 
when ;r = «, the velocity v = 0} therefore, by correctlonj 

V* = -2 §— c= 4^r* X ; or V ?= v^(-^ x ), 

X a • ajc « ^ 

a general expression for the velocity at any point p. 

When Af = r, this gives v = y/i^gr x -) for the 

a 

greatest velocity, or the velocity when the body strikes the 
earth. 
When a is very great in respect of r, the last velocity 

becomes (1 -5-) X \/4^ very nearly, or nearly ^/^gr only, 

which is accurately the ^eatest velocity by falling from an 
infinite height. And this, when r ss 3965 miles, is 6'9506 
miles per second* AlsO| the velocity acquired in falling from 

the 
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the distance of the sun, or 12000 (Jwmeters of tlie esuth^ 
is 6'9505 miles per second. And the velocity acquired in 
filling; from the dfstance of the ihoon, or 30 diameters, is 
6*8927 miles per second. 

Again, to find the time; since tv ^ -- x, therefore 
t V-— -X — ===; the correct fluent of 



a 



which gives / = v^ x (v/fl^— x^ + arc to diameter a 

and vers* a — x)\ or the time of falling tb any point p = 
— 'sj - X (AB + B?). And when x = r, this becomes 

/ = 4. v^f X ^^^' — ^for the whole time of falling to the 

surface at s 5 which is evidently infinite when a or ac is 
infinite, thdugh the velocity is thefi only the finite quan- 
tity ^/4^r. 

When the height above the earth's surface is given = jf J 
because r is then nearly = a, and ad nearly = Ds, the 
time / for the distance g will be nearly ---#.--- 

^ — X 2ds3c-v^ — X tj 4fgr t=z 1", as it ought to be. 
4'gr^ 4fgf 

If a body, at the distance of th^ moon at a, 'fall to the 
Earth's surface at s^ Then r 5= 3965 miles, a ac: 60r, and 
/ = 416806" = 4 da. i9h. 46' 46", which is the time of 
falling from the moon to the earth. 

When the attracting body is considered as a point c ; 
the whole time of descending to c will be - - - - - - 

1 /« w -«^^ •7a54tf .a 10a /^»*'7854 .a^, 

2r g r g 5lr '^ g 

Hence, the times employed by bodies, in falling from qui- 
escence to the centre of attraction, are as the square roots of 
thiB cubes of the heights from which they respectively falk 

I>ROBL£M XII. 

Tbe force of attraction below the eartVs surface being dindly 
as the distance from the centre: it is proposed to determine the 
circumstances of vehcity^ timey and space fallen by a heavy 
body from the surface<^ through a perforation made straight to 
the centre of the earth: abstracting from the effect of the ehrtFs 
rotation, and Supposing it to be' a homogeneous sphere of 3965 
miles radius* 

Z2 Put 



\ 
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Put r = AC the radius of the earth, 

X = cp the dist. iFrom the centre, 

V = the velocity at p, 

/ = the time there, 

g = 16,V, half the force at A, 

y = the force at p. 
Then ca : cp : : 1 : A and the tliree B 

equations are tf = .r, and w = — 2^x, and tv =z — x. 

Hence / = -j^ndin; = — ^-^ j the correct fluent of 
r r 

which gives v = 's/i^^g x ) = pd v^_I=pdv^ -^, the 

r ' r CE 

velocity it the point p ; where pd and ce are perpendicular 

to ca. So that the velocity at any point p, is as the per* 

pendicular or sine pd at that point. 

When the body arrives at c, then v = *^^gr = ^s/^g'^^ 
r: 25950 feet or 4*9 148 miles per second, which is the 
greatest velocity, or that at the centre c. 

Again, for the timej / = Zf = v^-!l x - Zl^ ; and the 

V 2g y^r*-^*' 

fluents give / = ^ — x arc to consine - = s/ — X arc 

2g r 2gr 

AD. So that the time of descent to any point p> is as the 
corresponding arc ad. 

When p arrives at c, the above becomes /=---- 

Vi- X quadrant AE =: ~ s/S- = V 51 08s/— = 12674 
^ '2^r AC 2^ 2g 

seconds = 2l' T^'^J-, for the time of falling to the centre c. 
The time of falling to the centre is the same quantity 

1*5708 y/ — , from whatever point in the radius AC the body 

begins to move. For, let « be any given distance from c 
at which the motion commences: then, by correction, 

V =i\/{^-2.'n^ — x% and hence/ = \/ — X — , the 

^ '^g x/n'^x"- 



r . .r 



xfluents of which give / = -v^ — . x arc to cosine ~; whichj 

when X — Of gives / = ^Z— x quadrant = 1-570S J —y 

^■? H 

for the time of descent to tl»e centra c, tlxe same as before. 

As 
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As an equal force, acting in contrary directions, generates 
or destroys an equal quantity of motion, in the same time ; 
it follows that, after passing the centre, the body will just 
ascend 'to the opposite surface at B, in the same time in 
which it fell to the centre from a. Then from b it will 
return again in the same manner, through c to a ; and so- 
oscillate continually between A and b, the velocity being 
always equal at equal distances from c on both sides ; and 
the whole time of a double oscillation, or of passing from A 
and arriving at a again, will be quadruple the time of passing 

over the radius* ac, or = 2 x 3-1416^/— = Ih. 24' 29'V 

PROBLEM XIII. 




ToJUid the Time of a Pendulum vibrating in the Arc of a 

Cyloid, 

Let . 

s be the point of suspension y 
SA, the length of pendulum ; 
CAB, the whole cycloidal arc ; 
AiKD, the generating circle, . 

to which FKE, HiG are per- 
pendiculars, 
sc, SB two other equal se- 

micycloids, on which the 

thread wrapping, the end 

a is made to describe the 

cycloid BAC. 

Now, by the nature of the cycloid, ad = Ds.; and 
SA = 2ad =i sc = SB = SA =: ab. Also, if at iiiy point 
G be drawn the tangent gp; al^o g<^ parallel and p<^per-» 
pendicular to ad. Then pg is parallel to the chord ai by 
the nature of the curve. And, by the nature of foPce^, the 
force of gravity : force in direction c? : : gp : Cq^: : Ai : 
AH : : ad : AI ; in like manner, the force of gravity : force 
in the curve at E :: ad : Ak ; that is, the accelerative force 
in the curve, is everywhere as the corresponding ch^rd ai 
or AK of the circle, or as the arc ag or ae of the cycloid^ 
since AG is always = 2ai, by the nature of the curve. So 
that the process and conclusions, for the velocity and time of 
^escribing any arc in this case, will be the very same as in 
the last problem, the nature ojf the forces being the same, 
vb:. as the distance to be passed over to the lowest j>oint a* 
'^ Trom 
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From which it follows, that the time of a semi-vibratio^^ 
in all <ircs, ag> ae, &c, is the same constant quantity 

1-5708^1-= 1-5708^/^ =^ V5.10B^Li and the time 

of a whole vibration from B to c, or from c to Bjis 3'1416v^ — ; 

where / » as = ab is the length of the pendulum, g = 16^ 
feet or 193 inches, and 3' 141 6 the circumference of a circle 
whose diameter is 1. 

Since the time pf a body's felling by gravity through \l^ 
or half the length of the pendulum, by the nature of descents, 

is s/ — > which being in proportion to 3*1416 V — ,a$ 1 istQ 

S'1416) therefore the diameter of ^ circle is to its circum- 
ference, as the time of falling through half the length oi^a 
pendulum, is to the time of one vibration. 

If the time of the whole vibration be 1 secpn^i this equar 

tion arises, viz* r'=3*H16-v/—;hence/= ^ = — ^, 

2g 3-1416* 4-9348 

and^ = 3-1416* X 4/ = 4-9348/. So that if one of these, 

^ or /, be given by experiment, these equations will give the 

other, when g^ for instance, is supposed to be given 

3= 16A fc^Bt, or 193 inches-, then is 7 = — ^=39*11, 
^^ 4-9348 

the length of a pendulum to vibrate seconds. Or if / = 39{, 

the length of the seconds pendulum for the latitude of Loq- 

dop, by experiment; then is^ = 4*9348/ = 193.07 inches 

'^ l^T^^ feet, or nearly 16^^ feet, for the space descended 

by gravity in the first second of time in the latitude of Lon-. 

don ; also agreeing with experiment. 

Hence the times of vibration of pendulums, are as the 
square roots of their lengths ; and the number of vibrations 
made in a given time, is reciprocally as the square roots of 
the lengths. And hence also, the length of a pendulum 
vibrating n times in a mUiute^ or 60', is / = 39^ x 
(50* _ 140850 

n" tin 

When a pendulum vibrates in a circular arc ; as the length 
of the string is constantly the same, the time of vibration will 
be longer than in a cycloid; but the two times will ap- 
proach nearer together as the circular arc is smaller ; so that 

when 
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when It Is very small, the times of vibration will be nearly 
equal. And hence it happens that 39^ inches is the length 
of a pendulum vibrating secojids^ in the very small arc of a 
circle. 

PROBLEM XIV. 

To determine the Time of a Body descendipg down the Chord of a 

Circle. 

Let c be the centre ; ab the vertical 
diameter j ap any chord, down which a 
body is to descend from p to A ; and p<^ 
perpendicular to ab. 

Now, as the natural force of gravity in 
the vertical direction ba, is to the force 
urging the body down the plane pa, as 
the length of the plane ap, is to its 
height aq; therefore the velocity in pa 
and QA, will be equal at all equal per- 
pendicular distances below pq) and consequently the - - 
time in pa : time in qa : : p A : qa : : ba : pa ; but 
time in ba : time in qa : : v^ba : ^qa : : ba : pa; 
hence, as three of the terms in each proportion are thb same^ 
the fourth terms must be equals namely the time in ba =^ 
the time Pi. 

And, in like manner^ the time in bp = the time in ba. 
So that, in general, the times of descending down all the 
chords BA, bp, br, bs, &c,' or pa, ra, sa, £cc, are all 
equal, and each equal to the time of falling freely through 
the diameter; as before found at art. 1 3 1 , M^iehanics. Which^ 

time is J — , where g = le-rV feet, and r = the radius ac ; 
g 

fox ^g\y/2r :: l" : ^^. 

g 

PROBLEM XV. 

To determine the Time of filling the Ditches of a Work nvith 
Water J at the Topf hy a Sluice of 2 Feet square ; the Head 
of Water above the Sluice being 10 Feet^ and the Dimensions 
of the Ditch being 20 Feet wide at Bottom^ 22 at Topy 9 deep^ 
and 1000 Feet long. 

The capacity of the ditch is 189000 cubic feet. 
But v^^ : v'lO : : 2g : 2 -v/lQff the velocity of the water 
through the sluice, the area of which is 4 square feet ; 

therefore 
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tWrcforei-v/lO^is thequAititypinr second running through 
it i andf cdnsequenfly 8^ lOg : 189000 : : l" : ^^75^=^^^"' 
or SI' 3" nearly, which is the time of filling the ditch. 

To ieiei'Trtine iht Time af emptying a Vessel (f Water by a Sluice 
in the Bottom ofit^ or in the Side near the Bottom : the Height 
' of the Aperture being very small in respect of the Altitude cfthe 
Fluid. 

Put a = the area of the aperture or sluice; 
2g :t= 324 feet, the force of gravity; 
d = the whole depth of wat^r-5 
K = the variable ahitiide of the surfece above th^ 

aperture;- 
A = the area of the surface of the \iraler. 

T^ien i^g : ^^x : : 5^ : Z^gx the velocity with which the 

fluid win issue at the sluice; and hence A : a : : 2>Jgx : — ^ * 

A 

the velocity #ith which the surface of the wat*r will descend 

at the altitude Xy or the ipace it would descend in 1 second 

with the Velocity there. Now, in descending the space x^ 

thfe velocity may be considered as uniform ; and uniform de^ 

scents are as their times ; therefore =— : x :\1 : 

A. 2a\/gx 

the time of descending x space, or the fluxion of the time of 

. • — AX 

exhausting. That is, /=-: — ; — ; which is made negative* 

2a»Jgx 

because 4f is a decreasing quantity, or its fluxion negative. 

Now, when the nature or figure of the vessel is given, the 
area a will be given in terms of x ; which value of A being 
substituted into this fluxion of the time, the fluent of the 
result will be the time of exhausting sought. 

So if, for example, the vessel be any prism, or every- 
where of the sam^ breadth ; then a is a constant quantity, 

and therefore the fluent is — \A-. But tvhen x ^ d^ this 

Ad ^ 

becomes — - v^ -, and should be Q ; therefore the correct 
^ S . 

fluent is :f =- X ^ ^ for the time of thfe surface de- 

"a ^g . . ■» • 

scending 
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scending till tkd deptb ot the ¥rater be ^. And when ;if s 0, 

the whole time of exhausting is barely -V— 

a g 

Hence, if a be = 10000 square feeet, a ■= \ square footK, 
suid d = 10 feet •, the time is 7885 j- seconds, or 2h.ll' '25''^ 

Again, if the vessel be a ditch, or canal, of 20 feet broad 
at the bottom, 22 at the top, 9 deep, and 1000 feet long; 

then is 90 : 90 + ;v : : 20 : ?2L+_f x 2 the breadth of the 

9 

surface of the water when its depth in the canal is x ; and 

therefore a = — 1 — x 2000 is the surface at tliat time. 

• 9 

Consequently / or =»: 1 1©0 x -i— x is 

the fluxion of the time ; the correct fluent of which, when 

. = 0,ls 1000 X ^^ + ^x / = 1000 X 18^XJ^ 

9a ^ g 9X4^ 

1 54'59"|- nearly, or 4h. 17' 39''f, being the wh<de time of 
, exhausting by a sluice of 1 foot square. 

PROBLEM XVII. 

To deter fhitfe the Velocity with which a Ball is discharged frmrn 
a Gi*uen Piece of Ordnance^ with a Given Charge of Gua- 
powder* 

Let the annexed figure A^JU: (y_ t. 

represent the bore of the 
gun ; AD being the part 
filled with gunpowder. 
And put 

a = AB, the part at first filled with powder and th^ bag 5 
3 = A€, the whole length of the gunbore; 
c = •7854', the area of a circle whose diameter is 1 ; 
d = BD, the diameter of the ball ; 

e = the specific gravity pf the ball, or weight of 1 cuUc foot ; 
^ = 1 6x2^ feet, descended by a body in 1 second j 
m = 2S0ounces,the pressure of the atmosphere on a sq. inch; 
n to 1 the ratio of the first force of the fired powder, to the 

pressure of the atmosphere ; 
nv = the weight of the ball. Also, let 
;e = AC, be any variable distance of the ball from A, in 

moving along the gunbarrel. 

First, 
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• First, r J* is = the area of the circle bd 4i the ball ; 
theref. mcd?" is the pressure of th^ atmosphere on bd ; 
conseq. mncd^ is the first force of the powder on bd. 

But the force of the inflap^ed powder is proportional to its 
density, and the density |s inversely as the space it fills; there-* 
fore the force of the ppwder on the ball at B, is to the force 
on the same at c, ?is iq is to ab \ that is> t « - - * * 

X \a\\ mftcd^ : = jF, the motive force at c : 

X 

conseq — = =^5 th^ acpderat^ng force ther^. 

w nvx 



Hence, theor. 10 of forces gives w=. 2ifi = ^^^^^x ^ | 

w X 

the fluent of which is v* — f'^" , x hyp. log. of x^ 

But when v = 0, then jt =■ a ; theref. by correction, 
V* =:-J!!l'!^!l^x hyp. log.- is the correct fluent^ conseq^ 



V = V{t^!^f£.x hyp. log. 1') is the vel. of the ball at c. 

and V = v^( ^^^ ^ x hjrp. log.-) the velocity with which 

*w a 

the ball issues from the muzzle at £ ; where h denotes th« 
length of ^he cylinder filled with powder, aud o, the length 
to the hinder part of the ball, which wilt be more than b 
when the powder does not touch the ball. 

Of, by substituting the numbers fbr g and i», and chang- 
ing the hyperbolic logarithms for the common ones, then 

v = y^(_ X com. log. -), the velocity at E, m feet. 

w a 

But, the content of the ball being -fr J', its weight is - - 

no = '^—r = -— :; = ttztz \ which beini? substituted for w, 
12' 2592 3300 6 v > 

in the value of v, it becomes 
nh b 

V = 2713 v/(-t- X com log. -), the velocity at e. 

de a 

When the ball is of cast iron ; takings = 7368,the rule becomes 

V = 100 -v/ (-^ X log. - ) for the veloc. of the cast-iron ball. 
Or, when the ball is of lead ; then ------- 

fih b 

V = 801-/ ( X log. -) for the veloc. of the leaden ball. 

10a • a 

CoroK 
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CoroL From the general expression for the velocity v, 
above given, may be derived what must be the length of the 
charge of powder fl, in the gun-barrel, so as to produce the 
greatest possible velocity in the ball ;< namely,, by making the 
value of V a ipaximum, or, by squaring and omitting t}ie 

constant quantitie$, the e^^pression a x hyp. log. of - 

a, 

a maximum, or its ^uxion equal to nothing; that is, 

a X hyp. log. — — fl =0, or hyp. log. of - = I ; hence ~ 

a a a 

is= 2'71828, the number whose hyp. log. i5 1. So that 
m lb i: \ 1 2*7 1 828, or as 4? to 11 nearly, or nearer as 7 to 
ipj that is, the length of the charge, to produce the great- 
est velocity, is the -j^th part of the length of the bore, or 
nearer -i^^ of it. 

By actual experiment it is found, that the charge for the 
greatest velocity, is but little less than that which is here 
computed from theory ; as may be seen by turning to page 
269 of my volume of Tracts, where the corresponding parts 
are found to be, for four different lengths of gun, thus, -j-V> 
-tiy TF> -^ > ^® P^^s ^^^^ varying, as the gun is longer, 
which allows time for the greater quantity of powder to be 
:6red, before the Sail is out of the bore. 

SCHOLIUM. 

In the calculation of the foregoing problem, the value of 
the constant quantity n remains to be determined. It denotes 
the first strength or force of the fired gunpowder, just before 
the ball is moved but of its place. This value is assumed, by 
Mr. Robins, equal to 1000, that is, iOOO times the pressure 
of the atmosphere, on any equal spaces. 

But the value of the quantity n may be derived much 
more accurately, from the experiments related in my Tracts, 
by comparing the velocities there found by experiment, with 
the rule for the value of v, or the velocity, as above com- 
puted by theory, viz. ------------ 

Now, supposing that v is a given quantity, as well as all tlie 
pther qi;antities, excepting only the number «, then by re- 
ducing this equation, the value of the letter n is found to be 
as follows, viz. -------------. 

n = -r com. log. of -• or = -rr log. of -^, 

when h is different from a. 

Now, 
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Now, ta ap^y this to the experiments. By. page 357 of 
fin^ Tracts, the Velocity of' the baljl, of 1*9.6 inches diajoieterj 
nuth "k ounces of powder, in the gun No. 1, was 11 CO feet 
per second; aad, by page 109, the length of the gun, lyhea 
corrected for the spheroidal hoUow. in theboctona of the bprej 
was 28*53; also, by page 237, the length of the charge, 
when corrected in like manner, was S'45 inches of powder 
and bag together, but 2*54 of powder only : so that the 
values of the quantities in the rule, are thus: a = 3*45 ; b 
= 28*53 J ^/.= 1-96;. A = 2-54; and v = 1100: then,. by 
substituting these values instead of the letters, in the the- 
orem n = -rr com. log. of — , it comes out n = 750, 

1000a "" a 

when h is considered as the same as a. And so on> for the 
©ther experiments there treated of. 

it is here to be noted however, that there is a circum-» 
stance in the experiments delivered in the Tracts, just men* 
tioned, which will alter the value of the letter a in this 
theorem, which is this, viz. that a denotes the distance of 
the shot from the bottom of the bore; and the length of the 
charge of powder alone ought to be the same thing ; but, in 
the experiments, that length included, besides the length of 
real powder, the substance of the thin flannel bag in which 
it was always contained, of which the neck at least extended 
a considerable length, being the part where the open end^ was 
wrapped and tied close round with a thread. This circum-t 
stance causes the value of «, as found by the theorem abpve^ 
to come out less than it ought to be, for it shows the strength 
of the inflamed powder when just fired, and when the flame 
£lls tlie whole space a before occupied both by the real po.v-f 
der and the bag, whereas it ought to show the first strength 
of the flame when it is supposed to be containecf in the space 
only occupied by tlie powder alone, without the bag. The 
formula will therefore bring out the value of n too little, in 
proportion as the real space fille;d by the powder is less than 
the space filled both by the powder and its bag. In the same 
Proportion therefore must we increase the formula, that is, 
m the proportion of A, the length of real powder, to a the 
length of powder and bag together. When the theorem is 

so corrected, it becomes r -f- com. log. of -. 

lOOOA ^ a 

Now, by pa. 237 of the Tracts, there are given both the 

lengths of all the charges, or values of a, including the bag, 

^xid also the length of the neck and bottom of the bag, .which 

is 0-91 of an inch, which therefore must be subtracted from 

all 
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all the values of a, to give the corresponding valil^s of i. 
This in the example above reduces 3 '45 to 2*54. 

Hence, by increasing the above result 750, in proportion 
of 2*54? to 3'4f5i it becomes 1018. And so dn for the other 
experiinents, 

. . 'tut It will be best to ari'ail^e the results in a table, wkh 
the several dimensions, when corrected, from which they are 
computed, as here below. 

Table of Velocities of Balhfind First Force of Powder^ Isfc* 



Gun. 


Charge of Powder. 


Velocity 

or value 

of V. 


First 
force, or 
value of 


No. 

1 

f 

2 
3 
4 


Length, 

or value 

of^. 


Weight 

in 
ounces. 


Length, or 

value 
of fl. of A. 


inches. 
28-53 


4 

8 
16 


3-45 

5-99 
11*07 


2*54 

508 

10-16 


1100 
1430 
1430 


1018 

1164 

^1 


38-43 


4 

8 

16 


3.45 

5-99 
11-07 


2-54 

5 08 

10-16 


1180 
1580 
1660 


1077 

1193 

984 


57-70 


r 

4 

8 

16 


3-45 

11 -07 


2.54 

5-08 

10" 1 6 


1300 
1790 
2000 


1067 
1256 
1076 


80-23 


4 

8 

16 


3-45 

5*99 
11-07 


254 

5-08 

10-16 


1370 
1940 
2200 


1060 
1289 
1085 



Where it may be observed, that the numbers in the column 
of velocities, 1430 and 2200, are a little increased, as, from 
a view of the table of experiments, they evidently required 
to be. Also the value of the letter d is constantly 1*96 
inch. 

Hence it appears, that the value of the letter «, used in 
the theorem, though not yet greatly different from the num- 
ber 1000, assumed by Mr. Robins, is rather various, both 
for the different lengths of the gun, and for the different 
charges with tlie same gun* 



But 
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But this diversity in the value of the quantity «, or the 
first force of the inflamed gunpowder, is probably owing in 
some measure to the omission of a material datum in the 
calculation of the problem, namely, the weight of th^ charge 
of powder, which has not at all been brought into the com- 
putatiom For it is manifest, that the elastic fluid has not 
only the ball to move and impel before it, but its owfi weight 
of matter also* The tomputitioh may therefore be renewed, 
in the ensuing problem, to take that datum into' the account. 

PROBLEM XVIII. 

To determine the same as in the last Problem ; taking both the 
Weight of Powder and the Bait into the Calculation. 

Besides the notation used in the last problem, let 2p de- 
note the weight of the powder in the charge, with the flannel 
bag in which it was inclosed. 

Now, because the inflamed powder occupies at aU times the^. 
part of the gun bore which is behind the ball, its centre of 
gravity, or the middle part of the same, will move with only 
half the velocity that the ball n>oves with; and this will required 
the same force as half the weight of the powder, &c, moved 
with the whole velocity of the ball. Therefore, in the con- 
clusion derived in the last problem, we are now, instead of «<;, to 
substitute the quantity/ + ^^5 a^^^i when that is done, the last 

^Ki •* -11 . ..^SOnhd^ - b. 

tfclocity Will come out, v = v^( — -- — x com. leg. - }. 

And from this equation is found the value of /», which is 

substituting for d is value 1 '96^ the diametef of the ball. 

Now as to the ball, its medium weight was 16 oz. 13 dr.' 
= 16'81 oz. And the weights of the bags containing the 
several charges of pewder, viz. 4 oz, 8 oz, 16 oz, ^ere 
8 dr, 12 dr, and I oz. 3 dr ; then, adding these tor the re- 
spectrte contained weights of powder, the sums, 4*5 oz, 
8-75 oz, 1 7*3 1 oz, are the values of 2/, or the weights of the' 
p6wder atid bags ; the halves of which, or 2*25, and 4*38, 
and 8*66, are the values of the quantity/ for diose thriee 
charges^ and these being added to 16*81, the constant weight 
of the h^tlf there are obtained the three values ofp + fi;, 
for the three charges of po^wder, which values therefore are 
1 9-06 oz, and 2 1 • 1 9 oz, aiid 25*47 oz. Then, by odculating 
the values of the first force n, by the last rule above, irith 
these new data, the whple will be found as in the following 
table. 

The 
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The Gun. 



No. 



Length, 



Charge of Powder. 



Weight 



or value in 
of b, ounces. 



inches. 
28*53 



38-43 



5770 



80*23 



4 

8 

16 



4 

8 

]6 



4 

8 

16 



4 
8 



Lengthy or 

iralue. 



of a. 



3*45 

5-99 
1107 



3-45 
IVO7 



3-45 
5'99 

ii"07 



3*45 

5-99 
11-07 



of A. 



2*54 

5*08 

1016 



Weight of 
ball add 

charge, of 
values of 






2*54 

5*08 

10']C> 



2*54 

5*08 

10*ld 



2*54 

5 08 

10*16 



19-06 
21*19 
25*47 



19*06 
21*19 

25*47 



19*06 
21*19 
25*47 



1906 
21*19 
25*47 



Velocity, 

or tlie 

values 

of r. 



1100 
1430 
1430 



1180 
1580 
1660 



1300 
1790 
2000 



1370 
1940 
2200 



First 
force 
or the 
value 
of n. 



1155 
1470 
1456 



1167 
1506 
1492 



12101 
1586 
1646 



1203 
J 627 
l64b| 



And here it appears that the values of «, the first force of 
the charge, are much more uniform and regular than by the 
former calculations in the preceding problem, at least in all 
excepting the smallest charge, 4 oz, in each gun ; which it 
would seem must be owing to some general cause or causes. 
Nor have we long to search, to find out what those causes 
may be. For when it is considered that these numbers for 
the value of «, in the last column of the table, ought to ex- 
hibit the first force of the fired powder, when it is supposed 
to occupy the space only in which the bare powder itself 
lies J and that whereas it is manifest that the condensed fluid 
of the charge, in these experiments, occupies the whole 
space between the ball and the bottom of the gun bore, or 
Ihe whole space taken up by the powder and the bag op car- 
tridge together, which exceeds the former space, or that of 
the powder alone, at least in the proportion of the circle of 
the gun bore, to the same as diminished by the thickness of 
'^he surrounding flannel of the bag that contained the pow* 
der ; it is manifest that the force was diminished on that ac- 
count. Now by gently compressing a number of folds of 
t9xe flaunel together, it has been found that the thickness of 
the single flannel was equal to the 40th part of an inch ; the 
Subtle Iff whlch^ ^ or '05 of an inch, is therefore the 

quantity 
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quantity by which the diameter of the circle of the.ppwdef 
\rtthin the bag, was less than that of the gun bore* But 
the diameter bf the .-gun bores was 2*02 inches; therefore, 
deducting the *Q5y theiremainder r97iisthe diameter vof the 
powder cylinder ^ithin «the bag: and because the .areasiof 
Gircks are to each other as the squares of their xiiametersy 
and the squares of these numbers, 1*97 and 2'02, beiog-to 
each other as 308 to 408, or as 97 to 102; therefore, on 
this account alone, the numbers before found, for the value 
<lf /?, must be increased in the ratio of 97 to 102. 

But there is yet another circumstance, which occasions 
the space at 'first occupied by the inflamed powder tp be 
larger than that at which it has been taken in the foregoing 
calculations, and that is the difference between the content 
of a sphere and cylinder. For the space supposed to fee 
occupied at 'first by the elastic fluid, was considered as the 
length of a cylinder measured to the hinder part of die curve 
surface of the ball, which is manifestly too little by the dif« 
ference between the content of half the ball and a cylinder 
of the same length and diameter, that is, by a cylinder 
whose length is -j the semidiameter of the ball. Now that 
diameter was r96 inches; the half of which is 0*98, and y 
of this is 0*3S nearly. Hence then it jippears that the 
lengths of the cylinders, at iirst filled by the deneeifluid, 
•viz. 3-45, and 5*99, and 1 1*07, have been ail taken too little 
by 0*33 ; and hence it follows that,' on this account also> s^. 
the numbers before found for the value of the first force n, 
must be further increased in the ratios of 3'45 and 5*99 axrf 
iro7, tothe same numbers increased by 0*33, that is, i9 
the numbers 3*78 and 6-32 and i r40. 

■ 

Compounding now these last ratios with the foregoing 
one, viz. 97 to 102, it produces these three, viz. the ratios 
of 334 and 581 and 1074, respectively to 385 and 647 and 
1163» Therefore increasing the last column of Qumbers, 
for the value of «, viz. those of the 4 oz. qharge in the ratio 
of 334 to 385, and those of the 8 oz. charge in the ratio of 
58 1 to 647, and those of the . 
1 6 oz. charge in the ratio of 
1074 to 1 163, with iverygun, 
they will be reduced to the 
numbers in the annexed ta- 
ble : where the numbers are 
still larger and more regular 
than before, • 

Thus 



Powder. 


The <Mum. 




1 


2 


3 


4 


oz. 










4 

8 

16 


1372 
1637 

1577 


1387 

1677 
1616 


1438 
1766 
1782 


1430 
1812 
1784 
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Thus then at^length it appears that the first force of the 
inflamed gunpowder, when occupying only the space at first 
filled with the powder, is about 1800, that is 1800 times the 
elasticity of the natural air, or pressure of the atn\osphere, 
in the charges with 8 oz. and 16 oz. of powder, in the two 
longer guns ; but somewhat less in the two shorter, probably 
owing to the gradual firing of gunpowder in some degree ; 
and also less in the lowest charge 4 oz, in all the guns, 
which may probably be owing to* the less degree of heat in 
the small charge. But besides the foregoing circumstances 
that have been noticed, or used in the calculations, there are 
yet several others that might and ought to be taken into the 
account, in order to a strict and perfect solution of the pro- 
blem 'f such as, the counter pressure of the atmosphercj and 
the resistance of the air on the fore part of the ball while 
moving along the bore of the gun ; the loss of the elastic 
fluid by the vent and windage of the gun; the gradual firing 
of the powder ; the unequal density of the elastic fluid in 
the different part^ of the space it occupies between the ball 
and the bottom of the bore ; the difl?erence between pressure 
and percussion when the ball is not laid close to the powder; 
and perhaps some* others: on all which accounts it is pro- 
bable that, instead of 1 800, the first force of the elastic fluid 
is not less than 2000 times the strength of natural air. 

CoroL From the theorem last used for the velocity of the 
ball-and elastic fluid, viz. v = V( n -r log. ) = 

^f 1- log. — )j y^e may find the velocity of the elas- 

tic fluid alone, viz. by taking w, or the weight of the ball, 
= in the theorem, by which it becomes barely v = 

^( "T- log. — ), for that velocity. And by com- 

P d 

puting the several preceding examples by this theorem, sup- 
posing the value of n to be 2000, the conclusions .come put 
a little various, being between 4Q00 and 5000, but most of 
them nearer to the.iatter number. So thaf it may be con- 
cluded that the velocity of * the flame, or of the fired gun- 
powder, expands itself at the muzzle of the gun, at the rate 
of about 5000 feet per second nearly. 
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On the MOTION of BODIES ik FLUIDS. 

PROBLEM XIX. 

To deterinine the Force of Fluids in Motion; and the Ctr^ 
cumstances attending Bodies Moving in Fluids. 

1. It is evident that the resistance to a plane, moving 
perpendicularly through an infinite fluid, at rest, is equal to 
the pressure or force of the fluid on the plane at rest, and 
the fluid moving with the same velocity, and in the contra-* 
ry direction, to that of the plane in the former case. But 
the force of the fluid in motion, must be equal to the 
weight or pressure which, generates that motion; and 
which, it is known, is equal to the weight or pressure of a 
column of the fluid, whose base is equal to the plane, and 
its altitude equal to the height through which a body must 
fall, by the force of gravity, to acquire the velocity of 
the fluid: and that altitude is, for the sake of brevity, 
called the altitude due to the velocity. So that, if a denote 
the area of the plane, v the velocity, and n the specific 
gravity of the fluid ; then, the altitude due to the velocity v 



v^ 



being — , the whole resistance, or motive force m, will be 



^g 



V* anv^ 



a X n X 7" = "JV' ^^^^"S 16-^ feet. And hence, ca- 
teris paribus J the resistance is as th^ square of the velocity. 

2. This ratio, of the square of the velocity, may be 
otherwise derived thus. The force of the fluid in motion, 
must be as the force of one particle multiplied by the 
number of them ; but the force of a particle is as its velo- 
city ; and the number of them striking the plane in a given 
time, is also as the velocity ; therefore the whole force is 
as V X V or i^*, that is, as the square of the velocity. 

3. If the direction of motion, instead of being perpendi- 
cular to the plane, as above supposed, be inclined to it in 
any angle, the sine of that angle being Sy to the radius 1 : 
then the resistance to the plane, or the force of the fluid 

against 
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against the plane, in tlie direction of the motion, as assigned 
above, will be diminished in the triplicate ratio of radius to 
the sine of the angle of inclination, or in the ratio of 1 to s}. 
For, AB being the direction of the plane, 
and BD that of the motion, making the \ _ 

angle abd, whose sine is $ i the num- /\"* ""*^ 

ber of particles, or quantity of the / N. 
fluid, striking the plane, will be dimi- / ^ \^^ 

nished in the ratio of 1 to Sy or of ra- £ " "A. 

dius to the sine of the angle b of incli- 
nation ; and the force of each particle 
will also be diminished in the same ratio of 1 to ^ : so that, 
on both these accounts, the whole resistance will be dimi- 
nished in the ratio of 1 to .s*, or in the dupUcate ratio of 
radius to the sine of the said angle. But again, it is to be 
considered that this whole resistance is exerted in the direc- 
tion BE perpendicular to the plane; and any force in the 
direction be, is to its effect in the direction ae, parallel to 
BDji as AE to BE, that is as 1 to s. So that finally, on all 
these accounts, the resistance in the direction of motion, is 
diminished in the ratio of 1 to s^, or in the triplicate ratio 
of radius to the sine of inclination. Hence, comparing 
this with article 1, the whole resistance, or the motive 

force on the plane, will be 7?i =±: 



anvV 



4. Also, if w denote the weight of the body, whose 
plane face a is resisted by the absolute force ?»; then the 

retardinff force jT, or — , will be • . 

5. And if the body be a cylinder, whose face or end is tf, 

and diameter rf, or radius ;-, moving in the direction of i» 

axis ; because then 5=1, and a = pr^ = tP^% where 

p = 3' 1416; the resisting force 7/1 will be - - - - - 

npi^v^ npi^'o' . , .. ^ ^ ?w?dV rzprV 
—rz — = —^7^— -jand the retardmjrforce/ r= ~ — == -^ • 

^^g ^g ^ ^, i6gw AgW . 

6. This is the value of the resistance when the end of the 
cj^lindet is a plane perpendicular to its axis, or to the direc- 
tion of motion. But were its face a conical surface, or an 
elliptic section, or any other figure every wheiTe eqwally in- 
clined to the axis, the sine of inclination being ,y ; then, the 
number of particles pf the fluid striking the face being still 
the same, but the force of each, opposed to the direction 

2 A 2 of 
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of motion, diminished in the duplicate ratio of radius to the 
sine of inclination, the resisting force m would be — -7 — 
_ nprVs^ 

But if the body were terminated by an end or face of 
any other form, as a spherical one, or such like, where 
every part of it has a different inclination to the axis; then 
a further investigation becomes necessar}^, such as in the 
following proposition. 

PROBLEM XX 

To determim the Resistance of a Fluid to any Body^ monying 
in it, of a Curved End; as a Sphere , or a Cylmder with 
a Hemispherical Jindy Kc. 

1. Let bead be a section through the 
axis CA of the «olid, moving in th direc- 
tion of that axis. To any point of the 
curve draw the tangent eg, meeting the 
axis produced in g : also, draw the per- 
pendicular ordinates £f, ef, indefinitely 
near each other ; and draw ae parallel to 

CG. 

Putting cF = X, EF = 3/, BE = 5r, J = sine ^ o to ra- 
dms 1 , and p = 3 • 1 4 1 6 : then 2/y is the circumference whose 
radius is ef, or the circumference described by the point e, 
in revolving about the axis c a ; and 2py x Ee or 2pt/x is the 
fluxion of the surface, or it is the surlace described by ec, 
in the said revolution about cA, amd which is the quantity 
represented by a in art. 3 of the last problem: hence 

-- — X 2pi/K or — r — X yz IS the resistance on that rmg, 

or the fluxion of the resistance to the body, whatever the 
figure of it ma^ be. And the fluent of which will be the 
resistance required. 

2. In the case of a spherical form : putting the radius ca 

, " " EF CF JC 

or CB = r, we have y = -v/r* — a:* 5 = — = — = — • and 

^ ^ ' EG CE .r' 

yzf or. ^F X Ee = CE X ae = rx ; therefore the general 
fluxion -— - X 5'j^« becomes %— X -j X rx x —z x x^x-^ 

the 
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'DTU'd*' 

the fluent of which, or ^ — - x^. is the resistance to the sphe* 
rical surface generated by be. And when jt or of is = r 
or CA, it becomes^- for the resistance on the whole 

hemisphere; which is also equal to — — — , where rf = 2r 
the diameter. 

3. But the perpendicular resistance to the cirqle of the 
same diameter d or bd, by art. 5 of the preceding problem, 

is — -- — ; which, being double the former, shows that the 

resistance to the sphere, is just equal to half the direct 
resistance to a great circle of i^, or to ^ cylinder of the 
same diameter. 

4. Since ^pd^ is the magnitude of the globe ; if n denote. 

its density or specific gravity, its weight w will be = ipd^iHy 

vh pTvtf'd^ 6 
and therefore the retardive force/or — = -—^ — x 



w Vg piid* 

which is also = -- — by art. 8 of the general 



theorems in page 332 ; hence then — ^ = — , and 5 = — 

X fd; which i6 the space that would be described by thd' 
globe, while its whole motion is generated or destroyed by 
a constant force which is equal to the force of resistance, 
if no other force acted on the globe to continue its motion. 
And if the density of the fluid were equal to that of the 
globe, the resisting force is such, as, acting constantly on 
tlie globe without any other force, would generate or de- 
stroy its motion in describing the space ^, or ^ of its 
diameter, by that accelerating or retarding force. 

5. Hence the greatest velocity that a globe will acquire 
by descending in a fluid, by means of its relative weight in 
the fluid, will be found by making the resisting force equal 
to that weight. For, after the velocity is arrived at such a 
degree, that the resisting force is equal to the weight that 
urges it, it will increase no longer, and the globe will after- 
wards continue to descend with that velocity uniformly. 
Now, N and n being the separate specific gravities of the 
globe and fluid, n — w will be the relative gravity of the 
globe in the fluid, and tijerefore w = -^d} (n — n) is the 

weight 
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iveight by which it is urged ; also w=r-----i 

^-— ^ — IS the resistance; consequently— s=-^j[?a^(N — n) 

ivben thp velocity becomes uniform ; from which equation 

"K -^ 72 

is found V ^ ^ (4^ . ^ , ), for the said uniform or 

..' ' ■ ■ ^ 

greatest velocity. 

And, by comparing this form with that in art. 6 of the 
general theorems in page 33 1 , it will appear that its greatest 
velocity, is equal to the velocity generated by the accelerate 

ing force ^ — , in describing the space ^, or equal to the 

lit 

velocity generated by gravity in freely describing the space 

1^. — n ' -' 

X %d. If N = 2w, or the specific gravity of the 

Tit 

globe be dpuble.that of the .fluid, then = 1 =s the 

natural force of gravity ; and then the globe will attain its 
^eatest vdocity in describing ^^d, or 4 of its diameter.— It 
IS further evident, that if the body be very small, it will 
very soon acquire its greatest velocity, whatever its density 
njay be. 

Exam. If a leaden ball, of 1 inch diameter, descend in 
water, and in air of the same density as at the earth's surface, 
the three specific gravities being as 1 l-f, and 1 , and 7^^* 

Thenw = ^4.16^5^.^.101=? \^'6\.\^^ 8'5944feet, 
is the greatest velocity, per second the ball can ac quire by 
descending in" water. And v = "^4 . y^3 , ^ . 3^ . *y* 
nearly' = V^v^nr == 2!59*82 is the greatest velocity it can 
acquire in air. 

But if the globe were only ,j^ of an inch diameter, the 
greatest velocities it could acquire, would be only ^ of 
ttiese, na^nely^/^ of a foot in water, and 26 feet nearly 
ip air. And if the ball were still further diminished, the 
greatest velocity would also be diminished, and that in 
He subduplicate ratio of the diameter of the ball, 
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PROBLEM XXI. 

To determine the Belations of Velocity^ Space^ and Tiniej of 
a Ball moving in a Fluids in which it is projected ttnth a 
Given Velocity. 

1. Let a = the first velocity of projection, x the space 
described in any time /, and v tne velocity then. / Now, by 

art. 4 of the last problem, the accelerative force/ 5= ■ "■ , , 

where n is the density of the fluid, n that of the ball, and 
d its diameter. Therefore the general equations = 2gfs* 
becomes i;t;=-------------« 

r^^^; and hence^ ^'^^''^ - 6^,putUngiforg^. 

a 
The correct fluent <rf this, is log. a 7- log. v or log.— = bx^ 

Or, putting c = 2'7 1828 1828, the number whose hyp. log, 

a ' n ' 

is 1, then is - = c**^, and the velocity w =x -j^^ = ac'^^p 

2. The velocity V at any time being the c"^^ part of the 
first velocity, therefore the velocity lost in any time, will be 

the 1 — Q"^^ part, or the — -^ — part of the first velocity. 



EXAMPLES. 

Exam, l . If a globe be projected, with any velocity, in a 

medium of the same density with itself, and it describe a 

5pace equal to Zd or 3 of its diameters.. Then x =r 3 J, and 

3n 3 , ^ , ^ e:^^ - 1 2'd8 

b = — -^ =r —- ; therefore bx = |, and — -tt — = — -^ 
8Nrf Sd^ ^' r*^ 3-08. 

is the velocity lost, or nearly \ of\ tne projectile velocity. 

Exam. 2. If an iron ball of 2 inches diameter were pro- 
jected with a velocity of 1200 feet per second ;, to find the^ 
velocity lost after moving through any space, as suppose 
500 feet of air : we should have rf =5 ^^ = -J, a =* 1200,' 

X = 
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• ■.-.... 

X = 500 r N = 7J-, w = '0012; and therefore ia: =s ^ m 

3nx 3.12.500.3.6 81 . 1200 

sTrf"' 8.22.10000 =ii5>^"d^ = ^= 998 feet 

per second : Imving lost 202 feet, or nearly | of its first 
velocity, • 

Exam. 3. If the earth revolved about the sun, in a ine» 

dium as dense as the atmosphere near the earth's surface ; 

and it were required to find the quantity of motion lost in a 

year. Then, since the earth's mean density is about 4^, and 

its distance from the sun 12000 of its diameters, we have 

24000 X 3'1416 =75398 diameters = x, and 6a; = • - 

3.75398.12.2 ^.- ^^ , C^'^ - L ,.., _ 

-•-- x-;- — ;--— • = 1f-539a ; hence tz — = i^l?- parts 

S . lOOOp . 9 . , , \ . c^"" . '^^^ ^ 

arelofst of the first motion ip the space of a year, an4 only 

Exam. 4. If it be required to determine the distance 
moved, X, whent^ip globe has lost any patt of it« motion, as 
silpp'ose i, and the density of the globe and fluid equal j 

1 a Sd 

The general equation gives 4:* ^ T ^ *^S' "^ ^ "T ^ '^S- 

of 2 = i*8483p?5d. So tlnit the globe loses half its motion 

before it has described twice its diametert 

, ■ ..... 

3. To find the time /; we have ^ =p — ;= — = * 

Now, to find the fluent of this, put z = {*^ j then is bx =; 
log. z, and ii = — or i = t - ; conseq. / or — = 

J- =z ^— ' and hence / = — r =?: — ;, But as t and x vanish 
a uo do ao 

together, and when jr = 0, the quantity ~t is = -r ^ 
therefore, by correction, / =: — y- = ^ - ^ = -^ ( J-^) 
the time sought j where i = — ,, and v = — the velocity. 

Exam. If an iron ball of 2 inches diameter were projected 
In the air with a velocity of 1200 feet per second; and it 
were required to determine in what tim it would pass over 

500 yard > 
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500 yards or 1 500 feet, and what would be its velocity at the 
end of that time : We should have, as in exam. 2 above^ 
, 3. 12.3.6. 1 J , 1500 375 , 

* = sTiJTTSSw == i7l6'^"^ *-^ = i^6 = 6^'^ ^^"^^ 

1 2716 • 1 1 , 1 c*»* 1-7372 t 

r = ■": — J and - = • ■ ^ , and — = — = , ^^ - =s ■ ■■ * 
1 ; a 1200' V a 1200 690 

nearly. Consequently x^ = 690 is the velocity; and / =2 

ji:}-i = 2'?i6x(^-y^)=-lM seconds, is the 
time required, or l" and f nearly. 



PROBLEM XXII. 

To determine the Relations of Space, Time, and Velocity , when 
a Globe descends, by its own Weight, in a Fluid. 

The foregoing notation remaining, viz. d = diameter, 

N and n the density x)f the ball and fluid, and v, s, t, the 

velocity, space, and time, in motion ; we have Ipd^ = the 

magnitude of the ball, and ipd^{N — ») == its weight in 

* . pjidW" 

the fluio, also m = —5- — = its resistance from the fluid ; 

pndV 
consequently ipd\^ -- fi) — — is the motive force by 

which the ball is urged ; which being divided by ^Nrf', 

w 3wv* 
tl^e quantity of matter moved, givesy^ss 1 — ^ 

for the accelerative force. 



% Hence vit; = ^gfs, and s s= — -. = 






== -r ^ T—Z:^^ puttmg b = :r~>,and -- = 



b a - v^' ^ ® 8Nd' a 2g . 8t/(N - nY 
or ab = 2g nearly ; the fluent of which is ^ = - - - - 

1 ' , a ' 

•^ X log. of — ~~i9 2tn expression for the space s, in terms 

of the velocity v. That is, when s and v begin, or are-equal 
to nothing boith together. 

But if the body commence motion in the fluid with a cer- 
tain given velocity e, or enter the fluid with that velocity, 
like as when the body, after falling in empty space from a 
• ^ certa in 
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certain height, falls into a fluid like water ; then the correct 

fluent will be^ = ts- x hyp. log. ot^-—^. 

Si, But now, to determine v in terms of J, put c = 
JJ*X18281828; then, since tl\e log. of — — -^ = 2os, there-* 

foire- ^ser^ or— ^^ — = r"****; hence v = - - « 

j^a — flC*^ is the velocity sought* 

4, The greatest velocity is to be fouud, as in art. 5 of 
prob. 20, by makmg/or I ~ ~ - li^Nrf ~ ^' which gives 

N — W 

V = \/(2^ . 8rf . — ) =5 -/flf. The same value of » is 

obtained by making the fluxion of t^, or of « — acr^^, = 0. 
And- the same value ofv is also obtained by making s in«> 
fipite, for then c""**^" = Oi. But this velocity ^a cannot be 
attained in any finite time, and it only denotes tlie velocity 

tor which the generalvalueofvor^/a,— ac'^^^ continually 
approaches. It is evident however, that it will approxi- 
mate towards it the faster, the greater b is, or the less d is ; 
and that, the diameters being very small, the bodies de- 
scend by nearly uniform velocities, which are directly in 
the subciuplicate • ratio of the diameters. See also art. S^ 
prob, 20, for other observations on tliis bead. 

• s X s 

5, To find the time t, Now^ ^ - = ^ - x — — , 



Then, to find the fluent of this fluxion, put z=^\/l — (T^* 
= -7- , or a:* = 1 — c"^^^ : hence zi = bsc^ ',and^ =^'r~r 

and tlierefore thcf fluent is / = ~t x loo-, -^3L_ ^ _^ 

2b^/a ^ 1 - z 26-v/tf 



X log. = -7-7- X log. -z , which IS 

iHe general expression for the time. 



Exam. 



MOTION OF BODIES in FLUIDS, 3«3 

Exam, If it were required to determine the time and 
velocity, by descending m air 1000 feet, the ball being of 
lead, and 1 inch diameter. 

Here n = 11^, m =ti^> ^ =^ -ttj and 5 = lOOD. 

„ 2.\6^,-T^ .III. 2.193.8.34.2500 
Hence a = [^ ^=s = 

1^3 . 34 . 50^ 3-YT^ 3.3 > 3. 12 9.9 

9.27 '^^ ""b . U^.-A"" 8 • 34. 2500 "^ 68 . 50^' 

: 193,34.50* 

consequently » = ^a x \/ I — c"''^^ = -y/ — x 

9 • 2 1 

_ix 1 

v/(l - c )^ 203|.the velocity. And ^=s -7-— x log. 
2 + >v/I -c-*^' 34.2500 , 1*78383 

I ^ yTTF^ " ^^^ra97 ^ ^"s-o^e-n^^-^^^^ ^ 

the time. 

Note. If the globe be so light as to alscend in the fluid; it 
is only necessary to change the signs of the first two terms 
in the value of/, or the accelerating force, by which it be- 

comes/ = ---^ 1 — -— — --.; and then proceeding in all 

respects as before. 

SCHOLIUM. 

To compare this theory, contained in the last four prOf. 
blems, with experiment, the few following numbers are 
here extracted irom extensive tables of velocities and re- 
sistances, resulting from a course of many hundred very ac« 
curate experiments, made in the course of the year 1786. 

In the first column are contained the mean uniform or 
greatest velocities acquired in air, by globes, hemispheres, 
cylinders, and cones, all of the same diameter, and the alti- 
tude of the cone nearly equal to the diameter also, when 
urged by the several weights expressed in avoirdupois 
ounces, and standing on the same line with the velocities, 
each in their proper column. So, in the first line, the 
numbers show, that, when the greatest or uniform velocity 
was accurately 3 feet per second, the bodies were urged by 
these weights, according as their different ends went fore- 
most; namely, by '028 oz. when the vertex of the cone 
went foremost ; by '064 oz. when the base of the cone went 
foremost; by 027 oz. for a whole sphere; by "050 oz. for 
a cylinder ;- by '051 oz. for tlie flat side of the hemisphere . 

and 
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and by "020 oz. for the round or convex side of the hemi- 
sphere* Also, at the bottom of all, are placed the mean 
proportions of the resistances of these figures in the nearest 
whole numbers. Note, the common diameter of all the 
figures, was G'SIS, or 6 J- inches; so that the area of the 
circle of that diameter is just 32 square inches, or |. of a 
square foot ; and the altitude of the cone was 6^ inches. 
Also, the diameter of the small hemisphere was 4^ inches^ 
and consequently the area of its base 17^ square inches, 
or 4 of a square K)ot nearly. 

From the riven dimensions of the cone, it appears, that 
the angle made by its side and axis, or direction of the path, 
is 26 degrees, very nearly. 

The mean height of the barometer at the times of making 
the experiments, was nearly 30* I inches, and of the ther- 
mometer 62° ; consequently the weight of a cubic foot of 
air was equal to 1-J. oz. nearly, in those circumstances* 



Veloc. 
per sec. 


Cone. 


Whole 
globe. 


Cylin- 
der. 


Hemisphere. 


Small 
Hemis, 

^ A. 










* 


vertex. 


base. 







flat. 


round. 


flat. 


feet. 


oz. 


oz. 


oz. 


oz. 


oz. 


oz. 


oz. 


3 


•028 


•064 


•027 


•050 


•051 


•020 


•028 


4 


•048 


•109 


•047 


•090 


•096 


•039 


•048 


5 


•071 


•162 


•068 


•143 


•148 


•063 


•072 


6 


•Oq8 


•225 


•094 


•205 


•211 


•092 


•103 


7 


•129 


•298 


•125 


•278 


•284 


•123 


•141 


8 


•168 


•382 


•162 


•360 


-368 


•16O 


•184 


9 


•2il 


•478 


•205 


•456 


•464 


•199 


•233 


10 


•260 


•587 


-255 


-565 


573 


•242 


•287 


11 


•3l5 


•712 


•310 


•688 


698 


•297 


•349 


12 


-376 


•850 


•370 


•826 


•836 


•347 


•418 


13 


•440 


rooo 


•435 


'979 


•988 


•4oa 


•492. 


34 


•512 


1'166 


•505 


1-145 


1*154 


•478 


•573 


15' 


•589 


1-34(5 


•581 


1-327 


1-336 


•552 


•661 


la 


•673 


1-546 


•663 


1-526 


1^538 


•634 


•754 


17 


•762 


1-763 


•752 


1-745 


1-757 


•722 


•853 


18 


•858 


2-003 


-848 


1-986 


1-998 


•818 


'959 


19 


•959 


2-260 


•949 


2^246 


2-258 


•922 


1073 


20 


1069 


2-540 


1-057 


2-528 


2-542 


1^033 


1-19<5 


Propor. 
Numb. 


126 


291 


124 


285 


288 


119 


l4o 



From this table of resistances, several practical infer* 
ences may be drawn. As, . *. 

!• That 
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1. That the resistance is nearly as the surface: the 
resistance increasing but a very little above that propor- 
tion in the greater surfaces. Thus, by comparing together 
the numbers in the &th and last columns, for the bases pf 
the two hemispheres, the areas of which are in the propor- 
tion of 17^- to 32, or ats 5 to*9 very nearly ; it appears that 
the numbers in those two columns, expressing the resist- 
ances, are nearly as 1 to 2, or as 5 to 10, as far as to the 
velocity of 12 feet ; after which the resistances on the 
greater surface increase gradually more and more above 
that proportion. And the mean resistances are as 140 to 
288, or as 5 to lOy. This circumstance therefore agrees 
nearly with the theory. 

2. The resistance to the same surface, is nearly as. the 
square of the velocity ; but gradually increasing more and " 
more above that proportion, as the velocity increases. This 
is manifest from all the columns. And therefore this cir- 
cumstance also differs but little from the theory, in small 
velocities. 

3. When the hinder parts of bodies are of different 
forms, the resistances are different, though the fore parts 
be alike ; owing to the different pressures of the air on the 
hinder parts. Thus, the resistance to the fore part of the 
cylinder, is less than that on the flat base of the hemi- 
sphere, or of the cone ; because the hinder part of the 
cylinder is more pressed or pushed, by the following air, 
than those of the other two figures. 

4. The resistance on the base of the hemisphere, is to 
that on the convex side, nearly as 2|^ to 1, instead of 2 to 
l,as the theory assigns the proportion. An3 the expe- 
rimented resistance, in each of these, is nearly \ part moro 
than that which is assigned by the theory. 

5. The resistance on the base of the cone is to that on 
the vertex, nearly as 2-j^ to 1 . And in the same ratio is 
radius to the sine of the angle of the inclination of the side 
of the cone, to its path or axis. So that, in this instance, 
the resistance is directly as the sine of the angle of inci-r 
dence, the transverse section being the same, instead of 
the square of the sine. 

6. Hence we can find the altitude of a column of air, 
whose pressure shall be equal to the resistance of a body, 
moving through.it with any velocity. Thus, 



\ 
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Let a » the area of the section of the body^ simiW to 
any of those in the table^ perpendicular to 
the direction of motion J 

r = the resistance to the veloqity, in the table 5 atid 

X = the altitude sought| of a column of air^ vrhose 
base is a, and its pressure r** 

Then at = the content of the column in feet, 
and i\ax or ^ax its weight in ounces ; .. « - ^ « « 

T 

therefore ^x = r, and x ^ i x - is the altitude Bought in 

feet, namely, ^ of the quotient of the resistance of any body 
divided by its transverse section ; ^vhich is a constant quan- 
tity for all similar bodies, however different in ixiagnitiide, 
sincetheresistanceris as the section a,aswasfound in art. 1. 
When fl 3= |. of a foot," as in all the figures in the forego- 

r 
ing table, except the small hemisphere : then, x =: ^ x -^ 

becomes x = y r, where r is the resistance in the table, to 
the similar body. 

If, for example, we take the convex side of the large. 
hemisphere, whose resistance is -634 oz. to a velocity of 
16 feet per second, then r = -634, and jr = yr = 2*3775 
feet, is the altitude of the column of air whose pressure is 
equal to the resistance on a spherical surface, with a velo- 
city of 16 feet. And to compare the above altitude with 
that which is due to the given velocity, it will be 32* : 16* 
: : 16 : 4, the altitude due to the velocity 16 ; which is near 
double the altitude that is equal to the pressure. And as 
the altitude is proportional to the square of the velocity, 
therefore, in small velocities, the resistance to any spherical 
surface, is equal to the pressure of a column or air on its 
great circle, whose altitude is ^ or '594 of the altitude 
due to its velocity. 

But if the cylinder be taken, whose resistance r = 1 '52^ : 
then jp = yr = 5-72 ; which exceeds the height, 4, due 
to the velocity in the ratio of 23 to 16 nearly. And the 
difference would be still greater, if the body were larger ; 
and also if the velocity were more. 

7. Also, if it be required to find with what velocity any 
flat surface must be moved, so as to suffer a resistance just 
equal to the whole pressure of the atmosphere : 

The 
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The resistance on the whole circle whose Area is 4 of ^ 
foot, is '05 1 oz. with the velocity of 3 feet per second ; it is 
5. of '05 1 , or -0056 oz. only, with a velocity of 1 foot. But 
24. X 13600 X ^ = "(555^ oz. is the whole pressure of the 
atmosphere. Therefore, as ^^0056 : a/ 1556 :: 1 : 1162 
nearly, which is the velocity sought. Being almost equal 
to the velocity with which air rushes into a vacuum. 

8. Hence may be inferred the great resistance suffered 
by military projectiles. For, in the table, it appears, that^a 
globe of 64 inches diameter, which is equal to the size of 
an iron ball weighing 36lb, moving witli a velocity of only 
16 feet per second, meets with a resistance equal to tKe 
pressure of |. of an ounce weight; and therefore, compute 
mg only according to the square of the velocity, the least 
resistance that sucli a ball would meet with, when moving 
with a velocity of 1600 feet, would be equal to the pressure 
of 4 nib, and that independent of the pressure of the 
atmosphere itself on the fore part of the ball, which would 
be 487lb more, as there would be no pressure from the 
atmosphere on the hinder part, in the case of so great a 
velocity as 1600 feet per second. So that the whole resist- 
ance would be more than 900lb to such a velocity. 

9. Having said, in the last article, that the pressure of 
the atmosphere is taken entirely off the hinder payt of the 
ball moving with a velocity of 1 600 feet per second ; which 
must happen when the ball moves faster than the particles 
of air can follow by rushing into the place quitted and left 
void by the ball, or when the ball moves faster than the 
air rushes into a vacuum from the pressure of the incum* 
bent air: let us therefore inquire what this velocity is. 
Now, the velocity with which any fluid issues, depends 
on its altitude above the orifice, and is indeed equal to 
the velocity acquired by a heavy body in falling freely 
through that altitude. But, supposing the height of tha 
barometer to be 30 inches, or 2i feet, the height of a uni- 
form atmosphere, all of the same density as at the earth's 
surface, would be 24 X 13*6 x 833i. or 28333 feet; there- 
fore y/l6 : ^28333 : ; 32 : 8^/28333 = 1346 feet, which 
is the velocity sought. And therefore, with a velocity of 
1600 feet per second, or any velocity above 1346 feet, the 
ball must continually leave a vacuum behind it, and so 
must sustain the whole pressure of the atmosphere on its 
fore part, as well as the resistance arising from the vis 
inertia of the particles of air struck by the ball. 

10. Oh 



368 MOTION OF BODIES IN FLUIDS. 

10. On the whole, we find that the resistance of the 
air, as determined by the experiments, differs very widely, 
both in respect to its quantity on all figures, and in re- 
spect to the proportions of it on oblique surfaces, from 
the same as determined by the preceding theory ; which 
is the same as that of Sir Isaac Newton, and most pigdern 
philosophers* Neither should w^ succeed better tf-we 
tiave recourse to the theory given by Professor Grave- 
sande, or others, as similar difierences and inconsistencies 
still occur. 

We conclude therefore, that all the theories of the 
Instance of the air hitherto given, are very erroneous. 
And the preceding one is only laid down, till further ex- 
periments, on this important subject, shall enable us to 
deduce from them another, that shall be more consonant 
tp the true pheenomena of nature* 



LOGARITHMS 

OF THE 

NUMBERS 

1 to 10000. 



n: 


Log. 


Tt 


W. 


N. 

51 


Log. 


NT 


Log. 


1 


0000000 


26 


1-414973 


1-707570 


76 


1-680814 


2 


0-301030 


27 


1'431364 


52 


1-716003 


77 


I-86G49I 


3 


0'477I2I 


28 


1-447158 


53 


1-724376 


78 


1-892095 


4 


0-602060 


29 


1-462398 


54 


1-732394 


79 


1-897627 


5 


ofi98970 


30 


1-477121 


53 


1-740363 


80 


1903090 


6 


077SI31 


31 


1-491362 


36 


1-748188 


81 


1 -908483 


7 


0845098 


32 


1-505150 


37 


1-755875 


82 


1-913814 


6 


0903090 


33 


1-518514 


58 


1-763438 


83 


1-919078 


9 


0-954243 


34 


1-531479 


59 


1-770852 


84 


1-924279 


lO 


1000000 


35 


1-544068 


60 


1-778151 


85 


1-9294 Iff 


11 


1041393 


3d 


1-556303 


61 


1-785330 


86 


1-934498 


12 


IO79I8I 


37 


r568'202 


62 


1-792392 


87 


1-939319 


13 


1-113943 


38 


1 -579784 


63 


1-799341 


88 


1-944483 


14 


1U46128 


39 


1-391065 


64 


1-8061SO 


89 


1-949390 


15 


1-176091 


40 


1-602060 


65 


I-812913 


90 


1-954243 


16 


l-2O4la0 


41 


1-612784 


66 


l-8ig544 


91 


1-959041 


17 


1-230449 


42 


1-623249 


67 


1-626075 


92 


1-963788 


16 


1-255273 


43 


1-633468 


68 


1-833509 


93 


1-968483 


19 


1-278754 


44 


1-643453 


69 


1 -838849 


94 


1-973128 


20 


I -301030 


43 


1-653213 


70 


1-845098 


95 


1-977724 


81 


1-322219 


46 


1-662758 


71 


1-851258 


96 


1-982271 


32 


1-34242:1 


•i? 


1-672098 


72 


1-857333 


97 


1-986772 


23 


1-36 1728 


48 


1-681241 


73 


1-863333 


98 


1-991326 


24 


1-380211 


-19 


1-690 196 


74 


1-869232 


99 


1-995635 


25 


1397940 


50 


1-698970 


75 


1-875061 


100 


2-000000 
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N. j 1 1 


2 3 1 


4 


5 


6 


7 


8 


100 


000000 


J-134 


J868 1301 1 


1734 


2166 


2599 


3029 


3461 ; 


101 


4321 


4751 


5181 


5609 


6038 


6466 


6894 


7331 


7748 1 


102 


8600 


9026 


9451 


J876 


0300 


0724 


114? 


1570 


993 : 


103 


01283? 


3259 


3680 


4lob 


4521 


4940 


5360 


S779 


6197 1 


104 


7033 


7451 


7868 


8294 


8700 


9116 


9532 


9947 


0361 < 


105 


021180 


1603 


2016 


2128 


2S41 


3252 


3664 


4075 


4486 . 


JOti 


530e 


571s 


6l25 


6533 


6042 


7350 


7757 


8164 


8571 1 


10? 


938+ 


9789 


0195 


0600 


1004 


1408 


1812 


2216 


2619 ! 


108 


033431 


3826 


422? 


4G-2S 


5029 


5430 


5830 


6230 


6629 ' 


109 


7*16 


7825 


8223 


9520 


9017 


9414 


9811 


020? 


0602 ( 


110 


041393 


1787 


2183 


2576 


296(1 


3362 


3735 


4148 


4540 


111 


5333 


5714 


6105 


6495 


6385 


7375 


76&I 


8053 


8442 


112 


9.iis 


9606 


9993 


0380 


0?66 


1153 


1538 


1924 


2309 


113 


053073 


3463 


3846 


4230 


4613 


4996 


5378 


5760 


6142 


114 


tigos 


7286 


7666 


8046 


6426 


8805 


9195 


0563 


9942 


115 


060698 


J 075 


1452 


1829 


2206 


2582 


2958 


3333 


3709 


116 


4458 


4832 


5206 


5580 


5953 


6326 


6699 


7071 


7443 


117 


8186 


6557 


8928 


9298 


9668 


0038 


O-IO? 


0776 


1145 


118 


071BS2 


2250 


261 7 


2985 


3352 


3718 


4085 


4451 


4816 


119 


5547 


5912 


6276 


6640 


7004 


7368 


7731 


8O94 


S457 


120 


9131 


9543 


9904 


0266 


0626 


098? 


134? 


1707 


206? 


121 


082785 


3144 


3503 


3861 


4219 


4576 


4934 


5-291 


504? 


122 


6360 


6716 


7071 


7426 


7781 


8136 


8400 


6845 


9198 


123 


9903 


0258 


O611 


0963 


1315 


166? 


2013 


2370 


2721 


124 


093422 


3772 


4122 


4471 


4820 


5169 


5518 


5866 


6215 


125 


6910 


7257 


7604 


7951 


8298 


8644 


B99O 


9335 


96SI 


12(j 


100371 


0715 


1059 


1403 


1747 


2091 


2434 


2777 


3119 


12? 


3804 


4146 


4487 


4S28 


5169 


5510 


5851 


6191 


6531 


128 


7210 


7549 


-888 


822? 


8565 


8903 


9241 


9579 


9916 


129 


110590 


0926 


1263 


1599 


1934 


2270 


2605 


2940 


32?5 


130 


3943 


4277 


4611 


4944 


5278 


SOU 


5943 


6276 


6608 


131 


7271 


7603 


7934 


8265 


S595 


8926 


9256 


9586 


9915 


132 


120574 


0903 


1231 


15OO 


1888 


2216 


2544 


2871 


3198 


J33 


3853 


41 ?6 


4504 


4830 


5156 


5481 


5806 


6131 


6456 


134 


?103 


7429 


7753 


6076 


8399 


8722 


9045 


9368 


9690 


135 


130334 


0655 


09/7 


1298 


1619 


1939 


2260 


2580 


2900 


13fi 


3539 


385S 


4177 


4496 


4814 


5133 


5451 


5769 


6O86 


13? 


6721 


7037 


7354 


76?1 


7987 


8303 


86IS 


8934 


9249 


138 


0679 


0194 


0508 


0822 


1136 


1450 


1763 


2076 


2389 


139 


1430J5 


332? 


3639 


3951 


4263 


4574 


4835 


5196 


S507 


140 


6i28 


6438 


6748 


705B 


7367 


7G?6 


7985 


8294 


8603 


141 


9219 


9527 


9835 


0142 


0449 


0756 


1063 


1370 
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1022 

3044 

5057 

7060 

9054 

1039 

3014 

4931 

6939 
8889 
0829 
2761 
4685 

6599 
8506 

0404 



7155 

9194 
1225 



3252 3458 
5310 5516 



7359* 

9398 
1427 



3246 3447 



5257 

7260 

9253 

1237 

3212 

5178 

7135 

9083 

1023 

2954 

4876 

6790 

8696 

0593 



5458 

7459 
9451 
1435 
3409 
i5374 
7330 
9278 
1216 

3147 
5068 
698 1 
8886 



9587. 

1437 
3280 



2294 2482 
4176 4363 



7563 

96OI 

1630 

3649 

5658 

7659 

9650 

1632 

3606 

5570 

7525 

9472 

1410 

3339 

5260 

7172 

9076 



0783 0972 



6049 
7915 

9772 
1622 
3464 



6236 
8101 
9958 



2671 
4551 
6423 

8287 
0143 



5115 5298 



6942 
8761 
0573 

2377 
4174 

5964 

7746 

9520 

1288 
3048 
4802 



6548 16722 



7124 
8943 
0754 
2557 
4353 
6142 
7923 
9^8 
1464 
3324 
4977 



1806 1991 
3647 3831 



5481 
7306 
9124 
0934 

2737 
4533 
6321 
8101 

9875 

1641 
3400 
5152 
6896 



5664 
7488 
9306 
1115 

2917 
4712 

6499 

8279 
0051 

1817 
3575 
5326 
7071 



2859 

4739 
6610 

8473 

0328 

2175 

4015 

5846 

7670 

9487 
1296 

3097 
4891 

()Q77 

8456 
0228 

1993 
3751 
5501 



2547 
4706 
6854 

8991 
1118 

3234 

5340 

7436 

9522 

1598 

3665 

5721 

7767 
9805 

1832 

3850 

5859 

7858 

9849 
1830 

3802 

5766 

7720 

9666 

l603 

3532 

5452 

7363 

9266 

1161 

3048 

4926 

679^ 
8659 
0513 
2360 
4198 
6029 
7852 
9668 



1476 

3277 
5070 
6856 
8634 
0405 
2169 
3926 
5676 



7245 I 7419 



2764 

4921 

7068 

9204 

1330 

3445 

5551 

7646 

9730 

1805 

3871 
5926 
7972 
O008 

2034 

4051 

6059 

8058 

0047 

2028 

3999 
5962 

7915 
9860 

1796 

3724 

5643 

7554 

9456 

1350 

3236 

5113 

6983 

8845 

0698 

2544 

4382 

6212 

8034 

9849 

1656 

3456 

5249 

7034 

8811 

0582 

2345 

4101 

5850 

7592 






298O 
5136 
7282 

9417 
1542 
3656 
5760 
7854 
9938 
2012 

4077 
6131 
8I76 
0211 
2236 
4253 
6260 

8257 
0245 
2225 
4196 
6157 
8110 
0054 

1989. 
3916 

58341 

7744 
9646 
1539 
3424 
5301 

7169 
9030 

0883 

2728 
4565 
6394 
8216 
0030 
1837 
363d 
5428 
7212 

8989 

0759 
2521 

4277 
6025 

77«l 









OP NinCBERS. 



377 



^■** 



N. 



^ 



250 
2#1 
252 
253 
254 
255 
256 

257 

258 

259 

250 

261 

262 

263 

264 

265 

266 

^67 

268 

269 
27Q 

271 
272 
273 
274 
275 
276 

277 
278 

279 
280 

281 

282 

283 

284 

285 

286 

287 
288 
289 
290 
291 
292 
293 

294 
295 
296 
297 
298 
299 



397940 
9674 

401401 
3191 

4834 
6540 
8240 
9933 
41162b 



2 



8114 

9847 
1573 
3292 
5005 
6710 
8410 
0102 
1788 



3300 3467 



4973 
6641 
8301 
9956 

421604 
3246 
4882 
6511 
8135 
9752 

431364 

2969 
4569 

6l63 

7751 
9333 

440909 
2480 
4045 
5604 
7158 
8706 

450249 
J 786 

3318 
4845 
6366 
7882 

9392 
460898 

2398 

3893 

5383 

6868 

8347 

9822 

471292 

2756 

4216 



5140 
68O7 
8467 
0121 
]76« 
3410 
5045 
6674 

8297 
9914 
1525 
3130 
4729 
6322 

7909 

9491 
1066 

2637 

4201 

5760 

7313 

8861 

0403 

1940 

3471 

^97 

6518 
8033 
9543 



8287 
0020 
1745 
3464 
5176 
6881 

8579 

0271 

1956 

3635 

5307 

6973 

8633 

0286 

1933 

3574 

5208 



8461 

0192 

1917 
3635 

5346 

7051 

8749 
0440 
2124 
3803 
5474 

7139 

8798 

0451 
2097 
3737 
5371 



6836 6999 



8459 
0075 
1685 
3290 
4888 
6481 
8O67 
9648 
1224 

2793 

4357 

5pi5 

7468 

9015 

055/ 

2093 

362^1 

5150 

6670 

8184 

9694 



1048 119s 
2548 2697 



4042 
5532 
7016 
8495 

9969 
1438 

2903 
4362 



567115816 



4191 

5680 

7164 

8643 

0116 

1585 

3049 

4508 

5962 



8621 

0236 

1846 

3450 

5048 

6640 

8226 

9806 

1381 

2950 

4513 

6071 
7623 
9170 
0711 
2247 

3777 
5302 

6821 

8336 

9845 

1348 

2847 

4340 

5829 
7312 
8790 
0263 
1732 

3195 
4653 

6107 



8634 
0365 
2O89 

3807 
5517 

7^21 

89I8 

0609 

2293 

3970 

5641 

7306 

8964 

0616 

2261 

3901 

5534 

7161 

8783 

0398 

2007 

3610 

5207 

6800 

8384 

9964 

1538 

3106 

4669 
6226 

7778 



8803 
0538 
2261 
3978 
5688 

7^91 
9087 

0777 
2461 

4137 

5808 

7472 

9129 
078 1 
24.26 
4065 

5697 
7324 

8944 
0559 
2167 
.^770 

5367 

6957 

8542 

0122 

I695 

3263 

48'25 I 

6382 

7933 



9324 9478 



0865 
2400 
3930 
5454 
6973 
8487 

9995 
1499 
2997 
4490 

5977 
7460 

8938 

0410 

1878 

3341 

4799 
6252 



1018 
2553 
4082 
5606 
7125 
8638 
0146 

1649 
3146 

4639 
6126 
7608 
9085 

0557 
'2025 

3487 



8931 
0711 
2433 
4149 
5858 
7561 

9257 
0946 

2629 
4305 
5974 
7638 

9295 
0945 

2590 
4228 
5860 
7486 
9106 
0720 
2328 
3930 
5526 
7116 
8701 

0279 
1852 

1 3419 
498I 

6537 
8088 

9633 

1172 

2706 

4235 

5758 

7276 

8789 
0296 

1799 
3296 
47S8 
6274 
7756 
9233 
0704 

2171 
3633 



8' 



9 



9154 

0883 

2605 

4320 

6025 

7731 

9426 

1114 

2796 

4472 

6141 

7804 

9460 

1110 

2754 

4392 

6023 

7648 

9268 

0881 

2488 

4090 

5685 

7275 

8859 

0437 
2009 
3576 
5137 
6692 
8242 

9787 
1326 
2859 
4387 
5910 
7428 
8940 
0447 
1948 
3445 
4936 
6423 

7904 

9380 
0351 
2318 

3779 
5235 



4944 5090 
63971654216687 



9328 
J 056 

V77 
4492 

6199 
7901 
9595 

1283 
2964 
4639 
6308 
7970 
9625 
1275 
29I8 
4555 
61 86 
7811 

9429 
1042 

2649 

4249 
5844 
7433 

9017 
0594 

2166 
3732 
529S 
6848 
8397 
9941 

1479 
3012 

4540 

6062 

7579 
9091 
0597 
2098 
3594 
5085 

6571 
8052 

9527 

0998 
2464 
3925 
5381 
6832 



9.WI 
1U28 

2949 
4(>63 

6il70 

8()70 

97^ 
1451 

3132 

4806 

6474 
8135 

9791 
1439 
3082 
47 18 
3349 
7973 

9591 
1203 

2809 
4409 
6004 
r592 
9175 
0752 
2323 
3889 

M49 
7003 
8552 
0095 
1633 
3165 
4^2 
6214 
7731 
9242 
0748 
2248 
3744 
5234 

6719 
5200 

9<S75 

1145 
2610 
4071 
5526 

.fi&76j 



878 






» 


LOGARITHMS 








< 


30O 





1 


2 


3 


4 


5 ,► M 


7 


8 


M 


477121 


7266 


7411 


7555 


7700 


7844 


7989. 


8133 


8278 


8422 


301 


8566 


8711 


8855 


8999 


9143 


9287 


9431 


9575 


9719 


9863 


302 


480007 


0151 


0294 


0438 


0582 


0725 


O869 


1012 


1156 


1299 


303 


1443 


1586 


1729 


1872 


2016 


2159 


2302 


2445 


2588 


2731 


304- 


2874 


3016 


3159 


3302 


3445 


3587 


3730 


3872 


4015 


415/ 


305 


4300 


4442 


4^85 


4727 


4869 


5011 


5153 


5295 


5437 


5579 


306 


5731 


5863 


6005 


6147 


6289 


6430 


6572 


6714 


6855 


^>997 


307 


7138 


7280 


7421 


7563 


7704 


7845 


7986 


8127 


8269 


8410 


308 


8551 


8692 


8833 


8974 


9114 


9255 


9396 


9537 


9^77 


9818 


3Q9 


9958 


0099 


0239 


0380 


0520 


0661 


0801 


0941 


1081 


1222 


310 


491362 


1502 


1642 


1782 


1922 


2062 


2201 


2341 


2481 


2621 


311 


2760 


2900 


3040 


3179 


3319 


3458 


35g7 


3737 


3876 


4015 


312 


4155 


4294 


4433 


4572 


4711 


4850 


4989 


512S 


5267 


5406 


313 


5544 


5683 


5822 


5960 


6099 


6238 


6376 


6515 


6653 


6791 


314 


6030 


7068 


7206 


7344 


7483 7021 


77^9 


7897 


8035 


8I73 


315 


8311 


8>148 


8586 


8724 8862 8999 


9137 


9275 


9412 


9550 


316 


9687 


9824 


9962 


0099 


O230 


0374 


0511 


Oi>48 


0785 


0922 


317 


501059 


ng^ 


1333 


1470 


J607 


1744 


1380 


2017 


2154 


2291 


318 


2427 


2564 


2700 


2837 


2973 


3109 


3246 


3382 


3518 


3655 


319 


3791 


3927 


4063 


4199 


4335 


4471 


4607 


4743 


4878 


5014 


320 


5150 


5286 


5421 


5557 


5693 


5828 


5964 


6099 


6234 


6370 


32J 


6505 


6640 


677(> 


6911 


7046 


71 81 


7316 


7451 


7586 


7721 


322 


7856 


7991 


8I26 


8260 


8395 


8530 


8664 


8799 


8934 


9068 


323 


9203 


9337 


9471 


9606 


9740 


9874 


0009 


0143 


0277 


0411 


324 


510545 


0679 


0813 


0947 


1061 


1215 


1349 


1482 


1616 


1750 


325 


1883 


2017 


2151 


2284 


2418 


2551 


2684 


2818 


2951 


3084 


326 


3218 


3351 


3484 


3617 


37^0 


3883 


4016 


4149 


4282 


4415 


327 


4548 


4681 


4^13 


4946 


5079 


5211 


5344 


5476 


5609 


5741 


328 


5874 


6006 


6139 


6271 


6403 


6535 


6668 


6800 


6932 


7064 


329 


7196 


7328 


7460 


7592 


7724 


7855 


7987 


81 19 


8251 


8382 


330 


8514 


8646 


8777 


8909 


9040 


9171 


9303 


9434 


9566 


9^7 


331 


9828 


99^9 


0090 


0221 


0353 


0484 


0615 


0745 


0876 


1007 


332 


521138 


1269 


1400 


1530 


1661 


1792 


1922 


2053 


2183 


2314 


333 


2^144 


2575 


2705 


2835 


2966 


3096 


3226 


3356 


3486 


3616 


334 


3746 


3876 


4006 


4136 


4266 


4396 


4526 


4656 


4785 


4915 


335 


5045 


5174 


5304 


5434 


5563 


5693 


5822 


5951 


6O8I 


6210 


336 


6339 


6469 


6598 


6727 


6836 


6985 


7114 


7243 


7372 


7501 


337 


7630 


7759 


7888 


801 6 


8145 


8274 


8402 


8531 


8660 


8788 


338 


8917 


9045 


9174 


9302 


9430 


9559 


9^87 


98I5 


9943 


0072 


339 


530200 


0328 


0456 


0584 

1 


0712 


0840 


0968 


1096 


1223 


1351 


340 


1479 


I6O7 


1734 


1862 


1990 


2117 


2245 


2372 


2500 


2627 


341 


2754 


2882 


3009 


3136 


3264 


3391 


3518 


3645 


3772 


3899 


342 


4026 


4153 


4280 


4407 


4534 


4661 


4787 


4914 


5041 


51O7 


343 


5294 


5421 


5547 


5674 


5800 


5927 


6053 


6180 


6306 


6432 


344 


6558 


6685 


6811 


6937 


7063 


7189 


7315 


7441 


7567 


7693 


345 


7819 


7945 


8O71 


8I97 


8322 


8448 


8574 


8699 


8825 


8951 


346 


9076 


9202 


9327 


9452 


9578 


9703 


9829 


9954 


0079 


0204 


347 


540329 


0455 


0580 


0705 


0830 


0955 


1080 


1205 


1330 


1454 


348 


1579 


1704 1829 


1953 


2078 


2203 


2327 


2452 


2576 


2701 


349 


2822 2950 J 3074 


3199 


3323 


3447 I3571 


3696 13820 130441 



• OF NUMBERS. 



N. 



350 
351 
352 
353 
354 
355 
35^ 

357 
358 

S5g 

360 
361 
362 
363 
364 
365 
366 
367 
368 
36& 
370 
371 
372 
373 
374 
375 
376 

377 
378 

379 
380 

381 

392 

383 

384 

385 

386 

387 
388 

389 
390 
391 
392 
393 
394 
395 
396 

397 
398 

399 1 







544068 
5307 
6543 
7775 
9003 

550228 
1450 
2668 
3883 
5094 
6303 

7507 
8709 

9907 

561101 

. 2293 

3481 

4666 

5848 

7026 

8202 

9374 

570543 

1709 
2872 
4031 
5188 
6341 
7492 
8639 
9784 
580925 
2063 

3199 
4331 

5461 

6587 

7711 
8832 

9950 
59106^ 

2177 
3266 

4393 
5496 

^97 

7095 
8791 

9883 
600973 



4192 
5431 
6666 
7898 
9126 
0351 
1572 
2790 
4004 
5215 
6423 

7627 
8829 
0026 
1221 
2412 
3600 
4784 

5g66 

7144 
8319 

9491 
0660 
1825 
2988 
4147 
5303 
6457 

7607 

8754 

9898 
1039 

2177 
3312 
4444 
5574 
6700 
7823 
8944 
0061 
1176 
2288 

3397 
4503 

5606 

6707 
7805 
8900 

9992 
1082 



2 



4316 
5655 

6789 

8021 

9249 
0473 
1694 

2911 

4126 

5336 

6544 

7748 

8948 

0146 

1340 

2531 

37I8 

4903 

6084 

7262 

8436 

96O8 

0776* 

1942 

3104 

4263 

5419 

6572 

7722 

8868 

0012 

1153 

2291 

3426 

4557 

^686 

6812 

7935 

9056 

0173 

1287 

2399 
3508 
4614 

5717 
681 7 

79 J 4 
9009 

0101 

119^ 



immm 



4440 
5678 
6913 
8144 

9371 
0595 

1816 
3033 
4247 
5457 
6664 
7868 
9068 
0265 
1459 
2650 

3837 
5021 
6202 

7379 
8554 

9725 

O893 

2058 

3220 

4379 
.5534 

6687 
7836 
8983 
0126 

1267 
2404 
3539 
4670 

^799 
6925 

8047 
9167 
02S4 
1399 
2510 
3618 
4724 
5827 
6927 
8024 

9119 
0210 

1299 



4564 
5802 
7036 
8267 
9494 

0717 
1938 
3155 
4368 
5578 
6785 
7988 
9I88 
0385 
1578 
2769 
3955 
5139 
6320 

74971 

8671 

9842 

1010 

2174 

3336 

4494 

5650 

6802 

7951 

9097 
0241 

1381 

2518 

3652 

4783 

5912 

7037 
8160 

9279 
0396 
1510 
2621 
3729 
4834 

5937 
7037 
8134 
9228 
0319 
1408 



4688 
5925 
7159 
8389 
9616 
0840 
2060 
3276 
4489 
5699 
6905 
8108 
9308 
0504 
1698 
2887 
4074 
5257 
6437 
7614 
8788 

9959 
1126 

2291 

3452 

4610 

5765 

6917 
8066 

9212 

0355 

1495 

2631 

3765 

4896 

6024 

7149 
8272 

9391 
0507 

1621 
2732 

3840 
4945 
604/ 
7146 
8243 

9337 
0428 
1517 



4812 
6049 
7282 
8512 

9739 
0962 

2181 

3398 

4610 

5820 

7026 

8228 

9428 

0624 

1817 
3006 
4192 
5376 
6555 

77^1 
8905 

0076 

12« 

2407 
3568 
4726 
5880 
7032 
8181 
9326 
0469 
I6O8 
2745 

3879 
5009 

6137 
7262 
8384 
9503 
0619 
1732 
2843 
3950 
5055 

6157 
7256 
«353 
9446 

0537 
1625 



4936 

6172 

7405 

8635 

9861 

1084 

2303 

3519 

4731 

5940 

7146 

8349 
9548 
0743 
1936 
3125 
4311 
5494 
6673 

7849 
9023 

0193 
1359 
2523 
3634 
4841 
599^ 

7147 
8295 

9441 

0583 

1722 

2858 

3992 
5122 
6250 
7374 
8496 
9615 
0730 
1843 
2954 
4061 
5165 
6267 
7366 
.8462 
^556 
0646 
1734 



8 

5060 
6296 
7529 

8758 

9984 
1206 
2425 
3640 
4852 
6061 
7267 
8469 
9667 
0863 
2055 
3244 
4429 
5612 

6791 
796'7 
9140 
0309 
1476 
2639 
3800 

4957 
6111 
7262 
8410 

0697 
1836 
2972 
4105 
5235 
6362 
7486 
8608 
9726 
0842 
1955 
3064 
4171 
5276 
6377 
7476 
8572 
9665 
0755 
1843 



379 



5183 
6419 
7652 
8881 
0106 
1328 

2547 
3762 

4973 
6182 
7387 
8589 

97871 

0982 
2174 
336^ 
4548 
5730 

0909 

8084 

9257 
0426 
1592 
2755 
3915 
5072 
6226 

7377 
8525 

96^ 
0811 

1950 
3085 
4218 
5348 
6475 

7599 
8720 

9838 

0953 

2066 

3175 

4282 

5386 

6487 

7586 

8681 

9774 

0864 

1951 
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LOGARITHMS 










n: 







2 1 3 1 4 


5 


6 
2711 


■ 7 1 .« 


9 


400 


602060 


2169 


2277 


2386 


2494 


2603 


2819 


2928 


3036 


401 


3144 


3253 


3361 


3469 


3573 


3686 


3794 


3902 


4010 


4118 


402 


4226 


4334 


4442 


4550 


4698 


4766 


4874 


4982 


5089 


5197 


403 


5305 


5413 


5521 


5628 


5736 


5844 


5951 


6059 


6166 


6274 


404 


6381 


6489 


6596 


6704 


6811 


6919 


7026 


7133 


7241 


7348 


405 


7455 


7562 


7669 


7777 


7884 


7991 


8O98 


8205 


8312 


8419 


40(} 


8526 


8633 


8740 


8847 


8954 


9061 


9167 


9274 


9381- 


9488 


407 


9594 


9701 


9808 


9914 


0021 


0128 


0234 


0341 


0447 


0554 


408 


610660 


0767 


O87S 


0979 


1086 


1192' 


1298 


1405 


1511 


1617 


409 


1723 


1829 


I93S 


2042 


2148 


2254 


2360 


2466 


2572 


TiGTS 


410 


2784 


2890 


2996 


3102 


3207 


3313 


3419 


3525 


3^0 


3736 


411 


3842 


3947 


4053 


4159 


4264 


4370 


4475 


4581 


4686 


4792 


412 


4897 


5003 


5108 


5213 


5319 


5424 


5529 


5634 


5740 


5845 


413 


5950 


6055 


6160 


6265 


6370 


6476 


6581 


6686 


6790 


6695 


414 


7000 


7105 


72JO 


7315 


7420 


7525 


7629 


7734 


7839 


7943 


415 


8048 


8153 


8257 


8362 


8466 


8571 


8676 


8780 1 8884 


8989 


416 


9093 


9198 


9302 


9406 


9511 


9615 


9719 


9824 


99M 


0032 


417 


620136 


0240 


0344 


0448 


0552 


0656 


0760 


0864 


096a 


1072 


418 


1176 


1280 


1384 


1488 


1592 


1695 


1799 


1903 


QO07 


2110 


419 


2214 


2318 


2421 


2525 


2628 


2732 


2835 


2939 


3042 


3146 


420 


3249 


3353 


3456 


3559 


3663 


3766 


3S69 


3973 


4076 


4179 


421 


4282 


4385 


4488 


4591 


4^ 


4798 


4901 


5004 


5107 


5210 


422 


5312 


5415 


vf518 


5621 


5724 


5827 


5929 


6032 


6135 


6236 


423 


6340 


6443 


6546 


6648 


6751 


6853 


69^6 


7058 


7161 


734a 


424 


7366 


7468 


7571 


7673 


7775 


7878 


7980 


8082 


8185 


8287 


425 


8389 


8491 


8593 


8695 


9797 


8900 


9002 


9104 


9306 


9308 


426 


9410 


9512 


9613 


9715 


9^17 


9919 


0021 


0123 


0234 


0326 


427 


630428 


0530 


0631 


0733 


0835 


0936 


1038 


1139 


1341 


1342 


428 


1444 


1545 


1647 


1748 


1849 


1951 


2052 


2153 


3355 


2356 


429 


2457 


2559 


2660 


2761 


2862 


2gG^ 


3064 


3165 


3366 


3367 


430 


3468 


35^ 


3670 


3771 


3872 


3973 


4074 


4175 


4376 


4376 


431 


4477 


4578 


4679 


4779 


4880 


498I 


5081 


5182 


5283 


5383 


432 


5484 


5584 


5685 


5785 


5886 


5986 


6087 


6187 


6387 


6388 


433 


6468 


6588 


6688 


6789 


6889 


e&89 


7089 


71B9 


7390 


7390 


434 


7490 


7590 


7690 


7790 


7890 


7990 


8O9O 


8I9O 


8290 


8389 


435 


8489 


8589 


8689 


8789 


8888 


8988 


9O88 


9I88 


9387 


9387 


436 


9486 


9586 


9686 


9785 


9885 


^984 


0084 


0183 


0383 0382| 


437 


640481 


0581 


0680 


0779 


0879 


0978 


1077 


1177 


1376 


1375 


438 


1474 


1573 


1672 


1771 


1871 


1970 


2069 


2168 


2267 


2M5 


439 


2465 


2563 


2662 


2761 


2860 


2959 


3058 


3156 


3255 


33^ 


440 


3453 


3551 


3650 


3749 


3847 


3946 


4044 


4143 


4242 


4340 


441 


4439 


4537 


4636 


4734 


4832 


493I' 


5029 


5127 


5226 


5324 


442 


5422 


5521 


5619 


5717 


5815 


5913 


6011 


6110 


6206 


6306 


443 


6404 


6502 


6600 


6698 


6796 


6894 


6992 


7©89 


7187 


7285 


444 


7383 


7481 


7579 


767(5 


7774 


7872 


7969 


8O67 


8165 


8262 


445 


8360 


8458 


8555 


8653 


8750 


8848 


8945 


9043 


9140 


9337 


446 


9335 


9432 


9530 


9627 


9724 


9821 


9919 


0016 


0113 


0210 


447 


650308 


0405 


0502 


0599 


0696 


0793 


O89O 


0987 


1084 


1181 


448 


1278 


1375 


1472 


1569 


1666 


1762 


1859 


1956 


2053 


2150 


1449 


324612343 


2440 1 2536 1 2633 1 


2730 


2826 


!^23 3019i31l6j 



OFKUMBERS. 



381 



iK. o 



2 



3 



/ 



1332 
2235 
3137 
4037 
4935 
5831 
6726 
7618 
8509 
9398 
0285 
1170 
2053 
2935 
3815 
4693 
556g 
6444 
7317 

ex88 f 



2002 

2947 
3889 
4830 

5769 
6705 
7640 
8572 
9503 
0431 
1358 
2283 
3205 
4126 
5045 
5962 
6876 

7789 

8700 

9610 

0517 
1422 
2326 
3227 
4127 
5025 
5921 
6815 

7707 

8598 
9486 
0373 
1258 



3502 
4465 

5427 

6386 

7343 

8298* 

9250 

0201 

:1150 

12096 

3041 

3983 

•4924 

5862 

^99 
8665 

9596 

0524 
1451 
2375 

3297 
4218 

5137 

6053 

^68 

7881 

8791 

9700 
0607 

1513 
2416 
3317 

4217 
5114 

6010 
6904 

77^ 
8687 

9575 
0462 
1347 
2230 
3111 

3C)91 
4868 
5744 
6618 
7<491 



8362 1 8449 



3598 
4562 
5526 
6482 
7438 
8393 
9346 
0296 
1245 

2191 
3 J 35 

4078 

5018 

5956 

6S92 

7826 

8759 

9689 
0617 
1543 

2467 
3390 
4310 
5228 
6145 
7059 

7972 
8882 

979^ 

0698 

1603 
2506 
3407 
4307 
5204 
6100 

6994 
7886 

8776 
9664 
0550 
1435 
2318 

3199 
4078 

4956 

5832 

6706 

7579 



6 



3695 13791 
4658 14754 



56 J 9 

6577 

7534 

8488 

9441 

0391 

1339 

2286 

3230 

4172 

5112 

6030 

6986 

7920 

8852 

9782 

0710 

1636 

2560 

3482 

4402 

5320 

6236 

7151 

8O63 

8973 

9882 

0789 

J 693 

2596 

3497 

4396 

5294 

61 89 

7083 

7975 

8865 

9753 

0639 

1524 

2406 

3287 

4166 

5044 

5919 
6793 
7665 
8535 



^5715 
6673 
7629 
8584 
9536 
0486 
1434 
2380 
3324 
4265 
5206 
6143 

7079 
8013 

8945 

9875 

0802 
1728 
2652 
3574 
4494 
5412 
6328 
7242 
8154 
9064 
9973 

0879 
1784 
2686 
3587 
4486 
5333 

6279 

7172 

8064 

8953 

9841 

0728 

1612 

2494 

3375 

4254 

5131 

6007 

6880 

7752 

8622 



•7 



3888 
14850 
5810 
6760 
7725 

8679 
9631 
0581 
1529 
2475 
3418 
4360 
5299 
6237 

7173 
8106 
9038 

99^7 
0895 
1821 
2744 
3666 
4586 
5503 
6419 
7333 
8245 
9155 
0063 
0970 
1874 
2777 

3677 
4576 

5473 
6368 
7261 
8153 
9042 
9930 
0816 
1700 
2583 
3463 
4342 
5219 
6094 
690^8 
7839 

8709 



8 



3984:( 4080 



4g46 



5042 



5906 6002 



6864 
7820 
8774 
9726 
0676 
1623 
256g 

3512 
4454 
5393 



696O 

79^^ 
8870 

9821 

0771 
I7I8 
2663 

3607 
4548 
5487 



6331 ;6424 



7266 

8I99 
9131 
0060 
0986 
1913 
2836 
3758 

4677 
5505 

6511 
74i4 
8336 
9246 
0154 
1060 
1964 
2867 
3767 
4666 
5563 
6458 
7351 
'8242 

9131 

0019 
0905 
1739 
2671 
3551 
4430 

5307 
6182 
7055 

7926 
8796 



7360 
8293 
9224 
0153 
1080 
2005 

2929 
3850 

4769 

5687 

6602 

7516 

8427 

9337 
0245 
1151 
:*055 

2957 
3857 

4756 
5652 
6547 
7440 
8331 
9220 
0107 

0993 

1877 
2759 
3639 
4517 
5394 
6269 
7142 
8014 
3883 



YOL. 11. 



2C 
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LOGARITHMS 



N.- 


. o 


1 


2 3 j 


4 i 5 1 6 , 


7 


8 9 


000 


778151 


8224 


8296 


8368 


8441 


8513 


8585 


8658 


8730 8802 


601 


8874 


8947 


9019 


9091 


9163 


9236 


9308 


9380 


9452 9524 


602 


.g5i)6 9669 19741 f 


98i^ 


9885 


9957 


0029 


0101 


0173 


0245 


603 


780317 


0389 


0461 


0533 


0605 


0677 


0749 


0621 


O893 


0965 


604 


. 1037 


1109 


1181 


1253 


1324 


1396 


1468 


1540 


1612 


1684 


605 


1755 


1827 


1899 


1971 


2042 


2114 


2186 


2258 


2329 


2401 


60& 


C2473 


2544 


2616 


2688 


2759 


2831 


2902 


2974 


3046 


3117 


60/ 


(3189 


3260 


3332 


3403 


3475 


3546 


361 8 


3689 


3761 


3832 


608 


;3904 


3975 


4046 


4118 


4189 


4261 


4332 


4403 


4475 


4546 


609 


.4617 


4689 


4760 


4831 


4902 


4974 


5045 


5116 


5187 


5259 


610 


r5330 


5401 


5472 


5543 


5615 


5686 


B757 


5828 


5899 


5970 


61] 


*604i 


6112 


6183 


6254 


6325 


6396 


6467 


6538 


66O9 


6680 


6l2 


16751 


6822 


6893 


6964 


7035 


71O6 


7177 


7248 


7319 


7390 


613 


i7466 


7531 


7602 


7673 


7744 


7815 


7885 


7956 


8O27 


8O98 


614 


^8168 


8239 


8310 


8381 


8451 


8522 


8593 


8663 


8734 


8904 


615 


8875 


8946 


9016 


9087 


9157 


9228 


9299 


9369 


^440 


9510 


6l6 


9581 


9651 


9722 


9792 


9863 


9933 


0004 


0074 


0144 


0215 


617 


790285 


0356 


0426 


0496 


0567 


0637 


0707 


0778 


0848 


O9I8 


618 


0988 


1059 


1129 


1199 


1269 


1340 


1410 


1480 


1550 


1620 


619 


.1691 


1761 


1831 


1901 


^971 


2041 


2111 


2181 


2252 


2322 


620 


2392 


2462 


2532 


2602 


2672 


2742 


&612 


2882 


2952 


3022 


621 


•3092 


3162 


3231 


'3301 


3371 


3441 


3511 


3581 


3651 


3721 


622 


3790 


3860 


3930 


4000 


4070 


4139 


4209 


4279 


4349 


4418 


623 


4488 


4558 


4627 


4697 


4767 


4836 


49O6 


4976 


5045 


5115 


624 


.5185 


6254 


5324 


5393 


5463 


5532 


5602 


5672 


5741 


5811 


625 


^880 5949 


6019 


6O88 


6l58 


6227 


6297 


6366 


6436 


6505 


626 


.6574 


664^ 


6713 


6782 


6852 


6921 


6990 


706O 


7129 


7198 


627 


7268 


73S7 


7406 


7475 


7545 


7614 


7683 


7752 


7821 


7690 


628 


7960 


8O29 


8098 


8I67 


8236 


8305 


8374 


8443 


8513 


8582 


629 


8651 


8720 


8789 


6858 


8927 


8996 


9065 


9134 


9203 


9272 


6ao. 


9341 


9^ 


P478 


9547 


9616 


9685 


9754 


9823 


9892 


9961 


631 


8OOO29 


0098 


0167 


0236 


0305 


0373 


0442 


0511 


0580 


0648 


632 


0717 


0786 


■0854 


OQ23 


0992 


1061 


1.129 


11P8 


1266 


1335 


633 


1404 


1472 


1541 


I6O9 


1679 


1747 


1815 


1684 


J 952 


2021 


634 


2O89 


2158 


2226 


2295 


2363 


2432 


2500 


2568 


2637 


2705 


635 


2774 


2842 


2910 


2979 


3047 


3116 


3184 


3252 


3321 


3389 


636 


3457 


3525 


3594 


3662 


3730 


3798 


3867 


3935 


4<X>3 


4071 


637 


4139 


4208 


4276 


4344 


4412 


4480 


4;548 


4616 


4685 


4753 


638 


4821 


4889- 


^957 


5025 


5093 


5161 


5229 


5297 


5365 


5433 


639 


5501 


556q 


5637 


5705 


5773 


5841 


59O8 


5976 


6o44 


6112 


640 


61 80 


.6248 


6316 


6384 


6451 


6519 


6587 


6655 


6723 


6790 


641 


■ 6858 


6926 


6994 


7061 


7129 


7i97 


7264 


7332 


7400 


7467 


642 


7535 


7603 


7670 


7/38 


7806 


7873 


7941 


8008 


8O76 


8143 


643 


8211 


8279 


8346 


8414 


8481 


8549 


8616 


8684 


8751 


8818 


644 


-Q886 


6953 


9021 


9O88 


9^56 


9223 


9290 9358 


^25 


9492 


645 


9560 


9627 


9694 


976Z 


9829 


9896 


9964 


003J 


Op98 


0165 


646 


8 J 0233 


0300 


0367 


0434 


0501 


0569 


0636 


0703 


0770 


0837 


647 


0904 


0971- 


1039 


1106 


1173 


1240 


1307 


1374 


1441 


1508 


648 


1575 


1642 


1709 


1776 1843 


1910 


1977 


2044 2111 


2178 


649 


2245 


2312 


2379 


2445 2512 257£) 


2646 


2713 2780 


2847 



OF NUMBERS. 



385 



/4 





1 


2 ] 3 


' 4 ■ 
31'81 


5 


6 1 7 


8 


9 


650 


8129J3 


298O 3047 


3114 


3247 


3314 


3381 


3448 


3514 


651 


3581 


3648 


3714 


378 1 


3848 


3914 


398I 


4048 


4114 


4181 


652 


4248 


4314 


4361 


4447 


4514 


4581 


4647 


4714 


478O 


4847 


653 


4913 


498O 


5046 


5113 


5179 


521.6 


5312 


5378 


5445 


5511 


654 


5578 


5644 


5711 


9777 


5843 


5910 


5976 


6042 


6109 


6175 


655 


6241 


6308 


6374 


6440 


6506 


6573 


6639 6705 


6771 


6838 


656 


6904 


6970 


7036 


7102 


7169 


7235 


7301 


7367^ 


7433 


7499 


657 


7565 


7631 


7<598 


7764 


7830 


7896 


7962 


8028 


8O94 


8I6O 


658 


8226 


8292 


8358 


8424 


8490 


8556 


8622 


8688 


8754 


8820 


659 


8iB85 


8951 


9017 


9083 


9149 


9215 


g^28i 


9346 


9412 


9478 


660 


9544 


9610 


9676 


9/41 


9807 


9873 


9939 


0004 


0070 


0136 


661 


820201 


0367 


0333 


0399 


0464 


0530 


0595 


0661 


0727 


0792 


662 


• 0^858 


0924 


0989 


1055 


1120 


1186 


1251 


1317 


1382 


14*48 


663 


1514 


1579 


1645 


1710 


1775 


1841 


190^ 


1972 


2037 


2103 


664 


2168 


2233 


2299 


2364 


2430 


2495 


2560 


2626 


2691 


2756 


665 


2822 


1887 


2952 


3018 


3083 


3148 


3213 


3279 


3344 


3409 


666 


3474 


3539 


3605 


3670 


3735 


3800 


3865 


3930 


3996 


4061 


667 


4126 


4191 


4256 


4321 


4386 


4451 


45 16 


4581 


4646 


47ii 


66s 


4776 


4841 


4906 


4971 


5036 


5101 


5166 


5231 


5296 


5361 


669 


5426 


■5491 


5556 


5621 


5686 


5751 


5815 


5880 


5945 


6010 


670 


6075 


6140 


6204 


6269 


6334 


6399 


6464 


6528 


6593 


6658 


671 


6:^23 


6787 


6852 


6917 


698 1 


7046 


7111 


7175 


7240 


7305 


672 


7m 


7434 


7499 


7563 


7626 


7692 


7757 


7621 


7886 


7951 


67^ 


8015 


8080 


8144 


8209 


8273 


8338 


8402 


8467 


8531 


8595 


674 


8660 


8724 


8789 


8853 


89I8 


8982 


9046 


9111 


9175 


9239 


675 


9304 


9368 


9432 


9497 


9561 


9625 


9690 


9754 19818 


9882 


676 


9947 


0011 


0075 


0139 


0204 


0268 


0332 


0396 0460 


0525 


677 


830589 


0653 


07J7 


0781 


0845 


0909 


0973 


1037 


1102 


1166 


67s 


1230 


1294 


1358 


1422 


1486 


1550 


I6l4 


1678 


1742 


1806 


679 


1870 


1934 


1998 


2062 


2126 


2189 2253 


2317 


2381 


2445 


680 


2509 


2573 


2637 


2700 


2764 


:i828 2892 


2956 


3020 


3083 


681 


3147 


3211 


3275 


3338 


3402 


3466 


3530 


3593 


3657 


3721 


682 


3784 


38^8 


3912 


3975 


4039 


4103 


4166 


4230 


4294 


4357 


683 


4421 


4484 


4548 


4611 


4675 


4739 


4802 


4866 


4929 


4993 


684 


5056 


5120 


5183 


5247 


5310 


5373 


5437 


5500 


5564 


5627 


685 


5691 


5754 


5817 


5881 


5944 


6007 


6O7I 


6134 


6197 


6261 


686 


6324 


6387 


6451 


6514 


6577 


6641 


6704 


6767 


6830 


6894 


687 


6957 


7020 


7083 


7146 


7210 


7273 


7336 


7399 


7462 


7525 


688 


7588 


7652 


7715 


7778 


7841 


7904 


7967 


8030 


8O93 


8156 


689 


8219 


8282 


8345 


8408 


8471 


8534 


8597 


8660 


8723 


8786 


690 
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7187 

7737 
8286 

8d35 

9383 

9950 
0476 
1022 

1567 

2112 



5235 
5813 

6391 
6968 

7544 

8II9 

8694 I 

9268 1 

9841 

0413 

0985 

1556 

2126 

2^395 

32*64 

3832 

4399 
4965 

5531 

6096 

6660 

7233 

7786 

8348 
8909 
9470 
0030 
0589 
1147 
1705 
2262 
2818 
3373 
3928 
4482 
5036 
5586 
6140 
6692 
7242 

7792. 
8341 

8800 

9437 
9985 
0531 

1077 
1622 
2166 
2710 



5293 
5871 

644Q 
7026 
7^01 

S\77 
8752 

9325 
9898 
0471 
1042 
1613 
2183 
2752 
3321 
38SS 
4455 
5022 

5587 
6152 
6716 
7280 
7842 
8404 
8965 
9526 
0086" 
0645 
1203 
1760 
2317 
2873 

3429 

3984 

4538 
5091 
5644 
6195 

6747 

7297 
7847 

8396 

8944 

9492 

0039 

0586 

1131 

1676 

2221 

2/64 



5351 

5929 
6507 
7083 

7659 

8234 
88O9 
9333 
9956 
0523 

1099 
I67O 

2240 

2SP9 

3377 

3945 
4512 
5078 

5644 
6209 
6773 
7336 
7898 
8460 
9021 
9582 
Ol4l 
0700 
1259 
1816 
2373 

3484 
4039 
4593 
5146 

S6gg 

6251 
6S02 
7352 
7902 
8451 

^999 

9547 

0094 

0640 

1186 

1731 

2275. 

2818 



5409 

5997 
6564 
7141 

7717 
8292 

8866 
9440 
0013 
0585 
1156 

1727 
2297 

2866 

3434 

4002 

45Gg 
5135 
5700 
6265 
6829 

7392 
7955 
8516 

9077 
9638 

0197 
0756 

I3l4 
1872 
2429 
2985 
3540 
4094 
46>;8 
5201 
5754 
6306 
6857 
7407 

7957 
8506 

9054 
9602 
0149 
0695 
1240 
1785 
2329 
2873 



546(5 
6045 
6622 

7199 
7774 
8349 
8924 

9^7 
0070 
0642 
1213 
1784 
3354 
2923 
3491 
4059 
4625 
5192 
5757 
6321 
6885 
7449 
8011 
8573 
9134 

9<594 

0253 
0812 
1370 
1928 
2484 
3010 
3595 
4150 
4704 

5257 

5809 
6361 
6912 
7462 
8012 
8561 

9109 

g656 

0203 
0749 
1295 
1840 
2384 
2927 



8 

5524 
6102 
t)6S0 
7256 
7832 

8407 
8981 
9555 

0127 
O699 
1271 
1841 
2411 
298O 
3*548 
4115 
4682 
5249 
5813 
6378 
6942 
7505 
8067 
8629 
9190 

9750 
0309 

0868 
1426 
1983 
2540 
3096 
3651 
4205 
-^759 
5312 
5864 
6416 

m7 

7517 
8067 
8615 

9164 
9711 

0258 
0804 

1349 
I894 
2438 
2081 






387 



5582 
616O 

6737 
7314 
7889 
8461 
9039 
9^12 
0185 

0756 

1328 
1898 
2468 
3037 
3605 
4172 
4739 
5305 
5870 
6434 

6998 
7561 

8123 

8685 

9246 

9806 

0365 

0924 

1482 

2039 

2595 

3151 

3706 

4261 

4814 

5367 

5920 

6471 

7022 
7572 
8X22 
8670 
921 8 
9760 
03 f 2 
0859 
1404 
1948 
2492 
3036] 



38B 



LOGARITHMS 



N. 






800 
801 
802 
803 
804 
805 
80(5 
80/ 
808 

809 
8L0 
811 
812 
813 
814 
815 
8lti 
817 
81S 

819 
820 

821 
822 
823 
624 
825 
826 
827 
828 

829 
830 

831 
832 
833 
834 
835 
836 

837 
838 

839 
840 

841 
842 
843 
844 
845 
846 

847 

848 



O 



1849 



903090 
3633 
4174 
4716 
52,56 
5796 
6335 
6874 
7411 

7949 
8485 
9021 
9556 
910091 
0624 
1158 
1690 
2222 
2753 
3284 
3814 
4343 
4872 
5400 

59V 

6454 

698O 

7506 

80:^0 

8555 

9078 

9601 

920123 

0645 

1166 

1086 

:2206 

' 2725 

'32^4 

3762 

4279 

5312 
5S2S 
6342 

6S57 
7370 
7883 
8396 
f^908 



] 



3144 

3687 

4229 

4770 
5310 
5850 
6389 

6927 
7465 
8002 

8539 
9074 

9610 
0144 
0678 
1211 
1743 
2275 
2806 
3337 
3867 
4396 
4925 
5453 
59SO 

6507 
7033 
7558 
7083 

8607 
9130 
9653 
0176 

0697 
1218 

1738 

2258 

2777 
3296 

3814 

4331 

4848 

5364 

5879 
6394 
69O8 
7422 
7935 
8^147 
8959 



3199 
3741 

4283 

4824 
5364 
5904 
6443 
698I 

7519 
8056 

8592 

9128 

96()3 

0197 
0731 
1264 

1797 
2323 
2859 
33CjO 
3920 
4449 

4977 
5505 

6033 
6559 
7085 
7611 
8185 
8659 
9183 
9706 
0228 
0749 
12/0 
1790 
2310 
2829 
3348 
3865 
4383 

4899 
5415 

5931 

6445 

(^959 
7473 
79S6 
8498 
9010 



3253 

3795 
4337 

4878 
5418 
5958 

6497 
7035 

7573 
8110 
8646 
9^81 
9716 

a25i 

0784 

1317 

1850 

2381 

2913 

3443 

3973 

4502 

5030 

5558 

6085 

6612 

7138 

7663 

8188 

8712 

9235 

9758 

0280 

0801 

1322 

1842 

2362 

2881 

3399 

3917 
4434 

4951 

5467 
5982 

6497 

7011 
7524 

8037 
8549 

9061 



3307 

3849 

4391 

4932 

5472 

6012 

6551 

7089 

7626 

8163 

8699 

9235 

9770 

0304 

0838 

1371 

1903 

2435 

2966 

3496 

4026 

4555 

5083 

5611 

6138 

6664 

7190 

7716 

8240 

8764 

9287 

98 10 

0332 

0853 

1374 

I894 

2414 

2933 

3451 

3969 

4486 

5003 

5518 

6034 

6548 

7062 

7576 
8088 
8601 
9112 



.5 



3361 
3904 
4445 
4986 
5526 
6066 
6604 
'7143 
7680 

8217 
8753 

9289 
9823 
0358 

0891 
1424 

1956 

2488 

3019 
3549 

4079 

4608 

5136 

5664 

6191 

6717 
7243 

7768 

8293 
88I6 
9340 

9862 

0384 
0906 
1426 
1946 
2466 
2985 
3*503 
4021 
4538 
5054 
5570 
6085 
6()00 
7114 

7627 
8140 
8652 
9163 



3416 
3958 

4499 
5040 

5580 

6119 
6658 

7196 
7734 
8270 
88O7 
9342 

9877 

0411 
0944 

1477 
2009 
2541 
;3072 
3602 
4132 
4660 
5189 
5716 
6243 
6770 
7295 

7820 
8345 

8869 

9392 
9914 
0436 
0958 
1478 

1998 
2518 
3037 
3555 
4072 
4589 
5106 
5621 

6137 
6651 
7165 
767s 

8I9I 
8703 
9215 



3470 
4012 
4553 
5094 
5634 
6173 
6712 
7250 

7787 

8324 
8860 
9396 
9930 
0464 

0998 
1530 
2063 
2594 
3125 
3655 
4184 
4713 
5241 
5769 
6296 
6822 
7348 
7873 
8397 

6921 
9444 

9967 

0489 
1010 
1530 
2050 
2570 
3089 

3607 
4124 
4641 

5157 
5673 
6I88 
6702 
7216 
7730 
8242 
8754 
9266 



8 



3524 
4066 
4607 
5148 
5688 
6227 
67m 
7304 
7841 
8378 
8914 
9449 
19984 
0518 
1051 
1584 
2116 
2647 
3178 
37O8 

4237 
4766 
5294 
5822 
6349 
6875 
7400 
7925 
8450 
8973 

9496 
0019 
0541 
1062 
1582 
2102 
2622 
3140 
3658 
4176 
4693 
5209 
5725 
6240 
6754 
7268 

7781 
8293 

8805 
9317 



3578 
4120 
4661 
5202 
5742 
6281 
6820 
7358 
7895 
8431 

8967 
9503 

0037 
0571 
1104 

1637 
2169 
2700 
3231 
3761 
4290 
4819 
5347 
5875 
6401 

6927 
7453 

7978 
8502 

9026 

9549 

0071 

0593 

1114 

1634 

2154 

2674 

3192 

3710 

4228 

474* 

5261 

5776 
6291 
6805 

7319 
7832 

8345 

8857 

q:i68\ 












OF NUMBERS. 








.. 39^ 


1 


2 


3 4 


5 





i 


6 


9 


977/24 


77(^9 


7815 


7861 


7906 


7952 


7998 


8043 


8089 


8135 


8181 


8226 


8272 


8317 


8363 


8409 


8454 


8500 


8546 


8501 


8637 


8683 


8728 


8774 


88I9 


8865 


S9II 


S956 


9OO2I9047 


9093 


9^38 


9184 


9230 


9275 


9321 


9360 


9412 


9457 


9503 


1 9548 


9594 


9639 


9685 


9730 


9776^ 


9821 


9867 


99i2 


9958 


980(X)3 


0049 


0094 


0140 


0185 


0231 


0276 


0322 


0367 


0412 


0458 


0503 


0549 


0594 


0640 


0685 


0730 


0776 


0821 


O867 


0912 


0957 


1003 


10^8 


1093 


1139 


1184 


1229 


1275 


1320 


}36d 


1411 


1456 


1501 


1547 


1592 


1637 


1683 


1728 


1773 


1819 


1864 


i909 


1954 


2000 


2045 


2090 


2135 


2181 


I226 


2271 


2316 


2362 


240/ 


2452 


2497 


'^543 


2588 


2633 


2678 


2723 


2769 


2814 


2859 


290* 


2949 


2994 


3040 


3085 


3130 


3175 


3220 


3265 


3310 


3356 


3401 


3446 


3491 


3536 


3581 


3626* 


3671 


3716 


3762 


3807 


3852 


'^897 


3942 


3987 


4032 


4077 


4122 


4167 


4212 


4257 


4302 


4347 


4392 


4437 


4482 


4527 


4572 


4617 


4662 


4707 


4752 


4797 


4842 


4887 


4932 


4977 


5022 


5067 


5112 


5157 


5202 


5247 


5292 


5337 


5392 


5420 


5471 


5516 


5561 


5606 


5651 


5699 
6144 


5741 


5786 


5830 


5875 


5920 


5965 


6010 


6055 


6100 


6189 


6234 


6279 


6324 


6369 


6413 


6458 


6503 


6548 


6593 


6637 


6682 


6727 


6772 


6817 


6861 


6906 


6951 


^6 


7040 


7085 


7130 


7175 


7219 


7264 


7309 


7353 


7398 


7443 


7488 


7532 


7m 


7622 


706t) 


7711 


7750 


7800 


7845 


7890 


7934 


7979 


8024 


8068 


8113 


8157 


8202 


8247 


8291 


8336 


8381 


8425 


8470 


8514 


8559 


8604 


86*48 


8693 


8737 


8782 


8826 


8871 


8916 


896O 


9005 


9049 


9049 


9138 


9183 


9227 


9272 


9316 


9361 


(>405 


9450 


9494 


9539 


9583 


9628 


90*72 


9717 


9701 


9806 


9850 


9895 


9939 


9983 


0028 


0072 


0117 


0161 


0206 


0250 


0294 


990339 


0383 


0428 


04/2 


05l6 


0561 


0605 


0650 


0694 


0738 


0/83 


0827 


0871 


anO 


O96O 


1004 


1049 


1093 


1137 


1182 


1226 


1270 


1315 


1359 


1403 


1448 


1492 


1536 


1580 


1B25 


1669 


1713 


1758 


1802 


1846 


I89O 


1935 


1979 


2023 


2067 


2111 


2156 


2200 


2244 


2288 


2333 


2377 


2421 


2465 


2509 


f 2554 


25ij8 


264.2 


2686 


2r30 


2774 


2819 


2863 


2907 


2951 


29L5 


3039 


3083 


3127 


3172 


3216 


3260 


3304 


3348 


3392 


3436 


34sb 3524 


3508 


3613 


3657 


3701 


^74^ 


3780 


3833 


3877 


3921 


39O5 


4009 


4053 


40C)7 


4141 


4185 


4229 


4273 


4317 


4361 


4405 


4449 


4493 


4537 


4581 


4625 


4669 


4713 


^757 


4801 


4845 


4889 


4933 


4977 


5021 


5065 


5108 


5152 


5196 


5240 


5284 


5328 


53/2 


5416 


5460 


5504 


5547 


5591 


5035 


5079 


5723 


5707 


5811 


5854 


5898 


5942 


5986 


6030 


6074 


6117 


6161 


6205 


6249 


6293 


6337 


6380 


6424 


6468 


6*512 


0555 


0599 


6643 


6687 


673 1 


0*774 


6818 


6862 


6906 


O949 


6993 


7037 


708O 


7124 


7168 


7212 


7255 


7299 


7343 


7386 


7430 


7474 


7517 


7561 


7005 


7648 


7692 


7736 


7779 


7823 


7867 


7910 


7954 


7998 


8041 


t0S3 


8I29 


81 72 


8216 


8259' 


830} 


8347 


83(}0 


8434 


8477 


8521 


8564 


6608 


8652 


sog^ 


8739 


8782 


8826 


8869 


8913 


8956 


9(XX) 


9043 


9087 


gisi 


9174 


921 8 


926I 


9305 9348 


9392 


9435 


9479 


9522 


9505 


90*09 


9652 


9696 


9739 


9783 I 


9826 


(|870 


9913 


9957I 




, 




■ 


2 D 2 


r 
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LOGARITHMS 








N. 





1 


2 


3 


4 


5 


6 


7 


8 


900 


954243 


4291 


4339 


4387 


4435 


4484 


4532 


4580 


4628 


901 


4725 


4773 


4821 


4869 


49I8 


4966 


5014 


5062 


5110 


903 


5207 


5255 


5303 


5351 


5399 


5447 


5495 


5543 


5592 


903 


.5688 


5736 


5784 


5832 


5880 


5928 


5970 


6024 


6072 


904 


6168 


6216 


6265 


6313 


6361 


6409 


6457 


6505 


6553 


905 


664g 


6697 


6745 


6793 


6840 


6888 


6936 


6Q84 


7032 


90a 


7128 


7176 


7224 


7272 


7320 


7368 


7416 


7464 


7512 


907 


7607 


7655 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


908 


8086 


8134 


8181 


8229 


8277 


8325 


83/3 


8421 


8468 


909 


8554 


8612 


8659 


8707 


8755 


8803 


8850 


8898 


8946 


910 


9041 


9089 


9137 


9185 


9232 


9280 


()328 


9375 


9423 


911 


9518 


9566 


9614 


966I 


9709 


9757 


9804 


9852 


9900 


912 


9995 


0042 


0090 


01 38 


0185 


0233 


0280 


0328 


0376 


913 


9^0471 


0518 


0566 


0613 


0661 


0709 


0/56 


0804 


0851 


914 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


915 


1421 


1469 


1516 


1563 


1611 


1658 


1706 


1753 


180I 


91^ 


I895 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


917 


2369 


2417 


2464 


2511 


2559 


2606 


2653 


2701 


2748 


918 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


3174 


3221 


i)i9 


3316 


3363 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


930 


3788 


3835 


3882 


3929 


3977 


4024 


4071 


4118 


41*65 


921 


4«?60 


4307 


4354 


4401 


4448 


4495 


4542 


4590 


4637 


922 


4731 


4778 


4825 


4872 


4919 


4g66 


5013 


5061 


5108 


923 


5202 


5249 


5206 


5343 


5390 


5437 


5484 


5531 


5578 


•924 


5672 


5719 


5766 


5813 


5860 


5907 


59''^4 


6001 


6048 


925 


6142 


61 89 


6236 


6283 


6329 


6376 


6423 


6470 


6517 


920 


6611 


6658 


6705 


6752 


0799 


6845 


6802 


6939 


69S6 


927 


7080 


7127 


7173 


7220 


7267 


7314 


7361 


7408 


7454 


928 


7548 


7596 


7642 


7688 


7735 


7782 


7829 


7875 


7922 


V 929 


8016 


8062 


8IO9 


8156 


8203 


824() 


8296 


8343 


8390 


930 


8483 


8530 


8576 


86'23 


8670 


8716 


8763 


8810 


8856 


931 


8950 


8996 


9043 


6090 


9136 


9183 


9229 


9V() 


9323 


932 


9416 


9463 


9509 


9556 


9002 


9649 


9695 


9742 


9789 


983 


9882 


9928 


9975 


0021 


0068 


0114 


0161 


0207 


0254 


934 


970347 


0393 


0440 


0486 


0533 


0579 


0626 


0672 


0719 


935 


0812 


0858 


0904 


0951 


0997 


1044 


101)0 


1137 


1183 


93a 


1276 


1322 


1360 


1415 


1461 


1508 


1554 


1601 


1647 


937 


1740 


1786 


1832 


1879 


1925 


1971 


2018 


2064 


2110 


938 


2203 


2249 


2295 


2342 


2388 


2434 


2481 


2527 


2573 


939 


2666 


2712 


2758 


2804 


2851 


2897 


2943 


2989! 3035 


940 


3128 


3174. 


3220 


3266 3313 1 


3359 


3405 


3451 


3497 ! 


941 


35pO 


3636 


3682 


3728 


3774 


3820 


3860 


3913 


3959 


942 


4051 


40i>7 


4143 


4189 


4235 


4281 


4:^27 


4374 4420 


94a 


4512 


4558 


4604 


4650 


46(K) 


4742 


4788 


4834, 4S80 • 


944 


4972 


5018 


5064 


5110 


5156 


5202 


5248 


5294; 5340 . 


945 


5432 


5478 


5524 


5570 


5616 


5662 


5707 


.5753 1 5/99 • 


946 


5891 


5937 


5983 


6O29 


6075 


6121 


6f67 


6212' 61258 ( 


947 


6350 


63q6 


6442 


6488 


6533 


6579 


6625 


6671 


mi < 


948 


6808 


6854 


6900 


6946 


699^ 


7037 


7083 


7129 


7175 ; 


I949 


7266 7312 1 


7358 


7403 7^9 ' 7495 1 7541 


7586 7632'; 



OF NUMBKRS. 



o 



8181 
8()37 

9548 
980003 
04^8 
0912 
1360* 
I8I9 
22? 1 
2723 
3175 
3626 

4077 

4527 

5420 
5875 
6324 
6772 
7219 

im^ 

8113 
8559 
9005 
9450 
9895 

990339 
0/83 
J 226 

1669 
211J 
2554 
291,5 
3436 

3877 
4317 

4757 
5196 
5635 
6074 
6512 

6949 
7386 

7823 

8259' 

869^ 

9131 



77(^ 
8226 
8683 
9138 

9594 
0049 
0503 

1411 
1864 
2316 
2769 
3220 

3671 
4L22 
4572 
5022 

5471 
5920 
6369 

6817 
7264 

7711 
8157 

S604 

.^;494 
im9 

0383 
0827 
1270 
1713 
2156 
25(,8 
3039 
34bb 
3921 
4361 
4801 
5240 

6117 
(:}555 

6993 
7430 

7Q^7 

8303 
8739 
9174 

C)60C) 



2 



7815 

8272 
8728 
9184 

9Q39 
0094 

0549 

loa'i 

1456 

I9OQ 
2362 
2814 
3265 
3716 
4167 
4617 

5067 

5516 
59G5 
6413 
6861 
7309 
775(5 
8202 
86*48 
9049 

9539 
99^3 

042S 

0871 
1315 

1758 

2200 

264.2 

3083 



3 



4 



5 I 



3965 
4405 
4845 
5284 
5723 
6161 

7037 
7474 
7910 
8347 
8782 
921 8 
9652 



7861 

8317 
8774 
9230 

0140 

0594 

1048 

1501 

1954 

240/ 

2859 

3310 

3762 

4212 

4662 

5112 

5561 

6010 

6458 

6906 

7353 

7800 

6247 

8693 

9138 

9583 

0028 

04/2 

(xn6 

1359 
1802 

2244 

2686 

3127 
3568 
4009 
4449 
4889 
5328 

^707 
6205 
6643 
7O8O 

7517 
7954 
8390 
68*26 
9261 
9^9^ 



790ti 
8363 
8819 
9275 
9730 
0185 
0640 
1093 

1547 
2000 

2452 
2904 
3356 

3807 
4257 
4707 
5157 
5606 
6055 
6503 
6951 
7398 
7S45 
8291 

8737 
9183 

9628 

0072 

05l6 

096O 

1403 

1646 

2288 

2r30 
3172 
3613 
4053 
4493 
4933 
5372 
5811 
6249 

6687 
7124 
7561 

7(;98 

8434 
8869 
9305 

9739 
2D2 



7952 
8409 
8865 
9321 
9770 
0231 
0685 
1139 
1592 
2045 
2497 

2949 
3401 

3852 

4302 

4752 

5202 

5t)5\ 

6100 

6548 

6990' 

7443 

7890 

8336 

8782 

9227 

90*72 

0117 

0561 

1004 

1448 

I89O 

2333 

2774 

3216 

3657 
40C)7 

4537 

4977 
5416 

5854 
6293 
6731 

7168 
7605 
8041 

84/7 
8913 

9348 



7998 
8454 

S9II 

iyjGl) \ 

9821 
0276 
0730 
11S4 
1637 
2090 
'^543 

2994 
3446 

'^S97 
4347 
4797 

5247 

5699 
6144 
6593 
7040 
7488 
7934 
8381 
8826 
9272 

9717 
0161 
0605 

1049 
1492 
1935 

2377 
2819 
3260 
3701 
4141 
4581 
5021 
5460 
5898 
6337 

0*774 
7212 
7648 
iiOSa 
8521 
8956 
9392 



y 



8043 
8500 
8956 
9412 

9S()7 

0322 

0770 

1229 

1683 

2135 

2588 

3040 

3491 

3942 

4392 

4842 

5292 

5741 

6189 

6637 

7085 

7532 

7979 
8425 

8871 
9316 

9701 

0206 

0650 
1093 
1536 

1979 
2421 

2863 

3304 

3745 
4185 
4625 
5065 
5504 
5942 
6380 
6818 
7255 
7692 
8 129 
8564 

gooo 
9433 



J A 



39I 



73t) C);83 C)tia6tt{870 



8089 

8546 

9002 
9457 

9912 

0367 
0821 
1275 
1728 
2181 
2633 
3085 
3536 

3987 
4437 

4887 
5337 
6786 
6234 
6682 
7130 

7577 
8024 
8470 
8916 
9361 
9806 
0250 
0694 
1137 
1580 
2023 
2465 

2907 
3348 
3780 
4229 
4669 
5108 
5547 
5986 
6424 
6862 

7299 
7736 

81 72 

6608 

9043 

9479 

9913I9957 



8135 

8591 

9047 

9503 

9958 

0412 

O867 

1320 

1773 

I226 

2678 

3130 

3581 

4032 

4482 

4932 

5392 

5830 

6279 

6727 

7175 

7622 

8068 

8514 

896O 

(>405 

9850 

0294 

0738 

1182 

ltf25 

2067 

2509 

2951 

3392 

3833 

4273 

4713 

5152 

5591 

6030 

6468 

6906 

7343 

7779 
8216 

8652 

9087 
9522 



LOG. SINES, +ai«;emts, &c. 



4 Deg. 


1 S DeR- 1 




Sine 


Coaine Tang, j Cotang. 


Sine 


Cosine 1 Tang. 


Cotang. 


J 


"o 




9-l.Ua94i'8-844644!ll-t353S6 


8-940-396 


9-998344 B-94195« 


1 1 -OSB04B » 






9-y9893'j:8-S464J.lil|-li334i 


8-941738 


9-998333 S-M340J 


1 1 -056596 S 


s 


i'8471fl; 


it-9y89a3ls-84836()]l 1-151740 


8-943174 


9-998322 B-944B5'i 


11-055148 SI 


3 


8-8-t8971 


9-99a914,a-ai0057|ll-U9943 


S'944606 


9-9983118-946395 


ll-O53T05iT 


4 


I'SSinSl 


9 ■ 998905, 8'851B+6 


11-148154 


8-946034 


9-998300 8-947734 


1 1-052366 M 


5 
6 






11-146372 
11-144597 


8-947456 
3-94B874 


B-998'JS9|B-949I66 


11-050833 S5 


B-8.Wa91,9'9B8is7 


8-85540; 


11-049403 H 






8-857171 


11-142839 


H-950387 


9-99826618-953021 


n -047979 K 


B 


9-8.17eOI 3-998869 


8-858932 


11-141068 


B-9S1696 


B-998355 8-953441 
9-998243 8-954856 


It '046559 SI 


S 


8-859W6 9-998361) 


B-SG06B6 


11-139314 


B'953100 


11-045144 Si 


to 


8-361283 9-998851 


8-869+33 


I1'137567 




9-998B32tB-!156M7 


11-043733 M 


ll 


8-9ii3014|9 -99884! 


8-864173 


11-135827 




!>-9983aO 


18-957674 


ll-0433S6t9 


1! 


t-BG4T38:9-t>98S32 


8-865906 


11-134094 


8' 957984 


9-998309 


B-95M7S 


U -041)92518 


IS 


a-8«liMsl9-9988a3 




U -133.368 


8-958670 


9-993197 


8-960473 


1 1-039527 *1 


14 


8-8fi81iij.9-!*pa8I3 


t-efi935l 


11-130649 


8-960052 


9-993 186 


8-961 366 


11-038134 W 


11 


8-8t;!*gD8;9-098S04 


8-871064 


11-138936 


8-961429 


9-998174 


B-963-255 


11 -036745 H 


16 


8-871.165 9-898793 


B -873770 


11-137330 


8-963801 


9-998163 


8-964639 


U -035361 M 


n 


8-a73'>i5 9-9y878Ji 


8-874469 


11-135531 


8-964170 


9-9981 51 


8-966019 


11-033981 » 


IB 


8-87493B,y-998776 


8-876163 


ll-rJ3838 


8-965534 


9-998139 


8-967394 


11-033606 la 


19 


8-87661 i9-99a7fi(i 


8-877849 


11-122151 


8-966893 


9-998138 


8-968766 


11-03)214 11 


10 


B-878'JKS 9-998:57 


8-8T9S'29 


11-120471 


8-968349 


9-998116 


^.970133 


1 1 -03986T X 


il 


B-879949i9-998747 


8-88131)3 


11-113798 


8-969600 


9-998104 


8-971496 


11-038504 W 


» 


8-881607 9-99B738 


8-883869 


11-117131 


8-970947 


9-998093 


i*-9iaB55 


11-037145^8 


u 


8-883ai8l9-99H73a 
8-884903p-9987l8 
8-88fi.UQ9-99870B 


B-H84530 


11-1154W 


8-972289 


9-998031) 


8-97420& 


11-035791 « 


u 


8-886185 


11-113815 


8-973638 


9-998068 


B-973560 


1 1-034440 3t 


u 


B-B87833 


11-113167 


8-974963 


0-998056 


i-916906 


ll-09399i« 


IS 


a-88 3 17-1 Is- 9 38699 


8-889476 


11-110524 


8-976293 


9-998044 




11-031752 W 


n 


«-8B9801|9-99tt6S9 


8-891112 


M'lOSBBS 


8-977619 


9-998039 


i-91958C 


11-040414 5; 


98 


«-89 145 19*998679 


8-895743 


11- 107258 


8-97B941 


9-998020 


8-980921 


11-019079 W 


29 


8-89303 :il9-998<U>9 


S'894366 


11-I0S634 


8-980259 


n-a9800B 


8-98325 1 


n-..in49H 


X 


B-S9-1643 9-998li59 


8-395984 


11-104016 


B-9B1573 


9-997996 


B-983577 


11-016423*) 


SI 


B-89624r. 9-998649 


8-897596 


11 -102404 


8-983883 


9-997984 


8-9B4899 


11-015101 a 


as 




8-H99-J03 


11-100797 


8-984189 


9-997972 


B-986217 


ll-0l37B3i31 


53 


H-89S)43G 9-998629 


H-900803 


11-099197 


8-98549 1 


9-991959 


B-987532 


11-018469 M 


34 


8-301(1179-958619 


M-90239S 


11-097602 


8-986789 




B-988342 


11-011158 36 


3S 




8-903987 


ll-OSfiOlS 


8-988083 


9-99793J 


a-990I4!> 


1 1 009851 !S 


36 


8-9041 6S 9'99BS99 


8-905570 


11-094430 


8-989374 


9-997922 


8-991451 


11-00854934 


31 


8-90J7S6 9-998.^89 


S-90714" 


11-092853 


8-990660 


9-997910 




lI-0073So!l3 


IIB 


8-907^97 9-998,^6 


i-908719 


11-091381 


8-991943 


9-997997 


l-9il4(>4; 


11-005955 




39 




B-910385 


11-089715 


8-993SS3 


9-9973S5 




1I-0(>W63 


11 


40 


8-910404 9-998^58 


i'9n84« 


11-088154 


8-994497 


9-997973 


l-»9663< 


11-003376 


20 


^1 


8-B11949 9-998543 


8-913401 


11-086.199 


8-995768 


9-991860 




It-003Q93 


19 


W 




8-9I49SI 


I1-0B.W49 


8-997036 


9-991847 


8-999188 


u-oooei^ 


18 


u 




8-91 649S 


11-083505 


8-9»8'J99 


9-99W35 






17 


44 




B-91S03-1 


11-0S19C6 


S-999560 


9-997899 


9-001738 




Id 


45 


a-9l80T.1&-998i00 


8-919568 


I1-C8043S 


IMXW8I6 




tf-QOOOOT 




15 


46 


B-919391»'99849J 


B'9SI096 


11 ■078904 


9-0O3O6S 




(-004012 


11.-993728 


14 


n 


B-9S1 103 9-9^8483 


8-923619 


11-077381 


9-003311 


9-9977B4 




IO-9944£6| 


15 


u 


8-933610 9-998474 


8-9241 3f 


1 1-0758S4 


9-004563 


9-991111 




10-99320) 


13 




6-934112^-99846} 


R'S^llUD 


1 1-074351 


9-0O580S 


9-997156 




10-991953 


It 




8.9e.'>GD[>Ki-9Se433B.9S7lj6 


11'072S44 




9-997145 




10-990703 


10 




8-997 100 9-99^443 B'9386S8 


11-071343 


9-008378 


9-991132 


9-0105W 


10-989454 


9 




8'9S8Je7 9-998431 8-93011:; 


11 -069845 


9009510 


9-991119 


3-01 1790 


10-988911 






3-9301tC8 9-99843! 8-93164- 


i I-06B353 


9-010731 


9-991106 


9-013031 


10-9b6969 




si 


a'931i44 9-998+10i-933134 


11-066866 


9-01 1962 


9-991695 


9-014368 


10-985739 


f 


i,^ 


8-933015 9-9983998-934616 


11-065384 


9-0 13 IBS 


S-pgiGBO 


9-015502 


10-98449B 




56 


8-934481 9-9618388 3-9361)93 


11-063907 


9-014400 


9-997667 


9-01673S 


10-983968 




ST 


8-93SBie 9-9BB377 8-93WM 


11-063435 


9-015613 


9-991654 


9-01795» 


IO-9»-204I 




'i-J39!f}9-99B3e6i8-93902S 


11-060968 


9-0T6B34 


9-997641 


«0191B3 


10-9a(nl7 


1 


>885UP-39a35JB- 940494 


11-050506 


9-01 S03I 


9-997638 


B-020W3 


10-97WM 


1 




11-058048 


9-019335 


S-9976I4 


9-031620 


10-978380 







sinei Sine ICotan. Taw^. 


\c«^\».\ Sviie \Oafem. 


T»B. 


S5D.K. ' W . ■*^^-. 


li 



^D^B- 



toe, snffii, TAwahwTs, &c. 



Peg. 



Cpgine Tang. Cotuig. 



■J60540 9-999713 



■567431 B-KOTO* 
■510336 9-999699 
8-5142ul9-999694 
8-517566 9-999689 
S'5B0a93 



2 B-i8il93 

3 8-587469 
8-5907^1 
8-593948 

6 a-59TIJS 



9<99*680B< 
9^9996T5 
9iW967( 
9-999665 

9-999660 



B-S0n623 
10 B-609734 

•■■i 8'61589l 

8-618937 

■* 8-691962 



9-999645 
9-999640 
9-999635 
9-999629 
9-999624 
9-999619 



'■S 8-694965«^999GIt 



16 8-ei7MS 

■"9-630911 

S'li33aS4 

!9 8-C3677G 



IS 9-999608 
19-B99603 
14 9^99»i91 
'6 9-»959a 
10 9^99958« 
'1 8-645563 9-999581 
3S 8-645498 9-999575 



13 8-648974 
'4 8-65 nut 
15 8-65391; 
8-656701 
i7 B-659473 
' 8-669930 
■'» a-6i;4968 
•0 B-6G7689 
■1 8-670393 
■2 8-673080 
S 8-67575! 
4 8-678405 
J 8-681043 
« 8-683665 
7 S'ES697t 



■7 8-711507 

S-71395? 

H 8-716383 



9-9995J3 

■999547 
9-999i41 
!» -999535 

■999529 
9-y99ia4 

■9SM1B 
9^9P9J19 
9-999506 
9-999500 
"■999*113 

■999487 



■S50968 
■5S381 
■557336 
■560898 
■5114991 
567797 
■571 137' 1 
■5745y0] 
■577877 1 



iHlSOS 
■584514 
■587795 
■591 OSI 
■594983 
■597499 
■600677 



-610094 
-61 3 1 89 
■61626^ 
■619313 
'692343 
■625352 
■6SS34I) 
-631308 
•634956 
■E37IH4 
■64009; 
-64998: 
-645853 
-648704 
■651537 
-654359 
■6:57149 



■670870 
■673563 
-676239 
■678900 
■681544 
■684179 
■686784 



8-693998 9-999469'3' 
8-696543 9-S99463'8' 
"073 B-91IB45B 



1-999437 
1-999*31 
9-9994;!4 
9-999418 
9^99941 
■999+P4 






1 

■6945B9 
■697081 
-6996 17J1 
■702139 
704646 
■707140 n 
11 

■715083 
14534 

fl697a 

1 19396 



S7 Peg. 



+5691 1 
■453309 
■449732 
■446 1 B3 
■449664 
■439178 
■435709 
■439273 
■4U8B63 
-425480 



-408949 
■40J508| 



Sine Coaine Taug. Cotang. 



B-71BB00 
-721204 
-723595 

8-795972 



-746809 9 999399 



-749055 
■751297 
-753528 
■755747 
-757955 
760151 
76233' 
■76451 1 



1-37161 
1-363692 
1-365744 
l-3(i9B[6 
1 '359907 
1-357018 
' 354147 
■3512^6 
■348463 
■345648 
349851 
■340072 
■337311 
■334567, 
■331840l 
■3^9130 
■326437 
■323761 
■321100 



1582! 
132161 
106191 
■30S037' 
305471' 
■30 29 19 
■300383; 
■99786 
■995354 ■ 



■H99404 

■P9939B 
9-999»l 
9-999384 

■999378 
9-99937 
9-999364 
9-999357 

■999350 
9-.'99343 



■766tiT 
■633S 
■70970 
773101 
■775923 
777333 
'779434 
■781524 
■783605 
■785675 
■787736 
-789787 
791823 



'B09777 



iiTee 

■813667 
■315599 
■817529 
.9436 
■821343 
-323240 
»-B25. 



B -834450 



-a854e8 

■seaoes 

'QS0604 



8-841774 »■ 



8-99931, 
9-999308 
9-999301 
9-999294 
9-999987 
9-999279 
9 ■99927'! 
9-999965 
9-9999W 
9-999?50 
9-999242 
D-999S35 
^■999M7 
■999220 
■999212 
9-999905 
9-999. 
9-999189 



S-794904 
a-7965«8 
S-798959 
S-731317 
a -7 33663 
B-735996 
8-736317 
B-740626 
-749922 
-745907 
8-747479 
8-749740 



ll-24.'i773 
11-243547 
1-241332 
8-760879 11-2391; 



B-763065 

'65246 

S -7674 "7 



9-9991' 
■99911 
9-999 15S 
■999150 
■999149 
9-999134 
9-999126 
" "SSlIS 



9'99gOB£ 
9^999077 
B 999069 
9 999061 
9-999053 
■999044 
■999036 
9-999097 



taotiiM 

!78194 

■275796 

II ■27341 3 

11-271041 



11- 

11-966337 
1-364004 

11-J61I 

11-959374 
I "157078 
1-954793 

11-95'25'Jl 

1 1 -950960 



769578 1 1-230498 



■782320 
■784408 
8-786486 
1-788554 
1-790613 
l^799662 
8-794701 
3-796731 
■768759 
8-80076; 
3-802765 
8^80475S 



3-B 16599 
"■818461 
3-320334 
S-82999( 
8-8S490: 
8-89610: 
-8B7999 
■899874 
■8317 



8 -633613 
9-83547! 
B-S37391 

. 8'B39183 1. 

S-aa9956 B-gSSSSB B-S4D99a 1 1-159009 



-agRMrfi-eiA&M 



1 -236935 

1 -234754 40 

1 ■932589 



31 
1-228273|37 
11-92613436 
1 1 -224005'3d 
11-221886 34 
■ -21 9778 33 
"J17680|39 
11-21559231 
11-213514:30 
I -2 1 1446 29 
1-209387 28 
1 ■907358!97 
I -905999!96 
I '903269 25 
11-901948 24 
1-199e37!23 
I'197';a5i23 
1-19524^ " 



91283 
11-139317 
1 -187339 
ME541 
r 183471 
1 ■I 81539 
1-179CI( 
1-177702 
1-175795 
1-173897 
11-179008 



'168952 
-166387 
-164599 



11-1571'; 



'o^n. Tang. 



8-643583 - 



LOG. Slttrs, "f AWGEMTi, fa. 



5 Peg. 



B-8435SJ|yyi)S9*l:B'8446UiI l-]i5:>50 
■ 1-84S387 9-998933.8-S+6«Sill'I53S+3 

s-g47 1 H3 9-99g!)a3 a-a4»e6(i' ] 

- 8+8911 9-998yU,8-3oO(U7|ll-HBM3 



•857171 



4B-85O75l^-i<9Bg03|8-aSI8W 
B'SS4S91.9-99H8S7 8-835W3 
9-8i«rt9 9-»8a7B 
S-837801 !9'9a8869 
B-8J95M!9'99886U 
S'8fiia83|9-99BH51 
»-S63D 14^-998841 
IB i'S&t73S 9-!'98S33 
ia|B'8a645j|9-99Haa3 
■SfiSlfi.iiP-yPSBl.l 
'8(}!Jgti3i9-ytitJ601 
■87 1 S6i 9-998791 
B- 873355 ,9 -99878: 
"■874938.y'998776 
S-S766[5 9'99H7lifi 
B-B7B'iKi 9-99H757 
■879P49i9'99B747 
■8eiB07|9-998738 
B-883J5 8 9-998738 
B-8B4903!9-99a7IB 
■99S70B 
998699 



Siae I Cosine I T^g. | Cotang. 



B-864IT3 
B-865906 
B -8(57639 
■eK93JI 
■871064 
■B72770 
9-874469 
9-876Hia 
9-877849 
■879529 
'SB12l>e 
'383869 
■Mfl4S30 I 
886185 



■897596 



■902318 
■90398^ 
S-9OJJ70 
■H0714' 



1113 

'891431 J9-y98fi79 8-89274; 

'893(133 1 9*99 8669 
S0la-S94643l9-998659 
B-89634g|9-998649 
8-89784319-998639 8-899a)3 
"■B9fU32 9-998fi'29 
l-90l()l 7 9-95861! 

■903596 9'998609 
J6j8-904169p998599 
9-905756 9 ■ 99 85B9 
9-907397 b-fl9B.')7B 9 ■9037 1! 
9-908HS3p-99B568 3- 9 10385 
B'9I04049-99855B 3-911: 
8-91 1!l49l9-99B54S 
S-91348b|9-998J37 
■■■91i033|9-99BiB7 
6J50I9-99N5] 

■918073^-998506 
B-91BS9lB^99e495 
8-941103 9-999485 

'9196109-993474 
8^9a41l2W-99B*64 



1-148154 
M4637^/ 
I'l 44597 
1-142B 
1-1410 

11-139314 
I ■137367 

11-135827 

Il-I34fl94 

11 '139368 
I- 130649 

1|-C«!'36 
1-127230 

11- 1-2553 1 
l'rJ383B 
1-I93I51 
1-120471 

11-118798 



9-913401 

B'9l4951 
■916495 
B-DI8034 
"■919568 



8'995649 
8.9971 " 
8'99e( 

S-9385B7|9' 998431 B'93U: 
8-93Uli68 9-9934ai 8-9311 
g-9315449-99B4I0B'933I34 
B9330 15 9-998399 8-93461 6 
8-9:1448 ll9-9SS3B88-9S 6093 
S-9ajS4Ep-99B377'8-93756S 
'99836^8-939033 
9'998333lB-940434 



■941738 
-943174 
-944606 
8-946034 
8-947456 
8-948874 
-950B87 
B-951696 
1-953 1 00 
I-934499 
B-93iB94 
S'957e84 
9-958670 
B-P60052 
8-961499 
8-969801 
8'96417(I 
8-965534 9- 



i-n54» 

1-Il3fll5 
1-119167 
n-110534 

11-108888 
11-107958 
105634 
11-104016 
11-103404 
11-100797 
11- 
1-097602 
1-09601 3 
1-094430 



■970947 
8-973389 
'97369S 



8976393 9-99S044 
8-9T761S 9-998033 



11-092853 
11 09198 
1-(»8971. 
i -1188154 
1-086,199 
1-085049 
11-083505 
ll-0SI9e6 
■090432 



11 ■065384 
11-063907 
11-06943,' 



Cosine I Tang. 

9-99B344B-94195ii 
9-998333 8'943404 
9'998322 fl^94485!j 
B-99B311 B^946995 



9-9983no 
6-998289 

■998277 
9-998266 
9-998355 
9-998243 
9-998933 
9-998930 
9-998309 

■993197 
9-99S186 

■998174 
9-998163 



1-971496 n-OS 

1-972855 n-0! 

9^99B080 8-974209 1 1-K5791 3' 

■998068 B'973J60 11 OS " 



■974962 9-998056 9- 



9-978S48 1 1 

B-97958S 1 1 

9-9M020 8-980931 H 



B-9828S3 
■984189 
■9H5491 



■988083 9- 

8-989374 
-9S0660 9- 
-091943 " 

8-993293 
-99449'; 

9-995768 

9^ 99703 fi 

a-9M^ 

B-99a.M0 

^■oooei6 



-DU3318 9- 
9-004563 

9-W)5B05 
9-0O7044 

9-U0397B 9- 
■0095 1 " 
9-010731 



^-940B9&9-99a344 fl-9419 52 Vv"5Wasi 
'/Cosinej Sinejcotan. Tang,. 
S5 Peg. 



Cotang. 



■947734 1 1 
■9491 6f "" 
■950597 I 
■953031 1 
B-93344I 1 
9-994856 I 



8-9BI573 9-997996 



-9979S4 



'-997197 



9-99777 



997758 
9-997745 
1-997731 
-997719 
-997706 
9-01 1962J9-997e93 
9-01311 
9-014400 
3-01561; 
9^0 16834 
9-01 803 1 
■Q\q»S( 



9-99766' 
9-99763.1 
1-997641 



'3n-0393'i7V! 
16 11-038134 46 
■3 11 -03674.? 13 
19 11-03336144 



1 1 -0137H3 28 



■986217 1 1 
9-997959 8- 
9-9*7947 8- . . . 
■997935 9-990149 1 1009831 W 
B-991451 1 



-99792: 
■997910|8'99975('|i: 



9-994045 11 ■005955 22 



7-997885 9-995337 11-OM663 II 

9-997873 9'996624 H 

9-997860 ■ ' 

-997847 
9-997835 

9-997892 9-001738 I0-99BS63 Id 

9-997S09 9-009007 l(>-9!)691)3 15 

9-002069 9-997797 9-004972 H''99579B J* 



■997784 9-005534 ■( 



'■006799 10-993208 12 



9-01554)2 IO-9B4498 i 



\lKi^^ ^\TO \g»'mR\'\.isi^"^ 



9-997493 
9-03 1099 9-997480 9- 
■033457 9 '997466 
-997iie 
9K)9U8al9-997439 9' 



P-!»742i 



9-9973S7 9-040651 



9-035741 
li 9-036896 9-99741 

16 9-038048 

17 9-039197 
»-(M034e 
9-0414a5 
9-04362S 
9-01376a 
9-044S95 

23 9-04fiOSG 

24 9-0*7154 
J-048277 

049400 
9-05O9lg 

» B«5«749 9-WTJ14 9' 
30p-05Sa59 



tiPeg. 



LOG. SINES, TAMGENT8, &(!. 



n~s» 

(M^0i9^|!'-997ei4 

IS-OaMaS 9-99760I 

3,^-091693 9-9&758S 

3.9-a99«aS 9-997574 9-02525: 

4'9-0!40l6 »-99T56I 9-0«>455 
9-997547 B'0276J5 
9-997594 9-098859 



-99738a 9' 
9-997369 
9'9973J5 
9-99734J 
9-9973'i7 
9-991313 



35 
36 

9-061551 

9-062639 

? -063724 

iO9-U64806 

4& 

9-o6Bn3e 

M 91)«9l07 

U 9-070176 

- 9-tf7IS43 

9-073306 

?-073366 
'074494 

9-O7S4B0 
076533 

9-iyitia.-, 

9-07S&3I 

'079676 
S5l9-oeo719 
:17S9 
9-082797 
'06383* 
9084864 
9-OB5B94 



Coiine 



Tang. ] Cotnng. 

B-Olil6ao'l0-978380| 

9-Oaa»Ul0-977l66 

■0S4044 10-975956 

tlO'974749 

J0-97354i 

10-973345 

10-971149 

10-969954 

968763 

10-967575 

10-96639; 

■965«)9 

10'9G4O8l 

10-968856 

ID'96lG84 

lO-96aSIJ 

10-959349 

10-9581 H7 

10-957027 



9-997307 9-631237 



9-033425 
"-U33fi09 
9-034791 
9-03596P 
■037144 
038316 



■041fi13 
-043973 
9-044130 
9^al5984 
9^046434 
^■04738a 
9^0487a7 
9^D4D869 
■0S1OO8 
■997£57 9-053144 
■997349 9-053377 



10-951273.9-108997 



■05S53S 
9-056659 
9-057781 
9-053900 
9-06O01 
ill30 



1-064453 
9-065556 
9 ■066655 



Sine 

"085894 
9-086993 9- 
9-087947 
9-068970 9^ 
9^0B9990 
9^09I0O8 
9-099094 



B-093037 
9-094047 
9-095056 
9-096D63 
B-097065 9-996578|' 



t5'241 BJ 



10-950131 
10-948992 
10-947856 
IO-S46723 
10-^45593 
10'944465 

0-943341 

0-94221; 
lO-WllOO 
10-939984 
10 ■938870 

0^9.->77G0 

10^9'Jfi652 

10-935547 

934444 

0-933345 



9-Ufi7752 10-939248 



9-098066 

9-099065 
1-100063 
9-101 056 
9103O1 

9-1030: 

9-I040B5 
105010 
9-105999 
9- 106973 
9-W795I 



9-996673'9-OPJJJ6 
" '996657 |9-Oy530- 
9-996641 :9 -096395 
9 -996 6 95 9-Uy7423 
9-996610:9 ■ 0^8446 
9-9965P*i9-09y4(iS 
I9-I004S- 
9-996562 9-101504 



9-996546 



9-996530 S-103.Ma 



9-109901 
- 1 10B73 
■111842 
■119809 
■113774 
-114737 



M^ia<;i25 
" "37060 



9-077.m5 lo-ya; 

9-OJR576 10-991494 

9-07g644r 

9^0807 lo; 10^919990 

"■OBI773 10'91 

9-082833 

9-083891 

■Oa494Tl0^9150.W 
9-()86WM 10-914000 

■087050110-919950 



Cotan. Tang. Cosine 



9-133551 
9-1.14470 
9-135387 
9-136303 
9-137'Jl* 
9-13BI-2» 
9-139037 
9-139944 
: 40850 
9-14r 
■UQi 
9-I43.1.M 



-990790 9-09 1 9 as 



10-910856 6( 
1(1-909813 
10-908773 31 
I0-9U7734 ST 



k; 10^ 



9-11.9519 11 



14 55 

t3H 
10.903605 S3 
l-902S7eU9 
10-90155451 

IO-900539JC 

I0-89951319 

'8984U6 4B 



57481 



■996514 
P-996498 
996482 
9 ■996465 
^■996449 
9-991=433 
1-996417 
9-996400 
-996384 
9-99636E 
9-996351 
■996335 
■996318 
■996309 
9-996985 
9-996269 
9-996959 



9-10454; 
•-105550 

I- 106556 
9^I075,'i9 
9-10B5C11 
9-109539 
9-1 105.'i 
9-1115.^* 
9-112541! 
9-113533 
K-lUSSl 



47 
;3 4« 



10-8! 

10-89545?*; 
0-894450 44 
'1-Fim444 « 



4S 



9-118567 9-996319 

19519 
9-190469 

21417 
9 •193369 
B-ri330fi 
9-124448 



9-11945! 

■20401 
9' 13137" 
9- 1923 it 
9-1 '^331: 

'34284 
9-125249 
9-1-2621 



9-99fi083 
>9960tifi 
9-99604H 
1-996032 
'■996015 
'■995998 
'-9959 BO 
9-9959li3 
9-99594C 
9-9959SB 
9^9959 ! I 
■995894 
9-9H5B76 
9-995859 9- 
9-995B4I 
9-995893 



9-1990a7 

9-130041 

9-130994 

111 944 



IO-!t91440»l 
IO'B9044l U 
10-839444 39 
10-SSB449 38 
" " ■887457 m 
■886467 36 
10-B85479 35 
" ' '884493 S4 
II l(l-8f " " 
! 0-889598 M 
"0'3fll548 3r 
:0'880.«l J 
10-879596 29 
10-378623 9! 
10-877659 y 
10-876683 U 
10'87571fi 
10-874751 a 
10-873789 K 
10-879838 2! 
1O-R7I870 91 
10-370913 a( 
10-869959 It 
1 0-8691 lOB II 



12 9-1398 



6 17 



9-133839 

9-134794 

9- 135796 

9-136667 

137605 

138549 

9-139476 

9']40409 

9- 1 41 340 

|.:T«69 

143196 11 



in^a67107 II 



(1-862395 1 1 
10-Rfi1458 1[ 
10-860524 9 



■995753 9-1 47 30i 



10-854956 : 

10-85403^ '. 
10-853115 

10-359197 

Tang. 



IOC. SINES, TANGINTS, &c. 



9 9-l.«lS6S 

" USUI 
1.13330 
I3[9-lJ4!!4}a 
155083 
9-1559J7 
9-156SS0 

9-iinoo 

9-15B5ti<i 
IS »-159435 
19 9-1 MA)] 



9IW555 9-9M75; 

" " ■ 4*453'9-9P5 W 
8i9-l-i5349'9-Sy57l 



3 i»-14«a43 9-995699 9'1505U 



4 3-U113e'0't)D51iBI 
- - ■ ■ - >|-9g56g4 

9'9a56t 
9'1506B6 9'99,16ID 
-I-H95J91 
P'99iST3 
9-995i5S 
999S5; 



Tang, 
9-147803 
" UBTIB 
9-U9G3'J 



9-995519 

'99548! 
9-995i61 

■P9ii«(i 
'J-y95-l2r 
9-995109 



HUM 9-995390 9-165- 
D-isaoaj 9'9B5r" 



U a* 164600 9-9953 IG 
»-Ifa4S4 
9-166307 
9-1 67)59 



i3 9-J7M3{l9-?i:i51-ti' 

9-173070 S-iWiia" 

)5 9-]T390e9'9951U8 

■17i744 



M 9-1H0551 
9-1 Bl 374 
9-18219^ 
9-1B30I 
9-1 B3S:14 
9-1 SW; 
BMea 



|-Iri709'2 



9'151434 
9' 15336; 
d-1532l^ 
9-154174 
" I Sin- 
s' 155978 
9-15S877 
9-157773 
9-158671 
9-159565 
9-1 £0457 
9- 115134: 
9'lD'je36 



9 -168008 9-995S41 
9-16BB56" 

9-169708 
9-170547 



g-995203 
9-9951 84 
9-1713B9 9-995 



9'995U8y 
S7|9-]7i57B 9.9950711 9-lBOjOt4 
38 9-176411 " " . _ 

9-177U3 9-99503U lf'IH'2fll 1 
U) 9-178073 !)-99501» 9'IR!II)59 
kl 9-17890(1 9-9g499.'l 9-18390- 



9-n»786 9-994974 



WS:I8 



■9947?! 
1-^^ .„,.-™3-yi)477! 
i3 9-Ihf-7U|9-yy475& 
!i4^9-]8951^'?'9»i739 
S5 9-lf.03M]9-994720 
ia9-l!tHni!!-'P94700 
57!9-191B.'!3"-'""'="l 

■1W734 

i9|9- 195534 

.9433{ 



Colang. 



0'8513eQ 
iO'B5036H 
10'B4945fi 
10P4BMfi 

0-847B;i: 
.0 ■84673 1 

0'B45Ba6 
10'B44933 
'S44US3 
10-»43I33 
10-B. 

10-B41339I 
10-B4O435 
10-839543 
10'B3B6M 
10-837764 



1-835993 

I llt'SMios 
■ ■ I'BSiaee 

)-ai3346 
10-832468 
lO-S^ISOl 
169284)lO-830-!6 
0-839843 
0-828971 



9-17J 
76334 
77084 
9-177943 
9-I7S7P9 
' "70655 



111-035501 
10-8^638 
11-833776 
(1-82391 6 
0-Baeo3B 
lO'B'JlSd] 
""■830345 
■819493 
'8IHfi40 

■:;i778y 

10^81 

10'hl6O93 
10-315348 
10-814403 

lO'Siasei 

iD-H1272» 

lo^Biiesd 

!0^S!1042 
10-8 1 020(^1 
IO'hOD37I 
)0-Btl85'lB 
in-8i 



ID-804394 
10-803570 
10-802747 
HJ-80199G 



99091 
9-199879 

9-8006«f 



_9^eg_ 
Tang. 



9-!»4S(y) 9-eD21 J9 



9-994540 
9-994519 
9-9H4S9 
P-994479 

9-994459 



9-309992 
9-310760 
9-211526' 
9-21 2^1(1 ■ 
"■■J 13055' 
-2I3a]B' 
19-314379 



|9-aiG097 



9-994087 
9-994066 

9-994045 
9-994094 

9-994003 
19-318363 9 
t-3l9116|9-e939fi0 



9-a8i[ 15 9-903875 
9-223861 19-993854 
9"223fi()6f9-993S3'. 
9-234349 9-993811 
9-235092I9-9937BU 
9-335833,9-993768 
9'9S6i73B-993746 



9-9S731lte-9937.ii 
O-3S804BS-9937O3 9-334345 



iPeg- 



\ •t>i^6- 



Wa7Bi 9-!I9368] 
■2295 

■a309Ss|9-993638 
■S309849'993616 
'331715B-993J94 
9-23a444|9-99357! 
9-233172 9-993550 
9 -33339? 9-993528 
9 ■ 234 fiaa 9-993506 
9-335349 9-993484 
9-936073 9-993462 
9-236795 9-993440 
9-237515 9-993418 
9-238235 9-993396 
9-238R53 9-993374 
9-239670|9-99335I 



i<3ofcina\ Sne 



SM971 

9-11)3782 
9-B04592 
■S054O0 
■906807 
9-eOTDI3 
9-307817 
9-208619 
9-S094«l 
9-a 10920 

9'3ii(: 

■211BI5 
9-213611 
9-213405 

■S14198 

9-81491)9 
S -9 1 5780 
9-916568 
9-317356 
5019-3: 

'3tB93fi 
9-219710 
'■330499 
9-331 372 
9-399053 
9-339830 
"•233607 
9-324383 
9-395 we 
9-325939 
"■926700 

9'a28B39 
■229007 
9-229773 
9-230S39 
9-931302 
9-339065 
9-933836 
9-933366 



9-235103 

9-93585! 
" -236614 

■237368 
9-338120 
9-238872 
"■239fi23 

■34037. 

■341 IIJ. 
9-241865 
iCIO 
9'243354 
9-244097 
9-944839 



0-800987 

0-799471 
10-798655 U 
10-797841 S' 
10-797019 
10-79621! 
^n-795408 
10-794400 Si 
le-79S793K 
10-7MB87SI 
1D-792I83H 
10-791381 W 
I0-79058C It 
■7807BO " 
■78B98! M 
■7881 B5 
■787389 H 
7flfiS95 
10- 

■78501 
■784220 
■a.-U32 
■7S2644 '' 
■7B185B' 
■781074 
■7802W 
■779306 H 
10-779788 
10-777948 
10-777170" 
■0-776393 
0'77S6Ill 
10-774844 



74071 
773300 
■772.129 
tO-771761 
10-770993 
10-770237 
10-76946! 



0-766414 
0-765fi]i l| 
0-764897 
10-764141 
0-7633E* 



-75888! 
0-758135 
10-75739C 
0-756646 
0-755903 
- 10-755161 
9-945579 10-754491 



10-753681 



^5S£_ 



Tmi. 



LOC. StNES, TANGfiKTS, 8cC. 



89*7 



Sine 



9-240336 
9*241101 
9*241 8 14 
9*2425i?6 
9-243 ^3^ 



O 
I 
2 
3 
4 
5 
6 

7 
8 
9 

lOj 
II 
£2 

13 

14 

15 

16 

1 

18 

19 
20 
21 
|22 
23 
34 

25 
26 
27 
28 
29 



9--'39670 



10 Deg. 



Cosine • Tang. Cotang. 



9*99335 1.9*'24631i) 
9*9933'iJ9 9*1247057 
9*L»93307,9*>J+7794 
9-yj32o4 y:248530 
9-993 J62 9-2492G4 
9*9932 K>i9*24D998 
9*2-r3947;9*9932 1 7!9*250730 

9-244656 9*993 1 95!9*25 146 1 



9-245363 



9*993172 



9-246069 9*993149 
9-246775 9*993127 



9-247478 
9-248181 

9-248883 
9-i!49583 
9-250282 
9*250980 
9-251677 
9-252373 

9-253067 
9-253761 
9*254453 



II Deg. 



Sine 



10-7j'3j)rfl 

10*75'Ji'4.3 

10*75:^2C0 

10-751470, 

10-750730" 

1()*75U)02 

10*749'27<. 



Cosine ( Tang. 



9'iS0.>i)9Ji*<)91i*47,9-288(oJ 



:y-281J48 



l)-991'J':2!9*2S9G2fi 
9-991 897 !9"289995' 



■ 9*iJ8iiJ44 9-99iS73 
9-283 I9i'|9*99 1848 
i*-2S38:;o. 9-991 823 
9-2t; 4480:9-991799 



9-255144 9-992S52 

9-255334 

9-256523 



9-257211 
9-257898 



9-2585839-992736 



9-259268 9*992713 

9-259951 9*992690 

S0|9'260633 9*992666 

9-261314 9-992643 

9*261994 

9-262673 

9-263351 

9*264027 

9*264703 

9-265377 
9-266031 
9-266723 
9-267395 
9-268065 



3i 
32 
33 
34 
35 
36 

37 

38 

39" 

4() 

41 

4i> 

4S 

44 
4i> 
46 
*i?7 
48 

49 



9*252191 
9*252920 
9*253643 
9-2J4374 
9-255100 

9-255824 
9*256547 
9-257269 
9-257990 
9*258710 
9-259429 

9*260146 
9*260863 
9-261578 
9-262292 
9-99282919*263005 
9*992806 9*2637 ! 7 



9-9^'3l04 
9-993081 

9-993059 
9-993036 
9-993013 
9*992990 
9*992967 
9-992944 

9*992921 
9-992398 
9-992875 



10-743539, 
10-747SU9! 
I0*74708<»; 
10*746352' 
li'*74562u' 
10-7449(K)! 



9*992783 
9-992759 



!)-290671 
9-2913-12 
9-292013 
ii-29-268'2 

9-29'J3jO 



9-285124 9*991774 
9-28.V766 9-991740J9-294017 
9-2Sf;408 9-99 r^j4 'J-29I6S4 
9*287048 0-V>'Ji(i'Jv'\yi95'3-i9 
9-28708S 9-99l6 74!i<*2960l3 
9*288320 



Cotang. 



10-711348 
10-710674 
10-710001 
10-709329 
10-708658 
10 707987 



60 
59 
58 
57 
56 
35 



9*264428 
9*265133 
9*265847 
9*266555 
9.267261 
9267967 



9-268734 



50 
51 
52 
53 
4 

155 
56 

57 
53 
j9 
60 



9-269402 
9-270069 
9-270735 
9-271400 
9-272064 
9-272726 

9-273388 
9*274049 
9*274708 



9-992619 
9-992596 
9-992572 
9*992549 
9-992525 

9*992501 
9*992478 
9-992454 
9-992430 
9-999406 
9-992382 

9*992969 
9-992335 
9-992311 
9-992287 



10-744176 
10*74345:3: 
10*742731 
10*742010 
10*741 29()| 
1 0-74057 1 1 

10*739851" 
10-739137! 
10-733422 
10-737708 
10*736995 
10*736283 

10-735572 
10-734862 
10-734153 
10*733445 
10-732739 
10-732033 

10-7313291 
10*730625 
10-729923 
10*729221 
JO-7A52I 
10-727822 

10*727124 
10*726427 
10*725731 
10*725036 



9-991 649J9-296677 

9-288964 9-99 1 624|9- 297:^39 

0"28y6O0|9-i)y 1 59i^ 9-29800 1 

9*290'i J6'9-991574 Jr'-298662 

9-290870 9-99 1 5i9 9-299322|lO-700678i44 

9-291504 9-y91524 9-299980 10-7('002o!43 



10-707318 54 

10-70665(.53 
10-70.»933 52 
10*705316^51 
10-70465r50 
10*703987.49 
1 0*703323 i48 

1 0-70266 1!47 
10*701 999J46 
10-701333 45 



9"2y'2 1 37 9*991 49Sj9-3006J8 

9*292768'9-99l473,9-301295 
y-293399,9-99M48'n-301951 
9-294029'9-9914'22!9-302607 
9-294653 9-99 1397! 9-30326 1 
9-295286,9*991372 9-30n914 
9-295913 9-991346 9-304567 

9-296539 9-991321 9*305218 
9-297164 9-991295 9-305869 
9-297788,9*991270 9*306519 
9-298412 9*991244 9-3l)7I68 
9-299034 9-991218 9-307816 
9-299655'9*991 193 9-308463 

9-300276 9-991167 9*309109 
9-300895,9-991141 
9-301514 9-991115 
9-302l32>99l090J9-311042 
9-302748'9-99l 064 9-3 1 1 685 
9-303364 9-991038 9-312327 

9-50397919*9910 ■2|9*312968 
9-304593.9-99098c:9-. ; 1 3608 
9*305207 .9-990961 19-3 1 42 17 



9-309754 
9-310399 



9-268671 
9*269375 
9*270077 
9-270779 
9-271479 
9*272178 

9-272876 
9*273573 
9-274269 
9*274964 
9*275658 
9*276351 

9*277043} lO-722957i|9-30765o!9-990855'9*3l679.') 
9-277734! lO-72226oi!9-308'259 9-990829J9-3l7i30 



10-699362j42 

10-698705 41 
10-698049 40 
10-697393,39 
10-696739'38 
10-696086137 
10-69543336 

10-694782135 
10-694131:34 
10'69343l33 
10-692832132 
10*692184!3I 
10-691537.30 

10-690891:29 
10*690246 28 
I0-6S9601|27 
lO-688958i26 
1 0-68831 5'25 
10-637673:24 



9-3058 1 9 19-990934|9-3 14835 
1 (1-724342", j9-306430,9-990908:9-3 15523 
10-725649 J9-307O41 J9-y90882|9-3l6l59 



9-99226.': 



9*275367 9-992142 

9-276025 

9*276681 

9-277337 



9-278424 

9*279113 

9-279801 

9*99223919.280488 

9-9922Ml9-28ll74 
9*281858 
9*282542 
9-283225 
9*283907 
9-284588 



9-992190 
9-99^166 



10*72 157GH9-308867 



9-992118 
9-992093 

9-992069|9-28526S 



9*277991 9*992044 
9-278645 0-992O2C 
9-279297 9-9ai99r 
9-279948 9*991971 
9-280599 



I 



9-285947 
9-286624 
9-287301 
9*287977 
9-99194719-288652 



10-720887| 9-309474 

10*7201991 

10-719512 

10*718826 
10-718142 
10-717458 
10-716775 
10-716093 
10*715412 

10-714732 
10*714053 



9*990803.9-318064 

9-990777;9-3 18697 

9-31008O 9-990750. 9-31 9330 

9-31 0685 19-990724 9-319961 



Casjnel Sine 'Cotan. 



|9-31l289i9-990697 
!9 31189:)19-990671 
;9-31 2 195:9-990645 
•9-31S097i9*S906l8',9-32247y 
19-313698 9-9905911.9-323106 
|9-314297 9-990565':9-3237.i3 

|9-314897 
,9*315495 



10*713376r9-316092 
1 0*7 I2699|j9*3 16689 
10*7 12023;!9 317284 
10-71 l34S!!9-3n«79 



1C-CS7032.23 
J 6>^6392l22 
i0-685753;21 
10-6851 1520 
10-684477 19 
10*683841 18 

10-683205 17 
10-682570 16 
10*681936 15 
10-68 13031 14 

10-6S0670 \r- 

10-6S0039 

9;320592 10 679408 

9*3i4 12i'2 10-678778 

9-321851 10*678149 

1 0-67 752 1 

10-676894 

10-676267 

10-675642 

10-675017 

9*3256un 10*674393 

9-32623 i 10-673769 

9*326853 10-673147 



9*99053h| 9*324358 

9-99051 1|9*324983 

9-990485 

9-990458 

9*990431 

i9* 99^^40^ 



Tang. iCos*viie\ Sme \eo\.;«v.VT^^ 



VvL. 11. 



Tf^Deg, 



■ I 4« 



7^T3e^« 




'1 fc 



LOC. SINES, TANGENTS, frc. 



Sine 'iCoune 

9-317 



lang. 



31 8i7.1 9-390318 
9-990351 

3 *319«al9-99033* 9.3J9334 

4 *-330U49U '990297 ».31(99,M 
9-3a(iai«|9'990'J70 9 -33(1570 U 



Coiaog. i Sipe 

lU-B7aS3jF9-3a3088 9^ 
l(l'fi7190Ji9-35? 
IO-fi719B5H9-3.'i3JBI 1 
10-670666' y-:i537afi' 
10fi70U*7lly354«l 9-91 



Tapg. 

) -3633 64 
LI -363940 
-36J51 
'9SS63G]9-36.^I>90 



8 9-3W«17J9-tf«H8S S-333+I8 H 



10-B6yi30 ;y-35-iBI5 9-9BW7d 9-36 
10-6688 13| 9-3.15358 9-9985*8 9-36 
ln'S68197'!f-,-i.>S90l D-98B5I9 

. IO-66758al 9-356+43 - 

9 9-3'M 191 9-990161 9-333033 10-66696719-356084 

10 9-323780 9-930 13i|9-3336*6 10-666354' 9-3S7SB4 

11 9-3S4366 9-990107 9-334859 10-665741' 9-358064 
IO-665ia9;'9-358603 

■6615 18' ■9-3591 41 

■663907"9-3j9678 

P-336703 10-6a3'J98-l9-3WWl 1 

3-33731 1| 10-66^689 9-360753 

- 'WIS 1 9 1 0-66'»81 ,9-36 1 987 

9-33H5a7|10-661473;9-36l8fla 

■339133 10-660867 '9'36S356 

9 ■339739: 1 0-66096 1 1 9-368889 

■989839 9-310344. 10-6iy656' 9-363412 

9-989804 ■9-3Hl948'10-65yO5a''9-363954 



9-31M34 



9-334259 tl 
B-334871 II 
9-335489 1' 
■336093 ll 



>6 9-99011 

.0 9-S90079 

14 9-990059 

9-990095 

15 9-326100 

16 9'3a7a81 
■■■327869 
9-39841' 

19 9-32909 
!0 9-029599 
II 9-330176 
» 9-330153 
e39'33139P 9-939777'9-3il 



9-989970 

!9 9-989949 

9-98''915 

9 ■gaga a 7 

l9 9-989afi09- 



'J83160 

9-9B8130 

9^98810I 

■933371 

9^98834a 

9-9RH31! 

9-98S?8i 

9-9Bea5i 

9-98899; 

)«9-98B19.1 

i6 9-988163 

19 9-988133 



9-361382 
9-361953 
9-368521 
9'3fi9091 

■369663 
9-370 

■370199 
9-37136^ 

■371933 
9-372499 
9-373064 

■3736S9 
9-374193 



■331903 9- 



— 9'3S3051 

. 87 9-3S369+ 
9-331195 

9-354167 

9-335337 

U H'335906 



19 9-319155 10-657845 
■989791 9-319751 10-651943 
'9fl9693 9-343358 10'656614 
9-98966519-31395B' 10-656012 
9-989637;9-3W558 10-655113 



, -.^,,^-988073 

i 10'658118 ,9-36448519-988013 



■365016 



9-988013 



■375681 
■376112 
9-3770O3 



'■365546 9-981983 9-3715fi3 
'■36601S'9^9B79J3 " " 



9-9896 !0]9'345 157 
17 9-389S83|9 iWl55 
l6 9^999553 9-31fi3S3 
39 9-336+75,9 ■989593 9-3161149 
33 9-331013 9-989+9"'9-317515 
"^ 9-331610 9-9N9*69'3-34SUl 
15 9-338 [7fi'9-9H9Wl 19-318735 
W 9-338712 9^!*8Mil3 9-319399 
H 9-339307 9 9 89385 19-349929 
38 9-339811 :9-9a93iB'9-3505 14 
19 9-310131.9-9893asl9-351 106 
■■■ 9-340996 9-ga93i)(>'9-3Sie')7 



■651S13 
10-651215 

0-653617 
10 ■6531*5 1 

0-652455 



9-366601 9- 
9-361131 ! 
9-361659 9- 



9 '987898 9-379939 



g-.ifisii: 

9 ■369936 
9 ■369761 

--^■l 9-370985 

0-d51265|,9-31080S 
0-6ioB71jl9-371330 
0-65001 Bi 
10-619486 pW -37237:) 
10-618891 |B-379ii94 
10 618303 '- 



I ■99161 8 
'-881588 
'-987551 



M 



9-348619,9-9Bi'l!U 9-353465 



-354053 It 



14 9-3i3ti399'98»tNti 
15 9-9*37978- 

9'3M355:»-9B9198 
l'r93U912 9-9(<l>100 

15 9-81S169 9-98901) 
•9 9-34G0!M'9-98W1'. 

50 9-3465799-989014 
■■ 9-341134 9-988985 
■ 3 17687 9-9HB956 
l|9-34a840 9-9sa9fl7 
54 9-3+879^ 9- 
>i 9-349343 U-y8886y 
SH 9-:i-;9M93 9-98a8+U 

yj 9-:JS0113U'9888n . 

Sl|l9'J5099'J 9-588782(9-362910 



10-6477131 
10-617121 
10-6165.'J5l 
10'til5947> 
'354640 IO-6153i;o| 
■333927 10'61i773. 
10-611187 



9-a51JS6|in^i!191iil 



9-358119 

9-358731 
y-3593i:i 



■3749M 9-987431 

■375-187 

•376003 

■376519 

■3770;J5 

■377519 
9 '318863 
9'3785- 

1-379089 

1-379601 

I'flbOl 13 
9^38U691 
9-3N1131 



I0^61I851 

IU-611>69 

II)-640(<87 

I0^a0l07 

10-639526 

10-638947.'9.38i61L 

10-038368||ll-3S2I59 

10-63779019-339661 

10-637213' 9-3331611 

■ 7-636636 ' 9-383ft75 , „ 



9-9874D3 
9'987372 
9-987341 
'987310 
■981979 
9-987948 
9-987911 
9-9811; 
rS5 
124 



CotaDg.l 



10-G351Rj->s 
.0'63191oL)7 
lU'S34336bi: 
10-633163pJ 
10-633l9Dp^ 
10-6326 1 sb 
:0^6i2017 5'i 
0-631176^1 
I0-6r" 



06I3U 
■63033l|l9 
0-699168 48 

10-62930147 
t0-0986SX4C 

0-628067115 
0-627501 :« 
62693e;l3 
'626371 'l; 
1U-62S807IH 
0-625911:1(1 
0-621661:39 
10-621119,38 
.0-693558,37 
,0-6i2991|M 
10-629*3l'3i 
10-621818 34 
10-62l3l9:3i 
" 0-690161 3i 



10-61 



K\3I 



'381466 
■3890911 
9-389575 



3B4S31 

9-384786 
■'■385331 
I-3858BS 
9-3B6138 
■'■386981 
"387S3a 
1-388034 
1-38863] 
9'38917L 
9-389794 
9-390370 



10-61961630 

10-619090 
10-61 8331 M 
O-6]7930'fl 
0^617*2JM 
10^6 16871 '4^ 
0-616318-^4 
0-615766 
10-613211 

:i46^il 
10-t;illl9,« 
lO-C135t;9,IS 

lu-eiaoisi 

10-618164^1, 
I0-6ll9lfi[i 
10-61136W' 
lO'61089«14 



S-SIM 



mi ■ 



. lo-eosia^n 
-sgiaeo'io-eoaeiviu , 

-:J919O.Tli0-608O»7i ? 
-3921471 10-B073ii. ' 
-392989.10-607011; '• 
9-39353 lj]0-6l»4«9' f 

9-3S14CI4ll0^6QSM6 * 



9'986998 9'39S134|0-«)li«6 ' 
9-986967 9-3»5694^10-6m3tN; '■ 
9-986936 i>-30fi033in.«virff: I 



Colan. I T ang. ■ 









LOG. 


SlNESt TANGENTS, &C. 




33D 


14 Dcg. 


iSUcR. 




1> 


Sine 1 Cosine 

9-383S';5|9-9S.;!"i4 


Tang. 


Culang. 


Sine 


Cosine 1 Tflng. 1 Cotang. 


60 




.■3t'S17l 




9-41 2 J96 


9-984S'44 9-4'J80i2[lU-37IU4B 






9-3841 B'jl9-?iai5Si;i 


ii-3!'-'3(l9 




9-41346- 


9-9a49109-42a,138,10-3-l44a 


39 




9 


9-38*681 |9-98hK+l 


y-3;i7B4t. 


111-60-2154 


9-413931 


.l-9a4B7il 9-4390631(0-370938 


5M 






9-3B5192 


9-9M';>iOo 


9'3983l:(3 


10-601617 


9-41 440h 


9-98484-2 9-439366 


(0-370*34 


57 




4 


■9-3BS697 


9-9&ii778 


n ■398919 


10-6O1O8I 


9-414878 


9-034S(J8 9-430070 


(0-569930 






5 


9'3S6301 


1-986746 


9 '399455 


10-600545 


H -415347 


9-984774 9-430373 


10369427 


S5 




6 




9-9867I4 




10-600010 


9-415815 


9-984740 9-431073 


10-368933 


54 






9-387307 


9-936683 


9-400324 


10-599476 


9-4(6383 


9-984706 9-43 IS77 


10-368433 


53 




S 


9-387709 


)-98665l 


9 -401058 


10-598942 


9 -41 (575 ( 


9-93467-2 9-432079 


10-36792! 


59 




9 


9-3883 10 


9-9B661I3 




10-598409 


^■417217 


9-934638 9-432580 


10-567420 


51 




11) 


9-38ST1 1 


*-9a6587 


9-402124 


10-597876, 
10-597344 


9-4;76a4 


9-9846a] '9-4.33080 


(0-5669-20 


50 




n 


9-38931 1 


9-986555 


9-40'i<!5<> 


9-41815(1 


9 984569 9-433380 


(0-566430 


49 




19 


9-389711 


9-986523 


9-403 1B7 


10-596813 


9-416615 


9-9fl4535j9-434O80 


10-565930 


18 






9-390310 


9-986491 


9-403T18 


10-5962B2 


9-419079 


9-984500 9-434.179 


10-565491 


M 






9 390-oa 


9 986459 


9 4.14249 


10 595751 


9 419344 


9 984406 9 435078 




46 






9 391Mr 


9 9BD42 


9 4*1,778 


10 W5''« 


9 42000 


9 03+43' 430 j7t. 


10 504424 


45 






9 391-01 


9 SBbSOl 


9 4(133 8 


10 50469 




4^1410 O43»073 
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